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R.l.- Let f be an o-~egulaA 6unction 6~om a nokmal topotog~eal òpaee

5 Co a 6~~e ~eeted g~ph Gand Y a cioòed òubòet 06 S. Then, ~6

501[ a E G we have Af n Y = <I> and Af lì Y f <I> th~e ex.h.,tJ, an o-~egtUa.~

Sunction 9 : 5 -> G, w~eh Ù o-homotopù. to f and òueh that Ag lìy = et>

(see Lemma 6).

R.2 - In the eoYl1>~ction

òueh that P~ (ì ... (ì P~ = <I>

Coro11 ary 7).

06 R. 1, ~6 th~e ewt n v~ee,~
- -

then mo d 60Uowò ~ ~ .. lì ~ = <I>

P1,· .. ,PnEG,

. (see

R.3.- Let f be an o-~egulaA 6une~on 6~om S,S' to G,G', wh~e S

Ù a no~al topolog~eal 6paee, S' a eloòed òubòpaee 06 S, Y a etoòed

òubòet 06 s',G a 6~~e ~eeted g~aph and G' a òubg~ph 06 G. Then,

-<.6 6O!t a E G we have Af n Y = <I> and Af (ì y = <1>, th~e ewt6 an o-~e

g~ ,une~on 9 : S,S' -> G,G', w~eh Ù o-homotop~e to f and òueh that

A9 n y = <I> • (see Lerrrna 11).

= <I> '

lary12).

By Duality Principle, the results dual to the previous ones are also

true for o·-regular functions.

DEFINITIDN l. - Let G be a ~eeted g~ph and X a non-emptl} ~ub6et o:)

G. A v~ex 05 X ù eaUed a head I~~p. a tail) 06 X ~n G, if it is a
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p!ledeCeAM!l (!lUp. a ~uccUM!l) 06 aLt the otheJL veJlUCU 06 x. We

denote by HG(X) (.'tup. TG(X)) O!l, mOlle 6-i.mply. by H(X)l'te6p. T(X))

6U 05 the head6 (!lUp ..tiU.t6)05 X -i.n G.Then X -l6 caLted headed

(!leAp. ta i l ed) -i. 6 H(X) F ~ (.'teAp. T(X) F ~), otheJwJ.<.6e, X L.I

caLled non-headed ('tup. non-tailed).

Fi.naLty X -l6 eaLted totally headed (!lUp. tota11y tailed), -<.5 aLt

the twn-emp<:y 6ub6w 06 X Me headed I!lUp..tiUledl.

thc

REMARK l. - If X is a singleton, we agree to say that HIX! = TIX) = x,

then X is tota11y headed and also tota11y tailed. If X is a pair, X

headed = X tota 11 y headed = X ta i l ed ~ X tota 11 y ta i l ed.

REMARK 2. - This definition and the following ones can be extended

to und i rected graphs. (See Propos i t i on 6).

REMARK 3. - The concepts of head and tail (headed and tailed subset,

etc.) are dual to each other.

DEFINITION 2. - A non-headed (!lUp. non-tIUledl 6ub6u X -L6 eaLted

minimal -i.6 aLt W non-emp<:y pllopeJL 6ub6w Me headed (!lUp. tIUled).

DEFINITION 3. - A 6-i.n-lte d-llleeted gJLaph G -l6 caLted almost complete

i 5 the 6et 06 w veJlUcu -l6 totaU.lJ headed.

REMARK. - A complete finite undirected graph 1S also almost complete.

PROPOSITION l. - A 6-i.n-lte d-lllected gJLaph G -l6 aLmo.ld. complete -<.H
•the d-lagltam ( ) 06 .the !le./'a..t.-lon ( ... ) -i.neludu .the cii.a.gltam 06 a toWLy

OJLde!led !le1.at-lon I < I i.n G•

. __ . __ . --
(') We use the term dA.ag!lam rather than gJLaph because gJLaph is

already used in another sense.



- 7 -

P'too). - i) Since G 15 a1most complete, we can choose a vertex C'l € G,

which is a predecessor of a11 the other vertices of G, as the first one; then

a vertex v2 € G -{v1}, predecessor of a11 the other vertices of G-iv1" as

the second one; and so ono

ii) Since the diagram of the re1ation (+) inc1udes the diagram of a tota1ly

ordered relation ( < ) in G, we can tota11y order the vertices of G. Then

every vertex of (, 15 a predecessor of the verti ces subsequEl1t i n the order

relation.

Hence G 15 a1most complete.

REMARK. - By ordering the vertices of G as in b) of Proposition 1, we say

that the order re1ation ( < ) of G is compatib1e with the re1ation ( + )

of G.

PROPOS IT ION 2. - Le;t G be aYl a.i'.mO-6t compLe;te gM.ph. TheYl the d[(aUlf
. *cWtec.ted gM.ph G ,u., mo a.i'.m0-6t compLe;te.

P1t006. - Let ( < ) be a totally order re1ation, compatib1e . with the re­

lation ( +) of G.Then the dua1 order re1ation ( > ) is compatib1e with the
,.,

re1ation (+) of the dua11y directed graph G.

DEFINITION 4. - Le;t G be a diltec.ted gM.ph and X a -6ub-6e;t 06 G. We

c.a.e.e maximal subgraph induced by X the -6ubgM.ph 06 G cOnJ.>~ting 06 thO-6e

cWtected edgu 06 G, wh0-6e veltticu Me à X.

PROPOSITION 3. - A 6ub6e;t X 06 G ~ totaUy headed ~66 the ma~u.e

i[(bg~aph ~Ylduced by X ~i alm06t compLe;te.

PROPOSITION 4. - A 6Ub6e;t X 06 G ~ totaUy headed ~66 d ~ totaUy

tailed.
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P~oc~. - By Remark 3 to Definition l and by Proposition 2,3 we have:

X totally headed in G the maximal

almost complete the dually directed

induced by X is almost complete ~ X

is totally tailed in G.

subgraph induced by X is

graph of the maximal subgraph..
is totally headed in G ~ X

PROPOSITION 5. - A wbf..u X 06 G A.-6 YloYl-hea.ded mùùmiLt -<'66 A.-t Ù

YloYl-taieed mirtima!.

P~001' - Since alI the subsets of X are totally headed, by Proposition 4,

they are also totally tailed. If we assume that X is tailed, then, by Defi­

nition l, it is totally tailed. Hence, by Proposition 4, it is also totally

headed. Contradiction.

REMARK. - Then aimof..t ~ompeete g~aph. to~y hea.ded f..ubf..U, YloYl-hea.ded

m-<.rtimai wbf..U Me f..ef6duai ~OYl~ept6. while it does not follow for headed or

ta i l ed subset.

PROPOSITION 6. - IYl aYl uYl~e~ted g~ph th~e dOM Ylot ewt aYlY YloYl-headed

'IU.Ylimai n-tupte X w"-th n > 2.

P~ou6.- If alI the pairs of vertices of X are headed (i.e. theyare

vertices of edges), then the maximal subgraph induced by X is complete. Hence

it is also totally headed.

EXAMPLES.

l) Let G :{a.b,c,d,el be the graph with the edge, a ~ b, a ~ ~, a ~ d,

b ~ d, b ~ e. ~ ~ d. Then the subset {a,b,el is non-headed and non-tailed,

but it is not minimal non-headed (i.e.minimal non-tailed); {a.b,~l is headed

and non-tailed; {b.~.dl is non-headed and tailed; {a,b,~.d} is headed a'ld

tailed, but not totally headed (tailed).
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G = {u,v,w} with the edges u ~ v, u ~ w, v ~ w and

G' = {q,~,~,t} with edges q ~ ~, q ~~, q ~ i, ~ ~ ~, ~ ~ i, ~ ~ i

are examples of almost complete graphs. Moreover, the sets {u,v,w} ,

{q,~,~,t} are examples of totally headed (i.e. totally tailed) subsets.

Their compatible orders are, respectively, Il. < V < W, q < ~ < ~ < t.

3) In the graphs G = {6,g,h} with the edges 6 ~ g, 9 ~ h, h ~ 6 and

G' = {{,m,n,p} with the edges t ~ m, t ~ n, m + n, m ~ p, n ~ t, n ~ p,

p ~ e, p ~ m the sets {6,g,h} and {t,m,n,p} are examples of non-headed

minimal (i .e. non-tailed minimal) subsets.

PROPOSITION 7. - Lei S be a topotog~~a! ~pac-e, G a 6~~e diAe~ied

gMph, f : S ~ G af'l o-~egu!M 6unctiof'l 6~om S to G and X = {VI ,v
2

' .. · ,vn}

a f'lUf'l-lieaded ~l1.b~et 06 G (n" 2). Thef'l a hot~:

rì ... fìyf -~;
n

Yf lì Yf lì ... lì Yf _ ~
l 2 n

• • • • • • • • • • • • • • • • •

p~o(,~. - Since X is a non-headed subset, there is no vertex

lS a predecessor of alI the other n-l vertices. Then, for every

V., which
-<-

i.. ;l, ... ,H

let w. be a vertex such that v. f w.. From o-regularity of 6 it is
-<- -<- -<-

is one of the vertices
(ì-v. W.

.( -<-

fo 11 ows

= ~ • Si nce w.
.(-

v
I
6

(ì ... n v6 l n v6
(- -<-

Vl,···,V. l'V. l""'v ,it.{. - .{.+ f'l

DEFINITION 5. - Lei S be a topotog~~a! ~pa~e, G a 6~~e diAe~ed


