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Let Gbe a 4inite dirnected graph.

If v,w are two vertices of G, we use the symbol v - w (resp. v 4 w) to

denote that wvw is(resp. is not) a directed edge of G. if v »w , we call

v a predecesson of w and w a successon of
[f, for all

V.

v,weG, we have (uv-w)e= (w>v),the graph is called undurected.

Let S be a topofogical space.

Given a function 4§ : S—- G from S to G, we denote by capital letter

V the set of the {-counterimages of

-]

v € G, and if we must display the
function 4, we put Vé = §  (v].

¥*
A function § : S > G is called o-regwlan (resp. ¢ -regular) 1f,for
all v.we G suchthat v # w and v 4w, it is VN @ = ¢ (resp.

=

v N =¢).(See Definition 3).

That is equivalent to saying:

(viw,VW # ¢ and 4 o-regular) = v > w

f 2T *
(v #w, V' ''WW# and 4 0 -regular) = w > v,

A function 4 : S~ G 1is called strongly o-regular (resp. strnongly
u* -negulan) if:

™ [ *
i) 4 is o-regular (resp. 0 -regular);

ii) for all v,w € G such that v #w, v#w and w+ v it follows
V 7 W= ¢.(See Definition 4).

Let 1 =[D,1] be the unit interval 1in R]. Two o-regular (reSp.o*-regular)

*
functions 4,q : S~ G are called o-homotopic (resp. ¢ -homotopic) if there
exists an o-regular (reSp.o*—regu1ar) function F : SxI - G  such that, for

all x e S, F(x,0) = §(x) and Fl(x,1) = g(x). The function F 1is called

i e

(*) The references are ralative to [2]
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an o-nomotopy (resp. a**homotnpg)between £ and g.(See Definition 5).

The previous o-homotopy (resp. 0*-homotopy) relation is an equivalence re

lation in the set of o-regular (resp. o*-regu1ar) functions from S to G.

We denote by Q(S,G) (resp. QE(S,G] the set o4 the o-homotopy (resp. c*~homg

topy) classes of o-regular (resp. 0*-regu1ar) functions.

The graph G* with the same vertices of G and such that (u > v in Gj<=

= (uv>u in G) s called the duatly dinected graph as regards G.(See

Definition 6). Hence, we have:

DUALITY PRINCIPLE. - Every thue proposition in which appear the concepis

04 e—neguﬂmmtty,a*-neguﬂamiig, sthongly o-regularity, strhongly o*—neguianiiy,
o-homotpoty, o*—homoiﬂpg, Q(S,G),Q*(S,G), nemains thue L4 the concepts o4
o-regularity and c**neguﬂanitg (sthongly o-regularnity and Atrhongly c*—nzguﬂg
wty, o-hometopy and w*—homazopy, 0(S,G) and 0*(5,6) ane Linterchanged
throught the statement of the proposition.

Moreover, let S' be a subspace of S and G' a subgraph of G.
A function 4 from the pair S,S' to the pair G,G' 1is called o-regufar
(resp. o*-n@guﬁan, stnongly o-regularn, strongly o*neguﬂanl if both the
function {:S~>G and its restriction 4’ = 6/31 : §' > G' are o-re
*

gular (resp. o -regular, etc.) functions.(See Definition 7).

Two o-regular (resp. o*-regu1ar) functions 4,9 : S,S' - G,G' are called

o-homotopic (resp. oi—homatﬂpic], if there exists an o-regular (resp. 0*-regg
lar) function F . SxI,S8'xI - G,G', such that for all x € S, F(x,0)=4(x]
¥

and F(x,1} = gl{x). The function F is called an o-homotopy (resp. ¢ -homofopy)

between 4 and g. (See Definition 8).

In [2] we proved the following results:
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R.1.- Let f be an o-regulan function prom a normak Zopological space

S to a finite dirnected graph G and Y a closed subset of S. Then, 4

f
fon a2 €G we have A 7Y =4 and ATO Y £ thene exists an o-regutar
junction g : S > G, which <5 o-homotopic to f and such that Ag Ny = ¢

(See Lemma 6).

R.2 - In the construction of R.T, if there exist n vertices p],...,pneG,

——

such that Pﬁm...ﬁ{= o  then also & pollows P?n...mpﬂ= ¢ . (See

Corollary 7).

R.3.- Let f be an o-regulan function grom S,S' Lo G,G', where S
5 a nomwmal topological space, S' a closed subspace 04 S, Y a closed
subset of S',G a finite dinected graph and G' a subgraph of G. Then,
f Ny = o and Af Ny = ¢, Ltherne exusts an o-ne

gulan function g : S,S' » G,G', which <5 o-homotopic to f and such that

(k hon a € G we have A

AY Ny - ¢ . (See Lemma 11).

R.4.- In the comstrwetion of R. 3, 44 there exist n vertices p1,...,pheG

and m  vertices Qys...,q € G', such that pf f\...r\FirWQ] rﬁ...r“Qf =

€ G 3 =0,
then also it follows that P? ﬂ-...ﬁpz ”Q? N..NQJ = ¢ . Uhike, from

P‘; ﬂ..*ﬁ{ﬂ... = ¢ » it nesults P? ﬂ...ﬁpgﬁ S' = ¢. (See Corol-
lary 12)

By Duality Principle, the results dual to the previous ones are also

* .
true for o -regular functions.
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DEFINITION 1.- Let G be a dirnected graph and X a non-empZy subsel v4
G, A vertex 0§ X 4s called a head (resp. a tail) o X «n G, if it 1s a



