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finally, by ProPOsitions lO, lO" and ~eorem 9 we obtain:

~0~8M 11. - Let S be a countabZ~ pavacomvact normaZ space and G a finite

directed graoh. Tl,en there exi.gts a naturaZ h1:1ection from tl,e set of o-izomotcny

cZasses Q(S,G) to the one of o"-homotOP~ cZasses O"($,G).

Proof. In fact the assUll1Dtion on .') is eaui';alent to SUDPOse that ç and C:xI ~

TlOnral soaces. (See Introduct i on). •

PD'J\RK l. - In generel the nreviouS' result r\oes TlOt hold far anv tooological

soace. (See Fxamole 13.5).

P~ARK 2. - In the foregoing conditions it follows that the sets Q(S,C), Q(S,C*),

Q*(S,C), Q'(S,C*) can be identified.

PAR! 1'\010. DUALITY THEOREM faR REGlIlPR FUNC'TIONco QE'I\-/EEN PATPCO.

5) Ba Zanced funat ions .
-------------------------------------------

;"e can characterize me rep:ular func1:ions hetween oairs, si!l'i1ar1v te ProPO-

sitions 2, 3, bv the fo1 lowing:

PROP0SITIO 12. - Let f: S,S' ~ G,G' he a funation from a Dair of toooZogicaZ

spaces S,S' to a pail" o." finite dil"ected 9l"ooh" G,8' and f': c:' ~ r:' the yoestl"ia-

tion of f: S ... G to S'. Then f is an o-l"eguZar f'unction, if" f(x) is a head o."

<f(x» in G, ;01" aZZ x ES; while f'(x) ·:s a I,ead of <f'(x» in (O', .'(>1" aZZ x E co'.

!1oreover, f is a.o-roegulal", if.f also the subsets "f(x» are totally headed ,:n G

and aH the subsets <f' (x» are totallu headed in G' .•

REMJ\_~Y. - Consequently, if G is an undireated gl"aoh, a funat~on f: S,"" ... G,G'
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is stl'ongly l'egular, ift <f(x» is totaHu headed in G tOl' aH x E ", and so

is <f' (x» in 8' fol' aH x E S'.

Unfartunate1v the consideratians deve100ed in Part one in order to obtain the

Duality Theorem for regu1ar functions can not be direct1v genera1ized to regu1ar

functions between pairs, since there does net exist an o'-oattern of anv c.o-reg

ular function f: S, S' -+ C, C'in generalo Hence '..e must add the fo11owìng new

condition:

and conseauent1v we out:

DEFINITION 6. - Let f: S,S' -+ ~,G' be a tunction tl'om a vair of tODological

spaces S,S' to a pail' ot finite dil'ected graph G,r-' and let f': ,,' -+ G' be the

restriction to S' of f: S -+ G. The function f is said to be ba1anced in (S,S')

or simvly a b.function if, foro aH x' E <:' and fol' aH v E ~, it is x' €' -;;r =>

x' E T: i.e., foro aH x' E S', <f(x'» = <'f"'(x'».

PE"lAR.J< 1. - If the restriction f' of ab. function !' is c.o-regular, Ì'v p and
a

Prooositian 3 it results TC«t(x'») lì TC'(<'!'(x'») cl d>,
•

s~nce now we have

TG' «f' (x' i»~ ~ Te «f(x '»); while far a c.o-regular function it can ,",-o])en that

TG( <[(x'») lì T
C

( '1" (x') » = tI>. (<:ee Exarno1e 13.1).

RD'ARJ< 2. - "le can a1so write b.o-regular tunction, ... ,b.homotovu

af balanced o-l'egular function, ... , balanced homotovy, ..•.

, ... instead

PROPOSITION 13. - Undel' the asswrrpt,:ons o+' De+'inition 6, if S' is an ODen set

of S, all the functions f: S,S' -+ ~,G' are halanced in (S,S').

?Poof. - By Prooosition l we have <,f(x'» = lì{f(U ,) / li , is a nei~hbourhood. x x r-

af x' in ~}, whi1e for S' it resu1ts <'f'(x')'> =lì {f'(lI. . x' lì S")). Now, since s' is

aDen in S, it fo11ows "{f'([l lì S')) =n{+'(f' )) ••. x' x'
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6) PattemB of a funotion between pairB.
==,----------------------------------­----- ----------------------------------

As in !)efinitions 2, 3 we have:

DEFINITION 7. - Let f:S,S' ~ G,G' be a funotion from a pair of tovologioal

spaoeB S,S' to a pair of finite direoted granhB G,G'. A funotion g: S,S' ~ G,G'

iB oalled an o-pattern (resp. o'-oattern) of f, if g: S ~ G iB an o-pattern (resp.

o'-pattem) of f: S ~ G and itB reBtPiotion g': S' ~ r,' iB an o-vattePn (reBP.

o· -pattem) o,+' f': S' ~ G' •

RE!"'ARK. - For an o-oattern g of f, we have the followÌDl1' relations:

i) lJ x E S-5',

ii) lJ x' ES',

g(x) E HC«f(x»)

g(x') E HC«f(x'») () PC,(<'f'(x'»).

DEFINITION 8. - Under the a.~sW'lPtions of De.finition 7, the +'unot1:on f: S,S' ....

G,G' is oalled a.o-regular (reBp. q.o·-regular, c.q.regular), if suoh are the fun~

tion f: S ~ G and its l"estPiotion f': S' ~ r-'.

RE!"'ARK. - Also for pairs, we can get results similar to those of J<.enar1<s l, 2

to Definition 3 and of Prouosition 4.

Instead of Prouosition S, we have onlv:

PROPOSITION 14. - If a a.o-I"egulal" funotion f: S,S' .... G,G' is balanoed in (S,S'),

thel"e existB an o-vattem of f.

P!"oo,+'. - For all x E 5-5', we oroeeed as in ii) of the proof of Prooosition S.

While, for all x' ES', we choose as g (x ') the vertex with the lowest index arrong

the vertices of H
C

' «f' (x' »)

REMAJ<.K 1. - In general there are no oatterns of functions that are onlv balanced
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or q. o-regular. The condition of q. o-regularity, indeed, is necessary by~

osition 5, while the condition of b. q .o-regularity is onlv sufficient. (See

Example 13. 2),

RD'ARK 2. - In generaI an o-pattern of a b.function f: 8,S' .... r;,r;' is not

balanced. (See F.xample 13.2).

DEFINITION 9. - TùJo functions f,p:: <:,S' .... r.;,G' fr-om a pair- ol topological

spaces S,S' to a pair- of finite dir-ected gr-aphs G,G' aPe called c.O-homotODic

(rosp. c.o' -hollOtoDic) if ther-e exists a homotopy F net:lJeen f and g, which is

a c.o-r-egulaP (r-esp. c.o'-rogulaP) lunction.

By following the proofs of Prooositions 6, 7 and by using Definitions 7, 8, we

can obtain pronerties similar to Propositions 6,7, since both the functions from

S to G and the ones from S', to C' satisfv the conditions. But, on account of Re-

marl< 2 to Proposition 14, in generaI, the constructed o-oatterns are not halanced.

Nevertheless, bv Prooosition 13, we have:

PROPOSITION 15. - Let S ne a topological sr;ace, <:' an open suhset o.f c:, ç a

finite dirocted gr-cwh, G' a suhgr-aDh of Gand f:C:,<:' .... G,c.:' a b.c.q.regulaP func-
.

tion fr-om S,S' to G,c.:'. Then:

i) aH its o-patterns aPe b. c. o-regular- .functùms,

ii) two o-patterns o~ f aPe b.c.o-homotopic to each other-.•

7) Duality Theor-em for- complete homotopy classes when S' is apen.
=================---============---=--==.-==========-==-=======

Now we j ust state the Duality Theorem for the c. hollOtOPy, when S' i s an anen

subsoace of S.

Similarly to Prooosition 8, we can prove that t1Je c.o-horrotopv is an equiva-

lence relation in the set of c.o-regular functjons from S,S' to C,C'. 'T't>en it

follaws:
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DEFINITION In. - Let S be a topological space, S' a suhspace of S, r- a finite

diroected gT'C11Jh and G' a suhgT'C11Jh of G. We denote by 0e(S,S' :G,G') (T'esp. OO(S,S' ;
c

G,G')) the set °of c.o-homotopy (T'esp. c.o -homotopy) classes.

REMARK. - Q;(S,S':G,G')

QO(S,S';Go,G'o).
c

coineides with Q (.o,S':Go,G'o) and Q (S,<;':G,G') witl-J
c c

THEOREM 16. - Let S be a topo logica l space, S' an oven suhsvace of S, 8 a .finite

diT'ected gyoaph and G' a subf1T'aoh o.+' G. Then there e:dsts a natuyoal bijec#on <I> from

the set of comtJ le te o-homotopy classes

homotopy classes Q~(S,S' :G,8').

Q (S,":':G,G') to the one of cOmtJZete 0°­
c

Proof. - It is simi1ar to that one of TheoreTJ1 9, bv using Prooositions 15, 15°.

We just observe that, sinee S' is oDen, the funetions are halaneed, loenee the

sought oatterns ean be eonstrueted.•

REMARl<. - The Droof of Theorem 9 ean not De generalized for any subsoaee S' of

S. In step iii), indeed, in order to construet an o-oattern Z of h, it is neees-

sary that h is a balaneed oO-pattern of f. (See Examole B.D.

8) Inductive limits.
---------------------------------------

Let S' be any subsoaee of .o and U anv open neigNX:JUrhood of S'. !.Ie >'ave:

DEFINITION 11. - We denote by Fe(S,S' :r-,r-') the set o.f c.o-regulw functions

from S,S' to G,G', by FU = Fe(S,U:G,G') the set of c.o-yoegular .funct7:ons .from

S,U to G,G' and by QU = Qe(S,l1;G,G') the set of c.o-homotopw classes of .functions

[l'om S,U to G,G'. DuaH'I, ùJe can consideT' t"~(S,S' :C::,G'), F;r = F~(S,l1:G,r-') and

Q~ = Q~(S,U:G,G').

Now we eonsider the colleetion of sets IlS' - { U I U i s an or,en nei~hlx:>urhood



of S'} and, since lI
S

' is decleasingly filtrated, it fo11ows:
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PROPOSITION 17. - The famiZ" of sets {F[J /

u
{ "V / U," E lIS "

embedding••

v C U} is an 1:nductive farrdZ"-

li E 1Ie;,} liIith associated mavs

if ~ {, : Fll -+ FII 1:S the identica l

PROpoSITION 18. - Th~ associated map Il C li) de.fined in ?pOPosi--
tion 17, is compatibZe liIith the c.o-homotopy in FU and FV'

P7'oof. - If f,g: S,V -+ C,C'are c.o-horrotooic, such are also the functions f',g:

S,V-+G,G' ••

PROPOSITION 19. - Let A~: 0
11

-+ 0v be the function induaed /:>'1 the identiaaZ

• •
s~nce, ?IVen

embedding ~ ~ : Fu -+ F", then the famiZ" of se ts {0l' /

maps {A~ / lI,V E li"" V ~ U} is an inductive famiZy.

P7'oof· - The familv {QV} is inductive

from ~ U = ~ li ÀV i t results "Y = AV AU •
W W V " w V'

U E 1Ie;'} b,ith associated
•

TI, v, W E Il,,,, / u C " C w,

Now, if we consider the family of Hjections {<1'1/: 9TT -+ Q[~ / TI E lIS '} (see "'he-

0re.'Il 16), we obtain:

THEORD' 20. - Let S be a topoZogicaZ space, S' a su1:>space of' s, ç a finite di-

l'ected gr>aph and G' a subgraph or r,. Then thel'e exists a natupaZ hi.iection <!> f'pom

the inductive limi t lim 0u to lim C;l .- .

P7'oof. - Let V,v E li",
~

be and V C li.- We see that the diagram:

Q - ---+,,.,.
V "'v



is corrrnutative. Following, ;ndeed, the proof of Theorem 9, we must just observe

that the identical embedding of a oattern of ! E PU is a oattern of f' E Flr• Con­

sequently, there exists a natural bijection '" from Hm QU to lim Q;, since V U E
l •

US " ~U is a natural bijection bv Theorem 16. (See [81, 40.1l ••

9) Neighbouphood eompletely regular funetions and homotovies.
--------------------------------------------------------------------------------------------------------------------------

The inductive limits of § 8 can be regarded also as sets of regular functions

and homotoDY classes.

DEFINITION 12. - Let f: S,S' ~ 8,8' be a e.o-regular (resv. e.o·-regular)

function from a pair of topo logica l spaees S,S' to a pair of f'inUe directed

graphs G,G'. The funetion f is ealled neighbourhood cOJITPletelv o-regular (pesv.

neig.r,rourhood complete'ly o'-regular) in (S,S'l, 01' simplw n.c.o-regular (pesp.

n.c.o·-regular) if there exists an open neighl>ourhood U of S', sueh that the

funetion f: S,V ~ G,G' is e.o-regular (resp. e.o·-pegulap). The oven neigh~oul'-

hood li is called a balancer o.f f: S,S' ~ G,G'

RD!ARK 1. - We call U a balancer since by ProDOsition 13 the function f': S,U

~ C,C' is balanced.

RDlARK 2. - A function f: S,S' ~ C,C' can be b.c.o-regular without heing n.c.

o-regular. (See ExaJlTPle 13.3l.
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PROPOSITION 21. - The inductive limit

G,G'l of the n. c. o-regu lar functions from

li~ FU eoinaides

S,SIto (.;, G' .

ùlith the set r (S,S:
ne

Proof. - In fact, UNo c.o-regular functions f': S,U ~ C,G' and g:S,V ~ C,G' (U,V

E U
S

') are equivalent iff f: S ~ G coincides with g: S ~ G, since

DEFINITION 13. - Let S be a topological space, S' a subspace of S, G a .finite
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diroeated graph and G' a subgraph of G. Two n.a.o-regular (resp. n.a.o·-regular)

fUnations f,g: S,S' ~ G,B' are aalled D.c.o-homotopic (resv. n.c.o·-homotooic),

if there exist an ODen neighbou:t'hood \., of S'xI and ahomotop?-( F: Sx T ,S'xI'" G,G'

between f and g suah that F: SxI,W ~ G,8' is a a.o-regular (resp. a.o·-regular)

funation. F is aaUed a n.c.o-horrotoDY (resp. n.c.o·-horrotoDY).

REMA.RK. - W n (Sx{O}) and w n (Sx{l}) can be conside:red :resDect;vely balancers

ç>f f and g.

LD1I'A 22. - Let S be a topologiaal spaae and S' a subspaae of S. Then, foro

every neighbou:t'hood .' of S' xI in SxI, there eX1:sts a neiçlhbourohood 11 of C:', suah

that S'xI c 1IxI c W.

Proof. - If x is a ooint of S', then, for all t El, there ; s a neighbourhood

of (x,t) of the form U(t)xu C W. Since I is compact, the:re exists a finite set,
x t -

Thus,

U xl is a neighbourhood of
x

naJrely U , ••• , U ,of neighbourhoctls which covers L
t, t n

(t .) - (t )
U l n... n Un, we have

if we Dut U
x

{x}xI included in W. By

choosing U =u U , Yx E S', the assert;on immediately follows .•
x

Directly, for ODen neighbourhoods we h.ave:

PROPOSITION 23. - Under the assumvtions of De.finition 13, let F be a n.a.o-hom

otopy. Then there exists a balanaer of l' of the fom UxI, where [I E Us ,.•

PROPOSITION 24. - The n. a. o-homotopu roe lation is an ecuiva!enoo 1'elation in the

set F <3,S':G,G') of n.a.o-regular funations from S,S' to G,G'.nc

Proof. - The :relation obviouslv satisfies the :reflexive and svrrm=tric DroDerties.

Also the trans; tive property is true: in fact, by using tJ,e same notations of the

proof of Proposition 8, the homotopy K i s c.o-regular by the sarre orooosition. Mo~

over, f is n.c.o-:regular, because if we construct by Prooosition 23 a balancer UxI



22

of F and a ba1ancer VxI of J, (UnV}xI is a ba1ancer of K.•

DEFINITION 14. - Under the assumvtions of Definition 13, we ~all 0rc(S,s':~,,,')

(~e·qn. o· (S,S':8,G')) the set of n.~.o-homotopu {resp. n.c.o·-homotcpu} ~lasses.
-F nc . '.

REPARK. - We note that Q. {S,S';G,G'} coincides with Q (S,~';G·,G'·) and
n~ n~

Q. (S,S':G·,G'·) with Q (S,S';G,G').ne ne .

PROPOSITION 25. - The indu~tive limit

G,G') of the n.~.o-homotopy classes.

coincides bJith the set O (S,S I:
nc

Proof. - Y U E US " 1et ~U: FU ~ Fnc(S,S':G,G'} be the identica1 e~~eddinf-'

Since ~V ; s compatib1e with the resoective horrotopy relations, we denote bv ~Ir'

Qu ~ Q {S, S ' ; G, G '} the induced function. Nolo' the diagrarn:
n~

Q {8,S';G,G'}
nc (~ V,V E U8 ' I v c V)

is comnutative, then we can define a function ~: lim Q ~ Q (~,8':G,G').
. Il nc, l-Ioreover

~ is onto by definition. Fina11y, we see that ro ;s one to one. Let, indeed, a,8 E

QU I Ha) = H8} be, then, if f E " and g E R, t'r>ere exists a ba1ancer TI such that

f and g are c.o-horrotooic. Conseouently, we have

Then, Theorem 20 becames:

THE0RD126. - Let S be a topological space, S' a subspace of S, c:: a finite di-

re~ted graph, G' a subgraph of G. Then there exists a natu:l'al hi,iection f~om the

set of neighbourhood complete o-homotopu classes 0nc(S,S' ;G,"') to the one of

neighbouhood complete o·-homotOPy ~lasses O~c(S,S':G,G') ••

lO) DuaUty Theorem for homotopy classes.
-----------------------------------------------------------------_._--------------



23

In addition to the Extension Theorem R , we need the following:
c

PROPOSITION 27. - Let S be a normal topological space, S' a closed subspace of

s, Xa closed subset of S', G a finite dipected qpaPh, G' a subgpavh of r- and f:

s,S' ~ G,G' an o-pegula:r function. Then thepe exist a closed neighbouphood 1,'/ of'

X and an o-pegulap function g: S,S' ~ G,G', which is o-homotopic to ~ and such

that g: S,S 'UI,' ~ G,G' is o-pegulap.

?Poof. - I t is similar to that one of Theorem 20 in r 2l, bv

rather than x' = S'. •

• •DuttlDg X - Y,

M:>reover, if we recall the definition of singularity (see Packground), by Prl
~

the Extension Theorem can be ocmpleted by the following:

PROPOSITION 28. - Let S be a norma l topological space, S' a closed subsvace of'

S, G a finite dipected gpaph, G' a aubgpavh of r- cnd f: S,S' ~ r-,G' a c.o-pegulap

function. Then thepe exists a closed ne1:ghbouphood \., of S' and a ,f'unction g: C:,S'

~ G,8', which ia o-homotovic to f cnd such that the function g: S,I.' ~ G,r-'

pegula:r. (See r 21 , C:orollarv 22) ••

Similarly, we have (see also r 21 , Corollaries 12, 19) :

•
1-8 c.o-

PROPOSITION 29. - UndEp th.e assumptions of Ppoposition 27, if' f: S,S' ~ f.',f."

is a.o-pegulap, so is also the f'unction g: S,S'UI" ~ G,G' .•

PROPOSITION 30. - Let SxI a normal tovological space, S' a closed sunspace of S,

G a finite dipected gpaph and G' a aubgpavh Of G. Then two c.o-homotopic n.c.o-pe~

ulap functiona f,g: S,S' ~ G,G' ape also n.c.o-homotovic.

Proof. - Let the ODen neighbourhood li be a halancer of f and q, and let P: Sxf,

S'xI ~ C,C' be a c.o-hOmotODY hetween f and g. l''e defjne the c.o-hOrrotODV J : SXI,
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S'xI-+G,G', given by:

[.f(X) \/t
l

\Ix E S, E r0'3 1
l /.

J(x,t) - Frx,3t-l) \/X E S, \It E [ 3'3 l-

g(x) Ut E
2

\Ix E S, [3,1 l . CSee [ 3 l ,Theorem 16).

Since S is ncTm3.1, there exists a closed neig.t,bourhood

l l 3 3
Dut Z = Wx[ O,~ u S 'x[ 4,iiJ U Wx[ 4,11 and we note that

is c.o-regular, since Wx[ O,~ c Ux[ o,~ , S 'x[ ~,~ c

MOreover, we can aDply ProPOsitions 27, 29, since Z is

w of s' included in U. We

the function J: SxI,Z ~ C,G'

S'xI and Wx[ ~,ll c Ux] ~ ,Il .

l 3
closed, S'x[4,iiJ is a closed

subset of Z and SxI is nOTm3.1. Then we can construct a closed neighbourhood T of

S'x[~,~ and a c.o-regular function K: 8 xI,ZlJJ' ~ C,G' which is also a homotoDV be­

tween [and g, by choosing the closed neighbourhoods L (i,j, k), which we emoloy,

disjoined from Sx{O} and sx{ll. Finallv, since ZU'J' is a closed neighbourhood of

S'xI, it follows immediatelv that f' and gare n.c.o-homotoDic .•

TPEOPEM 31. - Let SxI be a norma l tODologieal svaee, S' a elosed sunsvaee of S,

G a finite di"l'eeted g"l'aph and G' a subg"l'aph of G. Then the"l'e exists a natu"1'al

bijeetion ["l'om the set of n.e.o-homotopy elasses 0ncCS,S':G,G') to the one of

o-homotopy elasses QCS,S';G,G').

Froof. - Let j: F (S,S';G,G') ~ F(S,S':G,G') be the identical embedding. Sincene

two n.c.o-homotoDic functions are also o-homotoDic, j induces a function J from

Q (S,S':G,G') to Q(S,S';G,G'). ~oreover, J is onto by R
b

and ProPOsition 28 and
ne

it is one to one bv R and ProPOsition 30.•. e

Finally, by Theorems 31, 31· and 26 we obtain Csee TheorPJ!l 11):

THEOREM 32. - Let S be a countabl~ pa"l'aeompaet nO"f'mal space, ~. a closed subspaee

of S, G a finite di"l'eeted gmph and G' a subg"l'avh of G. Then the"l'e eX'1:sts a natu"1'al

bijection f"l'om the set of o-homotopu elasses OC~,s',G,G') to the one of o·-homotopu

classes Q·CS,S':G,G') .•
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RD'ARK l. - In general the nrevious result does not hold for any tooological

space. (See ExaJrole 13.4).

RD1ARK 2. - In the foregoing conditions it follows that the sets Q(8,8';G,G'),

Q(S,S';G',G"), Q'(S,S',G,G'), Q'(S,S';G~,G") can be identified.

11) Case of n subspaces and of n subrJr'anhs.
---------------------------------------------------------------------------------

The previous results between oairs can be easilv generalized to the case 1:'€tween

(n+l) -tuDles . (See [ 21 ,§ 8 b).

l.et S be a topological space, G a finite directed granh, Sl" .. ,8n subsoaces of

i s a SubgraDhis a subsoace of e;.
~

suchS and Gl' ... , Gn subgranhs of G

of G., Vi,j = l, ... ,n , i>i.
~

In this case we have to consider functions f: S,Sl"",Sn ~ G,Gl, ... ,Gn between (n+l)-

tuDles and their restrictions f l : Sl ~ Gl"'" !'n: Sn ~ Gn·

\-le only remark that:

l) A function f' S,Sl""'S ~ G,Gl, ... ,G is said to be balanced in (5,81 , ••• ,S ) if:__ n n _ n

i) 1/ xl E Sl'

ii) 1/ x 2 E S2 '

<f(xl » = <fl(xl »,
<!'(x

2
» = <fl (x2» = <f2(x

2
»,

• • •

n) 1/ x fC S ,
n n

<f(x » =<fl(x » =... =<f (x ». (See nefinition 6).. n . n J n 11

2) If the subsnaces Sl""Sn are ODen in S, alI the functions ~: 8'Sl"",Sn ~ G,G1,

••• , G are talanced in (S, 8
1

, ... , S ). (See ProDOsition 13). l-lence the I1uality Theo-n n

rem for comolete homotony classes holds when all the subspaces are ODen. (See ~eo-

rem 16).

3) If we denote by Us " .. ,
l

the subsoaces Sl" ",Sn' in of all the n-

tuDles U =

U c V , it
n - n

lIe; the collections of ODen neighbourhoods resDectively of
• n
{I e; x ••• x{l<; \ole can consider the subset U
'l 'n

(Ul,· .. ,U
n

) such that Ul:J ... :J Un' Ry nutting U';; V .. [Il c "l"'"

follows that U is decreasingly filtrated, then the families of sets

{FU / U E Ul and {QU / U E III are inductive and there exists a natural bi jection be­

tween Zim QU and lim Q;. (See Thecrem 20).
, ~



26

4) A funetion f: S, Sl"",Sn ~ G,Gl, •.• ,Gn is ealled n.a.o-peguLap ;n (S,Sl"'"

Sn) if in U there exists a n-tuole U = W], ... , [In) sueh that the funetion f': S, Ul ,

... ,U ~ G,G".: .. ,G is e.o-regular. (See Defin;tion 12).n _ n

Then two n.e.o-regular funetions f,g: S,Sl"",Sn ~ G,Gl, ... ,Gn are ealled n.a.o-

homotovia ;f there exists a homotopy F: SxI,SlxI"",SnxI ~ G,G], ... ,Gn wh;eh ;s

a n.e.o-regular funet;on CSee Definition 13).

Henee by 3) we obtain a natural bijeet;on between the sets of n.e.hoJT'Otoov elasses

Q (S,Sl""'S ;G,Gl, ... ,G) and Q* (S,Sl'''''S :G,Gl, ... ,G). (See Theorem 26).ne n n ne n n

Moreover, ;f SxI is a normal soaee and Sl"",Sn are elosed subsoaees of S, we

also observe that:

5) We ean generalize the Normalization "11eorems

used ; n [3) , Final rerrBrl< i).

R )
e

follawing the eonstruetion

5) For the generalization of the Extens; on Theorerns (see R , Prooosition 27), let
a

f: S,SI" ",Sn ~ G,Gl , ... ,Gn be an o-regular funetion. By following what I·le said

in r 21 , §8 b, it results:

neiO"hbourhood U of S and an o-regular
~ n n -

S,5
1

u U , ... , S l U U , U ~ G, Gl' ... , Gn n- n n n

i) .~ can construet a elosed

/1): o-hornotooie to i.

funetion

ii) Let V be a elosed neighbourhood of S sueh that S c Tr c A c U , '"heren n n-n-n-n
•A lS an open set.

n
l.]e construet a elosed neighbourhood U 71

n
and an

o-regular funet;on /2): S,5
1

U U l" .. ,5 2 U U l'U l ~ G,G
l

, ... ,G l o-homo-n- n- n- n- n-

tOPie to g (1) by ehoosing the elosed neighbourhoods, whieh we emolov in the eon-

-h.... f (2) d' . . d f Co l l h f . (2) SSL,uetlon o g , lSJolne rom v . nseouent v, a so t e unetlon g : ,
n

S, U U " ... ,S 2 U U l'U l'V ~ G,Gl, ... ,G is o-regular and o-hornotooic to f.n-._ n- n- n- n n

iii) Let V l be a elosed neigl]bourhood of S l U V sueh that S l U V c Vn- n- n n- n n-l

~ A
n

_l ~ Un-l' where An_l is an ODen set. Then we go on as ;n steo ii) .

• • • • • •

n) Let g(n-l): S,5
1

U U2'U2'V3
""'Vn ~ G,Gl, ... ,Gn be the o-regular function,

o-hoJ!Dtopie to f, which follows from the orev;ous orocess. Then, let Tl
2

be a

elosed neighbourhood of S2 U V
3

such that •
lS an

ooen set. We eonstruct a elosed neighrourhood U
l

of Sl U U2 and an o-repular fune
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. (n) G G . (n-l) b h . h Id' '-'-- h dtlon g : S,U}'" , l o-hOrrotODlC to g . y C OCSlng t. e cose nelg!uvur oc s,

. . h . f (n) ... d f V Co , lWhlCh we emDloV ln t e constructl.on o g dls,olne rom 2' nseauent~v, a so

f . (n) -,' .
the unctlon g : S,U}'V2""'Vn ~ G,Gl, .•. ,Gn lS o-regular and O-horrotODlC to

f. Since U
l

, V
2
, ... , V

n
are resDectivelv closed

function g(n) is the sought extension.

neighhourhoods of 8" ••. ,ç , the_ n

7) Similarlv to Theorem 31, from 6) it follows tloat there exists a natural c,ijection

between the sets of o-hOmotODv classes Q (.Q, '''}, ... ,5 ;G, Gl'" ., C ) and Q("''<;l'"''ne _ n n

S;G,Gl, .. ·,G),n n
,,,hen ,c;xI is a normal snace and the subsnaces '). are closed .

•

8) Finallv, by 4) we obtain the conalusive theorem (see Theorem ~2):

THEOREM 33. - Let S be a countably paracomvact normal space, r, a ~inite di~ected

and r-l, ... ,G subgravhs of r-, such that S.
n' l

is a subsvace of Si and G
j

is a subg~aph of Gi , V i,l = l, ... ,n, l> i. ~hen there

exists a natural bijection f~om the set of o-homotovy classes O(S,Sl""'~n:r-,Gl"'"

G
n

) to the one of oO-homotopy classes QO(S,Sl"",Sn,G,Gl, ... ,G
n

) .•

12) Dualitv Theo~ems for homotODu r~ouvs.

----------------------------------------------------------------------------------

If we aDDly the Drevious results to the narticular case of horrotODv groups (see

r 81 ), we obtain:

TP.EOREM 34. - Let G be a finite di~ected graDh and v a ve~tex o~ G. Then the~e

exists a natural isomorphism between the rrrth o-homotoP1J g'roUD

o o
o -homotopy grouv Qm(G,v).

o (G,v) and the m-th
'M

FPoof. - At first, let ~ be the unite m-cube and ~ its bourdary. ~~ note that

now Qm(G,v! and Q~(G,v! coincide with Q(.m,~:G,v) and QO(~,Y":G,v) resDectivelv,

and every function f: ~,~ ... G,v is a looD. "ince in is a comoact nonnal SDace

and ;m a closed subsDace, by Theorem 32 there exists a natural bilection hetween

Q (G,v) and QO(G,v), for all m;;' O. t-<oreover, if f,h: m,l" ... C,v are n'O locDS withm m

balancers U, V respectively, we can also call SUffi o~ locDs ~,h the function Poh
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given by:

.1'(3xl 'X2,·· .,xm)

(foh)(xl""'xm) - frl,x 2,···,xm) = h(0,x2,· .. ,xm)

h(3xl -2,x2,·· .,xm)

" xl
l

F [0,.,,1,
"

U xl
l 2E r'1'''' l ,• •

\I xl E
2 l .r"l
v

-
It follows that foh is a n.c.o-regular function, since there exists a balancer w of

.f oh of the forro W = U' u r];.1] x 1"-1 uv' where U'. v' are the corresoondents of, 3'3' ' -
U, V which result fram concentrating f, h on

l ..m-l 2 ..m-l
rO':11 xl, [3",11 xl resDectively.

Morecver the oDeration o is cOlllDatihle with the n. c. o-hOrrotODV, since the Drevious sum

of n.c.o-horrotoDies is a n.c.o-regular function. Hence o induces An operatior in

Q (l",r,G,v).
r.e

Now if g: l'',U .... G,v and k: 1", V .... G,v are two oO-Datterns of f': 1",11 .... G,v and h: 1",

V .... G,v respectively, it follows that gok: 1", fI .... G,v • o flS an o -Dattern o.

.... G,v. Then the natural bi j ection in 'Pheorem 26 J->etween Q (l'',;m, G, v) andne
0 0 (l'' f"ne .J J

C,v) is an isomorohism.

fjnally, Q (1",f",G,v) is iSOJTDrohic to Q(I",f",c,v) = Qm(G,v). 'Phere exists, indeed,
ne

a natural bijection bv Theorem 31 and the looD foh is o-homotonic to the looD f+h,

g:'.ven by:

f(2x
l
,x2,···,xm)

h (2x
l
-l,x

2
, .. . ,x

m
)

3.7) . Thus the theorem follows. •

(See r 71 , ProDert; es :1. 3 ,

THEOREM 35. - Let G be a finite di'l'eeted g'l'aoh, G' a subg'l'aoh 0.1' Gand v a ve'l'tex

of G'. Th.en there exists a natural isomorohism bet/Jeen the 'l'elative o-homotopu g'l'OUP

o (G,G' ,v) and the 'l'elativem
oo -homotopu g'l'OUD OO(G,G' ,v).

m

P'l'oof. - Let J"-l be the union of the (m-l) -faces of 1", different fram the face

x.., . O. We note that Q (G,G',v) and QO(G,G',v) coincide with Q(I",.rn,J"-l:G,G',V)
m m

and QO(I",rn,;n-l;G,G',v) resDect;vely, and eVN'V function .1': rn,rn,j"-J .... C,G',v

is a relative looD. By Theorem :13 there exists a natural bijection between Q (G
-m '

c ' , v) and Q~ (G, G' , v) for m ;;. 1. Proceeding as hefore we ohtain a natural ; sorrorohsm

hetween Q (1",f",J"-l;G,G',v) and Q r.rn,rn,J"-l:G,G',v) for m > 1. ":'ben '.ve have
ne ne
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also a natural isomorphisrn between Q (G,G',v) and Q·(C,G',v) .•
m m

FfrlARK. - vIe define as SUl!' of 1000s f, h the flmction f.h insteaè of :"+h, since

l . ] f . (" p ,- Pro .. R) ~1we a ways must obtaln a n.c.o-regu .ar unctlon. . ee . errar" to .DOS1.tlon . e~

ertheless in the oroof of Theorern 34 we can also c'<oose as sum o" looos t'1e "unc-

t'on f+h, since G' is a singleton.

1:1) Ex= Zes.

•13.1) The1'e exists a o.o-1'eguZa1' funotion Llithout o -Datterns.

Let S = rO,lJ be the unit interval, ,,' = IO} tre subsoace of~, G = {a,bjr ~ al

t'le directed graDh and G' = la} the suhgraoh of G. Then the functi on .{.': ", E' ~

G~ r;' given by:

l'CO) = a

~(] 0,11) = {I->}

is not balanced since la,b} = <f(O»::J «f'(0» = ia}. Moreover, the]"P is no oat-

':em of f', in fact it is TC«.f(O») = {b} anrl "'r,,«P'(O») = la}, "ence i.t follows

':('«f(O»)
J

n T(' ,«f' (0»)
J

= <b •

1Z.2) The1'e exists a non-haZanoed o·-vattern of a h.o.o-1'eauZa1' f'unotion.
• •

'-e'c S = IxI te the tooological space, S' = .Tx{O} t'<e subsoace or ,", r; = la,hj a .... h,

:, ~ a} the directed graoh and G' = {a,bja .... lo} t'<e suhf!raoh of G. "'len the function

g:.ven by:

.f({O}xI) = {a}

.rrl O, 11 xI) = Ib}

,

) S c. o-regular anè balanceè since:

la, b}

{l> }

"or t =n ,

lJtCln,ll.

rc' it is ih}, it "ollows that tre function a:
•

•

j:!Jven Ì'v:
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g(O, O) = b

g({O} x 10,11) = {a}

gn 0,11 x n = {h}

• •
lS an o -nattern of f. But the funet; on g is nOT balaneed sineA <'(J ('l, ('I)'> = {a,:o) ::>

(b) = <g' (I), O». Nevertheless g is also aI' o-nattern of i tselT. In facT tve have

13.3) Ther'e exists a ':J. c. o-r'eguZar' .function ~'hiah is not n. a. o-r'egu Zar'.

Let S =IxI be the tooologieal snace, S' = Ix{'l} the subsnaee of ~, r, = {a,h;a ~ b,

b ~ a} the direeted graoh aI'.d C' = {a,hja'" h} the sub?T'aoh of C. Then the çunetion

f: S,S' ~ C,G' given by:•

f([ O, ~1 x{O}) - {a}-

fn ~,ll x{a}) - {h}-

f([ O,M x] 0,11 ) =' {a}

f([ LI] x] 0,1] ) = {b}

• b.e.o-regular sinee:1.S

<f(t,O» = <f"(t,O» =

{a}

{a," }

l {b}

\1 t Fra, ~[

for t - ~

IIt F q,l] .

But f is not n.e.o-regular. For eveyy onen neighJ-ourhood T' of <;', indeed, the "unc-
A A

tion f: U ~ C' is not o-regular since i t is b f a and pf n Af t <!J

13.4) Ther'e exist a pair' of tODoZogiaaZ svaaeA S,~' and a vair' o~ dir'ected (Jr'avhs

G,G' such that Q(S,S' :G,G' l and O· (S,S' :G,G' l are not equivotent (see r 91 l.

Let S = {x,X',!;,y'} be the tooological spaee with the eolleetion oT ODen sets given

by 4>,{x},{x'},{x,x'},{x,x',p},{x,x',y'},<; and let G = {a,a',b,n';a ~ !l,a ~ h',a'

~ b, a' ~ b'} be the direeted graoh. \-'e obtain that:

il AlI the non-bijeetive o-regular (reso. •o -regularl funetions are o-horrotonic

(reso. O·-hoITOtooiel arrong themselves and nartieularlv they are o-horrotooic (reSD.

O·-hoITOtooicl to the constant function f('l: (x,X',!;,p') ~ (a,a,a,a).

ii l There exist onlv the folIOtoling four o-regular 1>i-j ective fU11ctions:
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.'"1: (x,x',y,y') -+ (b,b',a,a'), .f
2

: (x,x',?!,v,') -+ (b',b,a,a'), .f
3

: (x,x',u,u')-+

(b,b',a',a), f
4
:(x,x',y,y') -+ (b',b,a',a) and the fo11oHir.g "OUT' o o -rei!U1ar

bijective functions: f~:'(x,x',U,?!') -+ (a,a',b,b'), .f;: (x,x',u,u')

f o( , ')-+' 'b'b) .,.0. ( , ')-+(' "'b) l,l ~3 X,X ,y"u la,a" J J4' x,:t ,Jj;j'!! a "a,v" . .·e DOLe

-+ (a',a,r,n'),

c.o-regular (resD. c. o o -rei!U1ar) Functions.

iii) 111e functions f1,f2,f3,.f1l (resD. f~,f;,f;,.f'~) are not o-hOrrotoDic (TesD. 0
0

­

homotopic) either among themselves or to f O' ~us hcth Q(S,G) and QO(S,~) consist

of five classes.

iv)Let 5' = {y} and C' = {a} be. It follows that Q(~,s':C,G') consists of the three

c1asses {fo}, {f
1

}, {f2}, whi1e QO(S,S':G,G') consists onlv of the class <"0 1.

v) Every c.o-regular (reso. c. o o -rei!Ular) function i s c. 07hoJl'Otooic (reso. c. oo -

roJTOtopic) to the constant function. 'T'hen TheoreJl'

(reso. Q~e(S,S';G,G') consists of the class {fo}'

26 holds since Q (S,S':G,G')ne

13.5) There exist a topological space c: and a dÙ'ected gravh G Bueh that O(S,(') and

o
Q (S,G) are not equipotent (see r 91 ).

Let 5 = {x, x', U,?! ',y"} be the tooological soace "lith the collecti on of ooen sets

given by ~,{x},{x'},{x,x'},{x,x',u},{x,x',u'},{x,x,u"},{x,x',1J,1J'l,{x,x',u,v"},{x,

x',y',y"}, S and let G = {a,a',h,b',h";a -+ hJQ -+ b',a -+ b",a' -+ b,a' -+ r'"a' -+ h"}

be the directed graDh. By the results of ] 3.4, in order to obtain regular functions

which do not belong to the class of constant functions, i t is necessarv t'1at the

range of S consists of the vertices a, a' and of two vertices at east BJJ'Ong lo, h "

b". 111us we consider functions which are not c.o-regular and such t"'at:

i) 111e iI1Bge of {x,x'} is given by two of the three elerrents b,o',"".

ii) 111e iI1Bge of {y,y', y"} i s given by the two elements a, a'.

Then there exist 6·6 = 36 oossibities, and, conseouentlv, Q(S,G) consists OF ?7

classes.

On the contrarv for the 0 0 -rei!Ularity condition, "'e consider funct:;ons ,,,hich aTe not

c.o·-regular and such that:

iO) 111e iTage of {x,x'} is given bv the two e1elcents a,a'.

iio) The ÌI1Bge of (y,y', u") i s i!iven l'v 2.1: least two of the three elerrents h, n ' , r".
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Then there exist 2·24 - 48 oossibilities, and, conseguentlv, Q'(S,CJ cons:ists of

49 classes.

.le rerrark that Theorem 9 holds since

{+' } •• O

Q (S, CJ (reso. Q* (8, G))
a a consists of t~e class

l'f'lA~1(. - The teoological space considered in Fxamoles 4, 5 are auas i -COrrInac-::,

non-Tl spaces. For other similar examoles whiclo concern olEsi-Cor'lnact T1 '

spaces, see r 91 .
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