one nak

PF{Q{] = 0 In > max(n, ..

L

l,n
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Using Bott's "Vanishing Theorem" one can, in a certain sense invert the

preceding result obtaining

THEOREM B

Let M be a miemanncan smooth orndientable mandfold of dimension n.
Furntnermone Let M have kR complementarny dasinibutions €. ¢ TM and Let
A
the bundle Q. = TM/E. have 4ibre o4 dimensdion ¢q. with

A { AL

G. = n - n. and  n t...+tn, = N,

notds .,

In order to give a self-contained presentation we recall the necessary

preliminaries.

1. Preliminaries

Let M be a smooth (paracompact) manifold and let E be a vector qumbuE

die on M. As is well known, the total (real) Pontrjagin class p(E) of E

15 defined by

0(E) = 14p, (E)+...+p_(E) = |det (I- ]
] [E[_'i L ZTT
2!

2)

. . . 4y
where Q@ 1is the curvature of an arbitrary connection on E and pr(E)gH (MJR)

/
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where H*(M;]R) is the de Rham cohomology ring of M. PP(E) is called

the r-the Pontrjagin class of E.

et i

Clearly Pr(E) =0 for 4r >n if n = dim M. Moreover if E s an orien

ted bundle of even dimension q, then the class pq (E), which is locally
/2

represented by the closed form (Zw)_q det Q, equals the sguare of the
tuler class; this latter is strictly connected with the Euler-Poincaré cha

racteristic of the manifold under consideration, if E = TM.

If E 1is the tangent bundle TM, then the classes are also called Pon-

trjagin class of M and are often denoted by PT(M).

Let & 1s the curvature form of a connection on the principal fibre

bundle of orthonormal frames, then the explicit expression of Pontrjagin

(')

classes 1s give by

~ 112 2Y 21 )
(1.1) P (TM) = G el g

(1.2) 0 % | - T O8(i ..y 3i....300. . ALLAQL .
!\ lI-.-l C;I (i) 1 S J]_ JS _]J__]Z JS"‘l JS

S is an even integer and &§(i.,...,1 ; j1,...,j3) is the generalysed

Kronecker symbol.

For n even, the n-form

i 1-1
(1.3) o ™o 12" Dyl s e, a9 . ...an

- . 17 ""n 712 n~1 n

called Gauss curvature form of M, is a representative of the Euler class of

el ke s e e -

1)See J.A. Thorpe |6]

!
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iM and if M 1is compact and orientablie, the Gauss-Bonnet theorem says that

v
where X(M) is the Euler-Poincaré characteristic of M and f:M - Gn(M)

1s an orientation of M, Gn(M) being the Grassmann bundle of the oriented

n-pianes tangent to M.

2. A vanishing theorem

We can now prove the following theorem ([3])

(2.1). Theorem

Let M be a niemannian smooth ondientable manifold of dimension n which
admits ko complementany (smooth) distriibutions of ornlented ni--pf,ane,ﬁ

L = T1,..,,k). Then the neal Pontnjagin classes Pﬁ(M) are null for 2n}max(n?,..,n |

R

Proof.

N
Let E be the principal fibre bundlie of the orthonormal frames (associated
v
to the tangent). Its structural group is G = SO(n) (the rotation group). We
recall that the Lie algebra %%5 of SO(n) can be identified with space of

the skew-symmetric matrices of order n,

v
Let us consider the subbundle E of E formed of the frames "adapted"

to the distributions, viz. the orthogonal frames {ei}(1=1,...,n) so that the

vectors

form a basis for TY. The bundie E can be regarded as having structural group



