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Let Gbe a 5-i-lUte cLiJtected glU!ph.

If v,w are two vertices of G, we use the symbo1 v -+ LV (resp. v f w) to

denote that ~v is(resp. is not) a directed edge of G. if v 'w , we ca11

v a p~edece~6ok of LV and LV a 6uCCe660k of V.

If, for all v,weG, we have (v-+W)"", (w+vl,the graph lS called ul1cLiJtected.

Let 5 be a topo(og~cat 6pace.

Given a function 5: 5 -+ G from 5 to G, we denote by capita1 1etter

v the set of the 6-counterimages of
6 - 1function 5, we put V : 6 (v).

v e G, and if we must display the

A function 6: 5 -+ G is ca11ed

a11 v,w e G such that Il F w

ii nw :~).(See Definition 3).

* .o-kegulak Iresp. o -kegulakl 1f,for

and v f w, it is vrì (~ = ~ (resp.

That is equiva1ent to saying:

(vFW,VnW J ~ and 5 o-regu1ar) = v ~ W

'*o -regu1ar) => W -+ v.

A function 6: 5 -+ G is ca11ed strong1y o-keguiak (resp. 6tkol1g(y

'* ." -Itegutaltl lf:

i) 5 is o-regu1ar '*(resp. o -regu1ar);

ii) for all v,w e G such that v I w, v f w and w f v it follows

ii n ii! : ~. (See Definition 4).

such that, for

1R . Two o-regularbe the unit interval in '*(resp.o -regu1ar)

if there

F : 5>:1 -+ G

* .(resp. o -homotop~cl

Let I: [O, 1J

functions ~,g: 5 -+ Gare ca11ed o-homotop~c

exists an o-regu1ar (resp.o'*-regu1ar) function

all >: e 5, FI>:,OI: 61>:) and F(>:,11 = g(>:). The function F is ca1led

(.) The references are ralative to [2J
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•an o-homotopy Iresp. o -homotopylbetween 6 and g.(See Definition 5) .

•The previous o-homotopy (resp. o -homotopy) relation is an equivalence re

lation in the set of o-regular (resp. o·-regular) functions from 5 to G.
• •We denote by Q.IS,GI (resp. Q. (S,G) the. 6e.t 06 the. o-homotopy Iresp. c' -homo

•topy) cea~~e.~ of o-regular (resp. o -regular) functions .

•The graph G with the same vertices of Gand such that (u ~ v ln G)~

= (v-' u i n G') i 5 ca 11 ed the dua.lly d.Ute.c.J.e.d gM.ph as regards G. (See

Definition 6). Hence, we have:

DUALITY PRINCIPLE. - Eve.Ay ~ue. ~op06~on ~n w~ch app~ the. conce.pto. ,
05 o-Jte.gul.a!td:y, o -Jte.gu1.LvrM:y, 6~ongly o-Jte.gu1.LvrM:y, 6~ongly o .Jte.gu1.LvrM:y,

• '*
o-homotpoty, o -homotopy, Q(S,G),O (S,G), Jte.~n6 ~ue. ~6 the. conce.pto 06
u-JtegulMUy and c' -Jte.gulaJU..ty 16~ongly o-Jte.gul.a!td:y and 6~ongly o' -Jte.gula

~y, u-homotopy and o'-homotopy, O(S,G) and O·(S,G) aJte. ~nte.Achange.d

tlVlOuqht the. 6tate.me.nt 06 the. ~opoò~on.

Moreover, l et S' be a 6ub6paCe. of 5 and G' a 6ubgM.ph of G.

A function ~ from the pair S,S' to the ~air G,G' is called o-Jte.gulaJt

(resp. o·.Jte.gulaJt, 6~ongly o-Jte.gulaJt, ò~ongly o'Jte.gulaJt) if both the

function 6: 5 ~ Gand its restriction
'* .gular (resp. o -regular, etc.) functlons.(See

1'.1·5'
J - o/S' .
Definition 7).

~ G' are o-re

Two o-regular (resp. o'*-regular) functions 6,g: S,S' ~ G,G' are called

o-homotop~c (resp. • •o -homotop~c), if there exists an o-regular (resp. o -regu

lar) function F: Sd,S'xl ~ G,G', such that for a11 x € S, F(x,O!'5(x),
and Flx,ll ' g(x). The function F is called an o-homotopy (resp. o ·homotopyl

between and g. (See Definition 8).

In [2J we proved the fo11owing results:
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R.l.- Let f be an o-~egulaA 6unction 6~om a nokmal topotog~eal òpaee

5 Co a 6~~e ~eeted g~ph Gand Y a cioòed òubòet 06 S. Then, ~6

501[ a E G we have Af n Y = <I> and Af lì Y f <I> th~e ex.h.,tJ, an o-~egtUa.~

Sunction 9 : 5 -> G, w~eh Ù o-homotopù. to f and òueh that Ag lìy = et>

(see Lemma 6).

R.2 - In the eoYl1>~ction

òueh that P~ (ì ... (ì P~ = <I>

Coro11 ary 7).

06 R. 1, ~6 th~e ewt n v~ee,~
- -

then mo d 60Uowò ~ ~ .. lì ~ = <I>

P1,· .. ,PnEG,

. (see

R.3.- Let f be an o-~egulaA 6une~on 6~om S,S' to G,G', wh~e S

Ù a no~al topolog~eal 6paee, S' a eloòed òubòpaee 06 S, Y a etoòed

òubòet 06 s',G a 6~~e ~eeted g~aph and G' a òubg~ph 06 G. Then,

-<.6 6O!t a E G we have Af n Y = <I> and Af (ì y = <1>, th~e ewt6 an o-~e

g~ ,une~on 9 : S,S' -> G,G', w~eh Ù o-homotop~e to f and òueh that

A9 n y = <I> • (see Lerrrna 11).

= <I> '

lary12).

By Duality Principle, the results dual to the previous ones are also

true for o·-regular functions.

DEFINITIDN l. - Let G be a ~eeted g~ph and X a non-emptl} ~ub6et o:)

G. A v~ex 05 X Ù eaUed a head I~~p. a tail) 06 X ~n G, if it is a


