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R.1.- Let f be an o-regulan function prom a normak Zopological space

S to a finite dirnected graph G and Y a closed subset of S. Then, 4

f
fon a2 €G we have A 7Y =4 and ATO Y £ thene exists an o-regutar
junction g : S > G, which <5 o-homotopic to f and such that Ag Ny = ¢

(See Lemma 6).

R.2 - In the construction of R.T, if there exist n vertices p],...,pneG,

——

such that Pﬁm...ﬁ{= o  then also & pollows P?n...mpﬂ= ¢ . (See

Corollary 7).

R.3.- Let f be an o-regulan function grom S,S' Lo G,G', where S
5 a nomwmal topological space, S' a closed subspace 04 S, Y a closed
subset of S',G a finite dinected graph and G' a subgraph of G. Then,
f Ny = o and Af Ny = ¢, Ltherne exusts an o-ne

gulan function g : S,S' » G,G', which <5 o-homotopic to f and such that

(k hon a € G we have A

AY Ny - ¢ . (See Lemma 11).

R.4.- In the comstrwetion of R. 3, 44 there exist n vertices p1,...,pheG

and m  vertices Qys...,q € G', such that pf f\...r\FirWQ] rﬁ...r“Qf =

€ G 3 =0,
then also it follows that P? ﬂ-...ﬁpz ”Q? N..NQJ = ¢ . Uhike, from

P‘; ﬂ..*ﬁ{ﬂ... = ¢ » it nesults P? ﬂ...ﬁpgﬁ S' = ¢. (See Corol-
lary 12)

By Duality Principle, the results dual to the previous ones are also

* .
true for o -regular functions.

e e G G B N R S R N e g ek G kRS — s s S e g g N G e g e S ———
-l.---b-—-----l--rh-—-------------I-l----l'----'i--l-lr--r--r—-l-l'--'-—-q—--d—--l-—-—--d-ll---'

DEFINITION 1.- Let G be a dirnected graph and X a non-empZy subsel v4
G, A vertex 0§ X 4s called a head (resp. a tail) o X «n G, if it 1s a
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predecesson (resp. a successor) of all the othen verntices of X. We
denote by HG(X) (resp. TG(X)) on, more simply, by H(X)(resp.TIX)} Zhe
set o4 the heads (resp. tads)oh X «4n G.Then X 45 called headed

resp. tailed) 4§ H(X) # ¢ (nesp. T(X) # ¢), othewise, X (4

called non-headed (xesp. non-tailed).

Finally X 45 called totally headed (nesp. totally tailed), 4 all
the non-empty subsets of X arne headed (nesp. tailed).

REMARK 1. - If X 1is a singleton, we agree to say that H(X] = T(X} = X,

then X 1is totally headed and also totally tailed. If X 1dis a pair, X
headed <=> X totally headed <= x tailed & X totally tailed.

REMARK 2. - This definition and the following ones can be extended

to undirected graphs. (See Proposition 6).

REMARK 3. - The concepts of head and tail (headed and tailed subset,

etc.) are dual to each other.

DEFINITION 2. - A non-headed (nesp. non-tailled) subset X 45 called
minimal 4§ all Lt nan—émptg propen subsets are headed (resp. tadled).

DEFINITION 3. - A finite dirnected graph G 45 called almost complete
(4 the set of Lts verntices L» totally headed.

REMARK. - A complete finite undirected graph is also almost complete.

PROPOSITION 1. - A findite dinected graph G s almost complete 444
the diagram {*} 04 the nelation | - ) includes the diagham o4 a totally
ohderned nelation [ <) in Q.

oy e = -

*
() We use the term diagram rather than graph because graph is

already used in another sense.
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Prock. - 1) Since G is almost complete, we can choose a vertex 2 e G,

which is a predecessor of all the other vertices of G, as the first one; then

a vertex v, € G -{u]}, predecessor of all the other vertices of G-iv,:, as

]
the second one; and so on.

ii) Since the diagram of the relation ( - ) includes the diagram of a totally
ordered relation ( <) in G, we can totally order the vertices of G. Then

every vertex of G 1is a predecessor of the vertices subsequent in the order

relation.

Hence G 1s almost complete.

REMARK. - By ordering the vertices of G as in b) of Proposition I, we say

that the order relation ( < ) of G 1is compatible with the relation ( - |
of G.

PROPOSITION 2. - Let G be an almost complete graph. Then the dually
dirnected ghaph 6 is also almost complete.

Prook. - Let ( < ) be a totally order relation, compatible . with the re-

lation ( = ) of G.Then the dual order relation ( > ) is compatible with the

¥
relation (<) of the dually directed graph G .

DEFINITION 4. - Let G be a dinected graph and X a subset of G. We
catl maximal subgraph induced by X the subgraph o4 G consasting cf those

directed edges of G, whose verntices are 4in X.

PROPOSITION 3. - A subset X o4 G 45 totally headed <44 the maximal
subgrapn induced by X s almost complete,

PROPOSITION 4., - A subset X o4 G 45 fotally headed <44 Lt 45 Lotally
taled.
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Prock. - By Remark 3 to Definition 1 and by Proposition 2,3 we have:

X totally headed in G <= the maximal subgraph induced by X 1is
almost complete <= the dually directed graph of the maximal subgraph

]
induced by X 1is almost complete < X 1is totally headed in G <= X

is totally tailed in G.

PROPOSITION 5. - A subset X o4 G 45 non-neaded minimal L44 LT 45

non-taled minimak. .

Proo4. - Since all the subsets of X are totally headed, by Proposition 4,
they are also totally tailed. If we assume that X 1is tailed, then, by Defi-

nition 1, it is totally tailed. Hence, by Proposition 4, it is also totally

headed. Contradiction.

REMARK. - Then atmost aompﬁéte aghaph, totakly headed subset, non-headed
minamal subset arne selfdual concepts, while it does not follow for headed or

tailed subset.

PROPOSITION 6. - Tn an undinected graph thene does not exist any non-headed

menamad  n-tuple X wth n > 2.

Proc4.- If all the pairs of vertices of X are headed (i.e. they are

vertices of edges), then the maximal subgraph induced by X 1is complete. Hence

1t 15 also totally headed.

EXAMPLES.

1) Let G ={a,b,c,d,e; be the graph with the edges a - b, a - ¢, a ~+ d,
0 +d, 0 »¢, ¢ ~d, Then the subset {a,b,e} 1is non-headed and non-tailed,

but 1t is not minimal non-headed (i.e.minimal non-tailed); {a,b,c} 1is headed

and non-tailed; {b,c.d} is non-headed and tailed; {a,b,c,d} 1s headed and

tailed, but not totally headed (tailed).
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2) The graphs G = {u,v,w} with the edges u->v, u-w, v >w and
G'" = {g,n,5,£} with edges ¢~ *x, ¢ > 5%, g%, n > 45, n X%, 5> 1
are examples of almost complete graphs. Moreover, the sets {u,v,w} ,
‘q,n,5,tr are examples of totally headed (i.e. totally tailed) subsets.

Their compatible orders are, respectively, u < v <w, ¢ < n < 4 < %,

3) In the graphs G = {4,g,h} with the edges § - g, g > h, h - § and
G' = {{,m,n,p} with the edges £ ->m, £ > n, m-n, m->p, n-> 4L, n->p,
p -, p>m the sets {4,g,n and {£,m,n,p} are examples of non-headed

minimal (i.e. non-tailed minimal) subsets.
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PROPOSITION 7. - Let S be a topological space, G a ginite directed
graph, f : S > G an o-regulan function gwom S to G and X = {v,,v

Vo
a non-headed subset ¢4 G (n 3 2). Then Lt holds:

— e

frnyf A nyf .
V1 V2 . Vﬁ UM

-
-4,
D
-
—*}
D
D
<
I
-

iiiiiiiiiiiiiiiii

“n ~vEonf
V] S Vn-] Vn -9

Proci. - Since X 1s a non-headed subset, there is no vertex Vs which

1s a predecessor of all the other n-1 vertices. Then, for every «{ =1,...,n

let w. be a vertex such that V. e W, From o-regularity of { it is

L
v, Nw. = . Since w. 1s one of the vertices v,,...,v. ,,V. .,...,u ,it
£ L Tl ] L-17 7 4+] n
A Nod fnud AL 4
follows voN Nyt v Nyt 0yl o=y,
] (-1 A L+] n

DEFINITION 5. - Let S be a topological space, G a finite dinected



