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SOMMARIO. - D. DRAKE e W.J. THRON hanno dato in [1] una caratterizzazione

degli elementi v-irriducibili e degli elementi fortemente v-irriducibili di

un reticolo distributivo (L,~). Tra l'altro in [1] è stato provato che un el!

mento c E L è irriducibile se e solo se si può identificare (L,~), trami­

te un isomorfismo retico1are f, con un sottoretico10 (L',~) del reticolo

delle parti ~(X) di un opportuno insieme X in tal modo che f(c) è la chiu

sura in L' di un certo elemento x E X (cioè f(c) è il più piccolo elemento

di L'. rispetto a11 'inclusione insiemistica, cui appartiene x).

Come è ben noto un elemento di un reticolo distributivo è v-irriducibile se

e solo se esso è v-primo. Questa proprietà è usata in maniera essenziale in

[1]. In questo lavoro noi prendiamo 10 spunto da questa proprietà per dare una

caratteri;~zazione degli elementi v-primi e degli elementi fortemente v-primi

di un qua.siasi insieme parzialmente ordinato (in particolare di un qualsia­

si reticolo (S.~)) . Precisiamo che qui, in analogia con una car·atterizzazione

degli elementi v-primi e degli elementi fortemente v-primi di un reticolo, un

elemento c di un insieme parzialmente ordinato

sottoinsieme Dc ={SES:ciS} è v-diretto,

x1,x2Eoc :per ogni xl"" ,XnEOc) esiste

cioè

(S,~) è detto v-primo se il

° = 0 oppure per ogni
c

tale che xl~t e x2 ~ t

(x. < t per ogni
l -

i = 1, ... , n); i no ]tre c è detto fortemente v-primo se ;) =0c

oppure Dc è dotato di massimo. Allora noi proviamo che un e'lemento CES è

v-primo in (S,~) se e solo se possiamo identificare (S,~), tramite un isoillorfismo

f rispetto a11 'ordinamento, con un insie~e di insiemi (non necessariamente un

reticolo di i ns iemi) de1 tipo di [1J in modo tale che f(c) è la chiusura in

(f(S) •.::) di un elemento di Uf(S) ; inoltre proviamo che c è fortemente v-pr_

mo in (:; .~) se e solo se per ogni isomo fismo f del tipo su menzionato l'in-

sieme f(:) è la chiusura in (f(S),~) di un punto di Uf(S).
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SUMMARY. - A characterization of v-irreducible elements and of strongly

v-irreducible elements of a distributive lattice (L'2) was given by D.DRAKE

and W.J. THRDN in [1] o Among other things in [1] it was proven that an element

c E L is v-irreducible iff one can identify (L'2)' by means of a lattice

isomorphism f, with a sublattice (L' '2) of the power set P(X) of a suitable

set X, in such a way that f(c) is the closure in L' of an element xEX(i.e.F(c)

is the minimum element in L', with respect to the set inclusion, including x).

As is \/ell-known an element of a distributive lattice is v-irreducible iff

it is v-prime. This property is exploited is an essenti al manner in [lJ o

Now then in our paper we took this property as a starting point for a characte

rization cf v-prime and of strongly v-prime elements of any partially ordered

set (in particular of any lattice). Here, on the analo91 of some characterization

of v-prime elements and of strongly v-prime elements of a lattice, an element

c of a p~rtially ordered set (shortly "poset" (S'2) is said v-prime iff the

subset Dc ={SES : ciS} is v-directed, i .e. Dc = ~ or for every xl ,x2EDc (for

every xl, ... ,x ED ) there existsn c
for every i = l, ... n); moreover c

tED such that Xl < t andc -
is said strongly v-prime if

X2 ~ t (xi 2 t

D = ~ or
C

D has I11élximum elemento Then we prove than an element CES is v-prime in
c

(S'2) iff we can identify (S'2) by means of an order isomorphism f, with a set

(but not necessarily a lattice) of sets of the type of [lJ in such a way that

f(c) is the closure in(f(S)'2) of an element of Uf(S); moreover we prove that

c is strongly v-prime in (S,.::) iff for a11 function f of the above type the

set f(c) is the closure in (f(S)'2) of an element of Uf(S).

No l PI(ELIMINARY CONSIDERATIONS.

We rec~l that a lattice is said a set lattice (see [lJ p. 57) 1ff its elements

are subsets of a suitable set X and the order relation i5 the set inclusion;

in particillar if the lattice is a sublattice of the power set (P(X) then it is

called a proper set lattice.

More generally we shall say that a set lattice (L' ,~) is a "U-proper set

lattice" -iff the lattice join is equal to the set union.

We reca11 also that a proper set representation of a lattice (L'2)
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is an ordered pair ((L' .~,f), where (L' ,~) is a proper set lattice

and f is an isomorphismfrom (L,:.) onto (L',c). If (L',e:) is a

U-proper set we shall call ((L' ,c),f) a "U-proper set representatior.".

We want to extend the previous definitions to the case of an arbitrary

partially ordered set.

In the meantime we observe that the lattice join is equal to the set

union in a set lattice (L',~ iff the following property holds:

(i) For every Al, ... ,An e L'
n
li A l· S equa1 to the set i ntersecti on. 1 .l ~ l

of all the elements of L' which include every Al,···,An"

As a consequence of this fact we shall say that a poset js a U-prc~er

set poset iff its elements are subsets of a suitable set X, the order

relation is the set inclusion and property i) holds(';thus we shall say

that the ordered pa i r (( S' ,5) ,f), where (S' ,c) i s a U-proper set pos et

and f is a function, is a ~proper set representation of a poset (S,~)

iff f is an order isomorphism from S

isotone function from S onto S' and

onto S'(i.e. f is a bijec:ive
-l

f is also isotone).

In the following we shall prove the next properties:

1) An element c of a poset (S,:.) is v-prime iff a U-proper set re:re

sentation ((f(S),sl,f) of (S,9, exists such that f(c) is a point closure

f(S). Moreover if (S,:.) has at least a v-prime element then a Ulpro~er

set representation ((f(S),~,f) or (S,:.) exists such that f maps

every v-prime element of (S,:.) in a point closure~P(S).

2) An element c of the poset (S,~) is strongly v-prime iff for every

In thi s case i f a common upper bound of Al'''' ,A does not exi s t i n
L' then we ~ the above mentioned set intersec~ion equa1 to

Y~L'Y'
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U-proper set representation ((f(S), ~,f) of (S,i)(t)f(C) is a point

closure.

N. 2. A BRIEF REVIEW OF PREORDERED SETS.

Let S be a set and < a preorder relation for S(i.e. < exhibits
~ ~

the transitive and refIexive properties). AlI the most important notions

about a poset can be extended to a preordered set (e.g. upper bound,lawer

bound, maximum, minimum, ~.u.b. ,g.tb., etc.); thus a right t,ail of a

preordered set (S,<) will be every Y eS such that V x,yeS:xeY and
~

X < y =>y e Y.
~

We observe that if Yl ~ S then the set r(Y
I

) = {x eS: x is an

upper bound of Y
I
} is a rigth tail of (S,~); in particular the

principal filter r(y) = r({y1) generated by y e S is a right tail

of (5,<). Iloreover
~

(ii) r(X) = !'lXr(x) and if X is a right tail then X = UXr(x).
xe xe

Now Iet '€ be a subset of Q)(S) (the power set of S), x an element

of Sand 'e = {X e e : x e X}. Then we define, for every x,yeS
x

(j) X < y('e) iff e c'eu '
~ x- ':I

Clearly the defined relation is a preorder relation. Moreover if ~'

is the set cf set complements of the elements of ~ it follows, since

'e' c'€ iff '€' c'e'
x - Y Y- x'

(jj) X < y('e) iff y < x('e') .
~ ~

(t) We shall prove that there exists at least a U-proper set representation

of (5,~).
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One can easily verify that every element of ~ is a right tail of

S preordered withrespect to relation defined in (j). On the other

hand if (S,<) is a preordered set and ~ is the set of the right tails
'"of (S,<) then for every x,y e S the following properties hold

'"

(e) x ~ y iff X ~ ~(tR) according to (j)Jand x/vy iff X ~ ~(iRo)'

where iR is the set of the principal fi lters of (S,~) generated by
o

an elment of S. And hence, as a consequence of (jj), the following

property holds:

(ee) x .::. y i ff w < X (tR') ,
;;> - o

where~' is the set of al1 set complements in S of the elements of ~
o o

Now we can give the fo11owing

THEOREM l. Let '€ ~f(S) be, Y e'e and y e Y. Then Y is a point

closure in 'e vl1th respect to y iff y is m.wJmum in Y with respect

to re1ation defined in (j).

PROOF. In fact: y i s m"",imum i n Y<=:=} VxeY

VZeC : Ze'F ~ VxeY ,VZeT:. : xeZ <;=? vZe'e :Yd.y "J(~ y y .-

'e Co 'e ~ VxeY ,
y -. x

Q.LO.

N. 3. A CHARACTERIZATION DF V-PRIME ANO STRONGLY V-PRIME ELH1ENTS

OF A POSET.

Henceforth let (S,.::.) be a poset. Then we can consider the function

9 : S +~(S) mapping an element x e S into the set g(x) =
Clearly f is a'\ iJective function; mOI"eover Vx,yeS x<y

(yeS: xh j =S- r(>('ji' ,

iff g(x) ,
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~ g(y), in fact x ~ y iff the principal filter r(x) includes the principal

filter r(y), and hence x ~ y iff g(x) ~ S - r(x) ~ S - r(y) ~ g(y); thus

9 is an isomorphism from (S,~) onto (g(S),~). Now we want to prove the

following.

THEOREM 2. The ordered pair ((g(S),~),g) is a U-proper set representation

of (S,~).

PROOF. Since 9 is an isomorphism from (S,~) onto (g(S) ,~) we need only

U-proper set poset. Thus if Y~ S thenprove that (g(S),~) is a

(ì r(y) - r(Y) - U r(x)yeY - - xer(Y) (see (ii) of N. 2). Whence U (S-r(y))~ S-r(Y)~yeY

In particular

then

i f Y ~ and S-r(y. )
l

(i=l, ... ,n)

n
and hence .U1A. is equal to the set intersection of all

l ~ 1

Now we can give the following

g(x) such that

Q.E.O.

THEOREM 3. Let c be an element of 5 and let c be not minimum In (S,:).

Then c is strongly v-prime in (S,~) iff for ever U-proper set representation

((f(S),~),f) of (S,.::.) f(c) is a point closureln f(S).

PROOF. Let f(c) be a point closure in f(S) for every U-proper set represe~

tation ((f(S),S),f). Now then we Cf,",i""r the U-proper set representation of

tneorem 2; thus, as a consequence of the fact that c is not minimum in (S,:),

the set (yeS:c.!-y) is different from (1 and it Is a pO'int closLire in g(S).
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Hence,as a consequence of theorem l and of (ee) in N. 2, g(c) has a

maximum in (5'2)' therefore c is a strongly v-prime element of (5'2)'

Conversely let c be a strongly v-prime element in (5'2); in such

a case the set {yes:ctyl has a maximurnb. Now let ((f(s),ç),f) be

an arbitrary u-proper set representation of (5'2)' since c t b then

f(c) ~ f(b) and hence we can consider an element xef(c)-f(b). We want

to prove that f(c) is a point closure with regard to x. In fact if

l i s an element of f(s) such that x el then there exists zel such

that f(z) = l. Now then c..:z~ in fact assume, ab absurdo, that ctz,

then z~b, thus Z = f(z) ~ f(b) and hence xef(b). since C<Z iff..

f(c) ff(z) = l, the theorem follows.

Q.E.D.

THEOREM 4. An element c e 5 is v-prime in (5'2) iff a ~proper

set representation ((f(s),~),f) of (s,~) exists such that f(c) is

a point closure in f(s).

PROOF. Let ((f(s),~),f) be a ~proper set representation of (s,~)

such that f(c) is a noint closure in f(s) with regard to x; moreover

let y,z e S such that C i y and Cf z. Then (f(c) f f(y) and

f(c) ,ff(Z), thus x ~F(y) and x, f(z); l'1oreover (since (f(s),.9

is a U-proper set poset) f(y) U f(z) is equal to set intersection

of all f(t) including f(y) and f(z). As a consequence an element

t e 5 exists such that f(t) ~ f(X) U f(y) and x ~ f(t), thus

f(c)$f(t) and hence ctt but y::- t and z <: t. That means that tile

subset {s eS: c t s} is v"directed

Convensely let c be a v-prime element in (5..::) and ((f(S),g,f1

a U-proper set representation of (S,~). If f(c) is a point cìosure in

f(s) we have nothing to prove. If not let us consider the set X' = XU{X~
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((cfr. [l], p. 62, proof of theorem 31)) where X =t~Sf{t) )and the

function f' S ... jp(X') such that for every se5 f'(s)=f(5) iff

c i sand f'(s) = f(s)U{X} iff c ~ f(s). Clearly f' is an

injhive function and for every, sl,s2 e 5 sl ~ 52 ifi; f~(sl)C.f'(s2)'

moreover f'(c) is point closure with regard to X in f'(S). Then

we must only prove that ((f'(5),C1f') is a U-proper set representation

of (5,~).

n
Now if sl""'s e 5 then .U{(s.) is equal to the set intersection

n 1 = 1

of all the elements of f(5) that include every f(s.). Hence let's
l

consider the following two cases:

CASE l : for every i= l, ... ,n: c fs .. Then for every i =1, ... ,n
1

f'{s.) = f(s.), moreover (since c is v-prime in (5,<)) an element
1 l -

S e 5 exists such that c f sand for every i=l, ... n s .<S, thus
n - n 1-

f'(s) = f(s) hence .U
l
f'(s.)(7U

l
f(s.,) is equa] to thp s.et iflcers.ection

1= 1 1= 1 ,. ..

of all the elements of f'(5) that include every f'(s.)( = f(s,)).
1 1

CA5E 2 : for some i;c < x.. Then f'ts.) = f{s.) U{X} ; moreover
- 1 1 1

Q.LO.

includes every f'(s.) one has
1

f'ls) = f{s) U{X}. Thenand hence
n ,

that i~/(si)(i~l T(si) U {x}) 1S

interse.ction of aìl the e'lement of f' (S) includ'ingequa] to the set

every f(!>.).
,1

f'{s) ~ f'(s.), thus c < S. < S
- 1 - 1

in this case too we car conclude

for every s e 5 such that f'(s)

REMARK.

We observe that if (5,~) has at least a v-prime element then a

U-proper set representation l(f(5), Ò,f) of (5,~) exists such that

f maps every v-prime element of (S,~) in a point closure. In fact let

A ~e the set of all v-prime elements of (S'~)'( (f(5)'9' f) a U-proper

set representation of (S,~) and B the set of all the elements of A



mapped into a point closure. If B = A we have nothing to prove.

Now we suppose that B # A and

(USf(s))rY (A-B) = Il
se

( ~)

I

Then we consider the functiontthat Maps every s lo S into the set

f(S) U A ,where A = {yeA - B : y < s}. Oarly f' is an injectives s -

function and for every

Moreover if sl"" ,sn

sl,s2 lo S sl 2 s2 iff f(sl) U As 1
are arbitrary elements of S then

Cf(s2)UA- s
2

n
.Ul(f(S.) U A ) =
l = l S.

l

Now let Z be the set of all upper bounds of {sl, ... ,sn} in (S,~).

n n n
We want to prove that r"l (f(z) U A ) =.Ul(f(S.) U A ) =.U,j(f(s.))U:.U,A,',zeZ z l = l S. l = l . l = l

l

As a consequence of condition (m) r"l(f(z)UA) = (tìZf(z))U(!ìJ, ',;
zeZ z ze Z€L Z'

it is sufficient to prove that

n
moreover we alyeady know that r"lf(z) =.Ulf(s.)

zeZ l = l

nrz A c. Ul A •ze z -1 = s;

n
and r"l A :;,.U1A ; tnenzeL z -1= S.

l

v-prime el:ò:;ent
n
l' Ac. ~1 .

-l = S,
l

as a consequence of the definition of
n

i e{l, ... ,n}, thus x e.U1A and hence nzA
1= s, ze z

1

Now if x e ("I
Z
A then x is a v-prime element of (S,~ì such t"èt

ze z
x ~ z for every z e Z. Moreover Z ;s the set of all upper bounds of

(sl, ... ,Sn}" then

x < s. for some
- l

From this the enounced assertion follows.
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