Proog. - By definition of strongly regular function there is no singular
couple of vertices. Resides, by Proposition 6, there does not exist any
non-headed minimal n-tuple with n > 2, then there are no proper singuiarities

of 4. Hence, by Remark to Proposition 8, § 1is c. regular.

DEFINITION 7. - Let S be a fLopological space, S' a subspace of S,
G a 4inite dinected graph, G' a subgraph o4 G and f : S,5' -+ G,G' «a
function grom the pain S,S' to the pain G,G'. The function f 45 called

completely o-reqular (xesp. completely 0*—regu1ar) on simply c.o-regular

¥
(rnesp. c.0 -reqular), L4 both f : S > G and <ts nestriction f' : S' > G

*
are c.o-regulan (nesp. c.o -regulan).

REMARK, - If S" 1is a subspace of S', G" a subgraph of G 1including
G', 4 : §,8" - G,G" a c.o-regular (resp. c.o*-—regular) function, then also
the functions 4 : S§,8" - G,G’, 4 : S,8' - G,G" and 4 : S,S8" » G,G" are

=
c.o-reqular (resp. C.0 -regular).

PROPOSITION 10. - Everny sthongly rnegularn function grom a pain of topo-
Logecak spaces S,S° Lo a pair of kindite undirnected graphs G,G' s alsc

c.regulan,
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PROPOSITION 11. - Let S  be a nommal ftopological space, G a finite dine
cted grapn, f : S > G an o-regular function ghom S to G and X={v1,..,,vn'~
a sangwlarnity of f. Then there exists an o-regular function q from S to

G, which 48 o-homotopic Lo f and such that:



- 12 -

{0 X a8 not a sangularty o4 9

) all the singulanities of g ane also sangularnities of T.

Prock. - i) Since X 1is a singularity of 4, by Definition 5 and Proposi
£ A 4 4 L 4 N
tion 7, it follows U# r*vgrﬂ‘..fwvi = ¢ and Vfrﬁ g r‘..,rﬁvi 4. If

A { . »
we put Ui f*...rﬁvi = ¥, by R.1 there exists an o-regular function g fro

S to G, which is o-homotopic to 4 and such that v?fW V = 6. Now, by

Proposition 8, VasenesV ¢ 6(96 Ny). Since, from the definitions of functio:

¥l

gii’j} (see [2], Proof of Lemma 6), only the couterimages of elements of

5(U? My} are increased, it follows:

i1)If, for a non-headed subset f{w.,...,w } of G, we have w?f“.,*f‘wi /o

by R.2, it follows Wfrﬁ...rwwi £ 6 5, 1.e. {wj,...,wm} is also a singula

rity of 4.

THEOREM 12. - (The first normalization theorem). Let S be a noamal
topological space, G a finite dinected graph and f an o-regular function

{nom S to G . Then thene exists a completely o-regularn function,
o-nemotopee to the qunction T

Prook. - Let vy sV, be a singular couple of 4. By Proposition 11, we
construct an o-regular function g, which is o-homotopic to 4 and such tha

= ¢ . Now 1f Wy 5 W, is another couple, which is a singular set of
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g (and then of 4}, by repeating the argument, we can remove also this
singularity. Hence, by a finite number of steps, we eliminate, at first,
all the proper singular couples, then, all the proper singular terns, ect.,
and at last, all the proper singular n-tuples. Since the number of vertices
1s finite, the argument comes to an end and, by Remark to Proposition 8,ever

singularity is eliminated. Hence we obtain the assertion.

REMARK. - If we just limite ourselves to eliminate the singular couples,
we obtain the Weak normalization theorem: Under the assumptions ¢4 Theorem
every regulan function £s homotopic to a strnongly negularn function. {See [2

Theorem 10).

[f we now consider functions between pairs, we can obtain, similarly to 1

proof of Proposition 11, the following results by R.3 and R. 4:

PROPOSITION 13. - Let S be a nomwmal tepological space, S' a clesed
subspace o4 S,G a fimite dinected graph, G' a subgraph o4 G, f : S,S' -
an o-requlan Aunction, f' oo ST > G’ the nestriction of f S~ G t¢ S
XK'= {u],...,um} a sangulanity of . Then there exists an o-regular
suncteen g @ S,S" - G,G ,which 44 o-homotopic o f and such that:

o X' s ot a sangularnity o4 g’
] adl the singularnities of g' ane alse sdngulanities of '

) all the singularndities o4 g arne alsc singulardies cf f;

(] all the Awngulandties of g with a non-empty sypport in  S' ane of
* . """""“#_‘ ] H'_.{_" -
the same type 4cn f, L.e, iV?‘! . erEfWS| £ o) = (V]f" . nVfﬁf

PROPOSITION 14. - Unden the assumptions c¢f Proposition 13, Let X={v

Erllrwr—rreds | . r .

, . . * , , f ~ f
o a singularaty of o owith a nen-empty support in S',4L.e. V1 F;_‘_fﬁvnr‘



- 14 -

Then there exasts an o-regulan qunction g : S,S5" = G,G' which & v-nometop

te f  and such that:

L]
b

bovIn I ner L
() V] Vn S ¢

L] conditions (L), ALL), Av) 04 Proposition 13 arne thue.

THEOREM 15. - (The first normalization theorem between pairs). Let S  be
a noamak topolegecal space, S' a closed subspace ¢f S, G a goncte dd
rected ghaph, G' a subgraph of G and f : S,S' - G,G' an o-regularn funci
Then thene exasts a completely o-regulan hunction K : S,S' > G,G', co-hemoto

te the Aunction f.

Proc4. - By using Propositions 13,14 we proceed as in the proof of Theore

12. So,at first, we can construct an o-requiar function h : S,S' - G,G',

which 1s o-homotopic to 4 and such that:

1) '+ §" -~ G" 1is a c¢. o-regular function;

2) every singularity of h has an empty support in S'.

Hence the singularities of # have the support in the open set S-S'. Ther
in order to obtain the c.o-regular function k : S,S'" - G,G', we use Theorem

w[i’j), which we empioyed 1n

But now we choose the closed neighbourhoods
the proof of R. 2 (see [2], Lemma 6), such that they are disjoined from S'.

Then k 1s the sought function.

REMARK 1. - By using Theorem 20 (Extension theorem) and Coroliary 21 of

2!, we have two other ways for proving this theorem or, more exactly, for

obtaining the previous funtion k.

The first way consists in constructing an o-regqular function g:S,S - G,G’,

which is o-homotopic to { and such that its restriction g' : S§' » G' 1is
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c.0-reqular, and then by taking an extension h of g.
The second way lies in constructing an extension g : S,U » G,G' of ¢,
where U 1is a closed neighbourbood of S', and then an o-regular function

n: S,U- G,G', such that its restriction s U G s c.o-regular.

REMARK 2. - If we just limit ourselves to eliminate the singular couples

of vertices, we obtain the Weak noamalization theorem between pains. (See |2)
Theorem 16).

THEOREM 16. - (The first normalization theorem for homotopies). Lef

, G«
sinite dinected graph, G' a subgrapn of G, f,g : S+ G (nesp. f,g @ S,S" > (

SxI  be a nomwmal Lopological space, S' a closed subspace ¢f S

twoe o-homotopice completely o-regularn punctions. Then between the functions
f and g there also exists an o-homotopy, which 45 a completely co-regulan

{unction. (See (2], Theorem 17).

Proog. - Let F : SxI - G be an o-homotopy between { and g. We def1
the homotopy J : SxI - G, given by:

" 4 (x) Vx € S, Vi € o,-;—
Tt = b Flx,3¢7) ¥x € S, vee |1 2]
’ 33 )
g (x| ¥x € S, ¥t € %-, 1l
K .
[f we call J1,J2,J3 the restrictions of J respectively to Sx[O,%],
. :r-l 21 1'2 . . . s
Sx[35 3] s Sx| 531], it follows that J 1is o-regular since the function
J],JZ,J3 are such. Moreover, J] and J3 are also c.o-reqular, in fact a
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singularity of J , for example, implies directly a singularity of 4 .

1- 2 .
,El U [531]} is c.o-re

gular.By Theorem 12 (resp. Theorem 15), we can replace J with a c.o-regula

|

Consequently, also the restriction of J to Sx{[0

function K which coincides with J on Sx{0} and Sx{1}, by choosing
. o
the closed neighbourboods MESE) ( Ay S, R)

resp. | ], which we employed in the

proof of R.Z2 (resp. R. 4), disjoined from the closed sets Sx{0} and Sx{l

FINAL REMARKS.

1) We can generalize the foregoing results to the case of n closed subspac

.,G of G such that S . 1s

S.,...,S of S and of »n subgraphs G,,..
] | 7 I

n

a subspace of S{ and G€ a subgraph of G£, Vi,i =1,...,n,4 > <.(See |2
5 8b)). *

For example, in the case similar to Theorem 15, in order to construct a

c.o-reqular function & : S,S],...,Sn > G,G],...,GH o-homotopic to a given

function { : 8,51,...,SH > G,G],...,GH, at first, we construct a function
1

i which 1s o-homotopic to 4 and such that:

1) 1ts restriction hl : SL B GF 1s c.o-regular;
¥ {

\ . . ] S
2) every singularity of h : S > G and of the restrictions hl:S{ > G

- ¥

A

Y = 1,...,h-1, has an empty support in SH.

Then, by choosing the closed neighbourhoods, which we employ, disjoined

. 2 .. :
from S” , we construct a function 42 which is o-homotopic to h] anc

such that:

1) its restriction 1/ : S + G is c.o-regqular;
- | n-1 -1

. : 2 - L
2) every singularity of # : S > G and of the restrictions h. : S. - G.
Yo = 1,...,n-2, has an empty support in S

n-1"
And so on,
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11) The previous propositions and theorems can be translated by duality

¥

for o -reqular functions.

i11) A further generalization can be obtained by asking that the spaces S

or

SxI are T.+T, spaces rather than normal. (See [2|, Lemma 23).
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