14

Firallv, by Propositions 10, 10* and Theorem 9 we obtain:

THEOREM 11. -~ Let S be a countably paracormact normal space and G a finite
directed gravh. Then there exists a natural hiiection from the set of o—homotony

classes O(S,R) to the ome of o -homotopv classes 0*(S,G).

Proof. In fact the assummtion on S is equivalent to suppose that ¢ and SxJ are

normal spaces. (See Tntroduction). B

REMARK 1. - In general the previous result does not hold for anv tomological

space. (See Example 13.5).

REMARK 2, - In the foregoing conditions it follows that the sets Q(S,G), Q(S,G"),

Q' (5,G), 9°(S,43") can be identified.

PART TWO, DUALITY THEOREM FOR REGULAR FUNCTIONS RETWEEN PATPS,

5) Balanced funetions.

e T . S M R " . T i W W —— — . P, — ——— R -w——

Yle can characterize the regular functions hetween pairs, similarlv to Propo-

sitions 2, 3, bv the following:

PROPOSITION 12, - Let f: S,S' = C,G' be a funetion from a nair of tovological
spaces S,S' to a patr of finite directed oranhe C,G'" and f': €' > Q' the restric-
tion of £: S > C to S'. Then f 18 an o~regular function, 1ff f(x) 78 a head of
<E(x)> 7n G, for all x € S; while f'(x) 7s a head of <f'(x)> in ', for gll x € <,
Moreover, T 1s e, o-regular, 1ff also the subsets <f(x)> are totally headed Tn G
and all the subsets <f'(x)> are totallu headed in (', W

REMARV., - Consequently, ©f G 7s an undirected gravk, a function f: S,°' - Q'

b



18 strongly regular, 1ff <f(x)> s totallu headed in G for all x € S, and so

s <f'(x)> in @' for all x € S°',

Infortunately the considerations develoved in Part one in order to obtain the
Duality Theorem for regular functions can not be directly generalized to regular
functions between pairs, since there does not exist an o' -pattern of anv c.o-reg
ular function f: 5,8'" = G,G’' in general. Hence we must add the following new
condition:

TG(fif'(:n')?:') N TG,(<f’(m')>) 7 ¢, ¥x' €35,

and consequently we put:

DEFINITION 6. - Let f: S,S' = G,C' be a funetion from a pair of tovologiecal
spaces S,8' to a pair of finite directed graph G,C' and let f': Q' = Q! be the
restriction to S' of f: S > G, The funetion T is said to be balanced in (S,S')
or stmply a b.function 7f, for all x' € ' and for all v € G, 7t 15 x' € :{? =

x' €V Z.oe., for all x' € S, <f(x')> = <F'(x')>,

REMARK 1. - If the restriction f’ of a b.function f is c.o-regular, bv Fa and
Proposition 3 it results TG(ff’f(:c')N NT.,, (<f'(x')>) # 6, since now we have
T (<Ffl(x')>) C T.(<f(x')>); while for a c.o-regular function it can happen that
T -_— (7

T (<flz')>) NT,(<F'(x')>) = ¢. (See Exarple 12.1).

REMARK 2., ~ We can also write b.o-regqular funetion, ..., b.homotopy oo+ 1nstead

of balanced o-regular function,..., balanced homotovy,... .

PROPOSITION 13. - Under the assumptions of Definition 6, 7f S' <8 an oven set

of S, all the functions f: S,S' = C,G' are balanced in (S,S").

Proof. = By Proposition 1 we have <f(x')> = ﬁ{,f'(l’fm,) / U.r' 15 a neighbourhood

15

of z' in S}, while for §' it results <f'(x')> = N {_*"(fo, N 35')}. Now, since S' is

oben 1n S, it follows ’“‘I{f'((fx, N gy} = “{'*"'(-”r,)}. &
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6) Patterns of a function between pairs.

S TS mm—n e — —— — i w— — — . ST i S S ru S a— —— — —
T — e e W TE— ——— e T — S — . e — . i A i P W S e = S Sl S ———— — . S ST S— — e —

As 1n Definitions 2, 3 we have:

DEFINITION 7. - Let £:S,S' = G,G' be a function from a pair of tovological
spaces S,S' to a pair of finite directed gravhs C,G'. A function g: 2,S8' - C,Q!
is called an o-pattern (resp. o'-pattern) of f, if g: S » G i3 an o-pattern (resp.
o*-pattern) of f: S = G and its restriction gl: S'" =» Q' 758 an o—pattern (resp.

0" -pattern) of f': S' » G,

REMARK. - For an o-pattern g of f, we have the following relations:
1) ¥ x € 5=-8', g(x) € HG(*“»'-f(:r:)>)
il) ¥x' € 57, glx') € H (<f(x')>) 0 F,, (<f'(z')>).
DEFINITION 8. - Under the assumptions of Definition 7, the function f: S,8' -
GyG' 78 called a.o-regular (resp. q.o"-regular, c.qa.regular), Zf such are the func

tton f: S > G and 7ts restrietion f': ' - ',

REMARK, - Also for pairs, we can get results similar to those of Remarks 1, 2

to Definition 3 and of Proposition Uu.

Instead of Proposition 5, we have only:

PROPOSITION 14, - Tf a a.o-regular function f: S,3' = G,Q' s balanced in (S,8'),

there exists an o-pattern of f.

Proof. - For all x € S-S§', we proceed as in ii) of the proof of Probvosition 5.
While, for all x' € S', we choose as g(x') the vertex with the lowest index among

the vertices of Hg,(<f'(a:’)>) C HG{<f'(m’)>) = HG(<f(:c’)>}. &

REMARKC 1. = In general there are no vpatterns of functions +hat are onlv balanced
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or q.o-regular. The condition of g.o-regularity, indeed, is necessarv by Prop
osition 5, while the condition of b.g.o-regularity is only sufficient. (See

Example 13.2).

REMARK 2. - In general an o-pattern of a b.function f: S,5" = ,G' is not

balanced. (See FExample 13.2).

DEFINITION 9. - Two funetions f,g: S,S' = G,G' from a pair of torological
spaces S,S' to a pair of finite directed graphs G,G' are called c.o-homotopic
(resp. c.o0' -homotopic) 7f there exists a homotopy F hetween f and g, which is

a c.o~regular (resp. c.o -regular) function.

By following the proofs of Propositions 6, 7 and by using Definitions 7, 8, we
can obtain properties similar to Propositions 6,7, since both the functions from
S to ¢ and the ones from S' to G’ satisfv the conditions. But, on account of Re-
mark 2 to Proposition 14, in general, the constructed o-patterns are not halanced.

Nevertheless, by Proposition 13, we have:

PROPOSITION 15. = Let S be a topological space, X' an open subset of S, G a
finite directed graph, C' a subgravh of G and f:%,S' - G,G' q b.e.q.regular funé—
tion from S, to G,G'. Then:

) .aZZ 1ts o-patterns are b.c.o-regular functions,

1) two o-patterms of f are b.c.o-homotopie to each other. W

7) Dualtty Theorem for complete homotopy classes when S' 718 open.

e — — —-— ——— — L i il ST -y PN SRS SrEmr S S— —

e S SR S S— S A | R S— - — —— — ———— — e I T — — . M —— . M——— — — T R A S S S (—— T —. — — i - A A Sy . — e—, ! A, A N S et e e, . S, . ——

Now we just state the Duality Theorem for the c.homotopv, when S’ is an open
subspace of S,
Similarly to Provosition 8, we can prove that the c.o-homotopv is an equiva-

lence relation in the set of c.o-regular functions from S$,8' to G,G'. Ther it

follows:
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DEFINITION 10, - Let S be a topological space, S' a subspace of S, G a fintte
directed gravh and G' a subgravh of G. We denote by OC(S,S':G,G') (resp. Q;(S,S';

G,G")) the set of e.o~homotopu (resp. e.o' —homotopu) classes.

RK, - Q;(S,S';G,G') coincides with QC(S,S':G';G") and QQ(S,G’:G,G') with

Q;(S,S’;G',G").

THEOREM 16. - Let S be a topological spvace, S' an oven subspace of S, G a finite

directed graph and G' a subgravh of G. Then there exists a natural bijection & from
the set of complete o-homotopy classes QC(S,Q':G,G') to the one of complete o"-

homotopy classes Q;(S,S':G,G').

Proof. - Tt is similar to that one of Theorem 9, bv using Prooositions 15, 15°,.

We just observe that, since S' is open, the functions are balanced, hence the

sought patterns can be constructed. B

REMARK. = The proof of Theorem 9 can not be generalized for any subspace S' of

S. In step 1i11), indeed, in order to construct an o-pattern z of %, it is neces-

sary that % is a balanced o'-pattern of f. (See Fxample 13.1).

8) Imductive limits.

. iy T Sei. R R EELE T S M. SRS i S Sy

Let S’ be any subspace of S and U anv open neighbourhocd of S, We have:

DEFINITION 11. - We denote by F&(?,S’;C,Q') the set of c.o-reqular functions
from S,S' to G,G', by F}F='FE(S,U;G,G') the set of c.o=regular functions Ffrom
S,U to G,G' and by QU = QC(S,U;G,G') the set of ec.o~homotopy classes of functions

from S,U to G,G'. Dually, we can consider T;(Q,S':C,G'), F; = F:(E,U:G,C'} ond

QG = Q;(S,U;G,G').

Now we consider the collection of sets ”S’ = { U/ Uis an oren neighhourhood
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of S’} and, since Uq, is decreasingly filtrated, it follows:

PROPOSITION 17, - The family of sets { Fipo / UE g} with assoeiated maps

1 . . .
{ lg / U,V € Ug,, V C U} 2Zs an inductive family if Mj : B> Fy s the tdentrieal

embedding. W

T | . . .
PROPOSITION 18. - The assocetated map Ay (L,VE Uqy, VC U defined in Proposi-

tion 17, 18 compatible with the e.o-homotopy 1in B and Ty

Proof. - If f,g: S,U = G,G' are c.o-homotopic, such are also the functions f,g:

5,V > G,G'. W

PROPOSTTION 19, - Let AT?I : O, Qv be the funetion induced by the Zdentieal

v
U

embedding };: FU > b, then the family of sets {Q[T / U € Uq,} with assoeiated
1

map 8 {AV / U,V € U?,, V C U} 78 an inductive family.

Proof. = The family {QU} is inductive since, given I/,V,W € Hq, /U CvCw,

[] 7 . / vV U
from A :lwlg 1t results A“’r: A AE.

W W W v .

Now, 1if we consider the family of hijections {d..rU: Q= Q;} /1€ Ug,} (see The-

orem 16), we obtain:

THEOREM 20. - Let S be a toprologiecal space, S' a subspace of S, C a finite di-

rected graph and G' o subgraph of G. Then there exists a natural hijection & Ffrom
the inductive limit 1im Q” to 1im GT'T .

Proof. - let U,V € U,, be and V C I/, We see that the diagram:

L

5
o,
% — 9
7 17
AF 'A'Tz’
+ 2
@y " Oy
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1s commutative. Following, indeed, the proof of Theorem S, we must just observe

that the i1dentical embedding of a pattern of f € g 1s a pattern of # € F . Con-

sequently, there exists a natural bijection & from 17im Q,, to Lim Q;,, since ¥ U €

US” ¢, 1s a natural bijection by Theorem 16. (See [ 8], 40.1). @&

9) Neighbourhood comp letely regular functions and homotopies.

N i PR T L W iy TR LS. W " A — S r— —— " s T— i —— e T P P SR e i T ——— S e S G i c— T Gl S—— — —
S e S —— . P e W L S, - — -——-‘I'l-'l'-—l-—-l-—-—————--n—r-—ll—-r-rl-— S ey AT R gy S R e S S S e U GRS AN BN S e e g S SRS SRS e et e SR Sy S S

The inductive limits of § 8 can be regarded also as sets of regular functions

and homotopy classes.

DEFINITION 12. - Let f: S,8' = G,G' be a c.o-regular (resp. c.o' -reqular)
funetion from a vair of topological spaces S,S' to a pair of finite directed
graphs G,G'., The funetion f 18 called neighbourhood completely o-regular (reso.
neighbourhood completely o'-regular) in (S,S'), or simply n.c.o-regular (resp.
n.c.o -regular) if there exists an open neighbourhood U of S', such that the
function f: S,U = G,G' 4s e.o-regular (resp. c.o -regular). The oven neighbour-

hood U 1s called a balancer of f: S,S' =» G,G!'

REMARK 1. -~ We call U a balancer since by Proposition 13 the function f@ S,U

-+ ;,G' 1s balanced.

REMARK 2. - A function f: 5,5" = G,G' can be b.c.o-regular without being n.c.

o-regular. (See Example 13.3).

PROPOSITION 21, =~ The inductive limit lim F,, coineides with the set T (S,S:
s

U ne
GyG') of the n.c.o-regular functions from S,8' to G,G',

Proof. - In fact, two c.o-regular functions f: S,U - G,G' and g:.:%‘ V- G,G0 (U7

V

(F) = N

€ lU,,) are equivalent iff f: § - G coincides with g: S - G, since 2D (g) . &

TNy

DEFINITION 13. - Let S be a topologiecal space, S' a subspace of 3, G a finite



21

directed graph and G' a subgraph of G. Two n.c.o-regular (resp. n.c.o -regular)

funetions f,g: 5,8 » G,G' are called n.c.o-homotopic (resp. n.c.o' -homotopic),
1f there exist an oven neighbourhood W of S'xI and ahomotopy F: SxI,S'xI - G,C!
between f and g such that F: SxI,W > G,G' 23 a e.o-regular (resp. c.o ' ~regular)

funetion. F is called a n.c.o-homotopy (resp. n.c.o'-homotony).

REMARK, - ¥ N0 (5x{0}) and ¥ N (Sx{1}) can be considered respectively balancers

of f and g.

LEMMA 22, - Let S be a topological space and S' a subspace of S. Then, for
every neighbourhood W of S'xI in SxI, there exists a neighbourhood U1 of <', such

that S'xI C UxI C W,

Proof. - If x 1s a point of S’, then, for all ¢ € I, there is a neighbourhood

of (x,t) of the form U;t)xUt CW. Since T is compact, there exists a finite set,
namely Ut 5o "'Ut , of neighbourhoads which covers I, Thus, if we put H:r =
] n f
. - . . . :
U( 1) N Lo N U(tn), we have UxxI is a neighbourhood of {z}xI included in W. By

choosing U = U U, s Yo € S', the assertion immediately follows. ®
Directly, for open neighbourhoods we have:

PROPOSITION 23. - lnder the asswmtions of Definition 13, let F be a m.c.o~hom

otopy. Then there exists a balancer of ¥ of the form UxI, where ! € U,,. W

PROPOSITION 24, - The n.c.o~homotopy relation is an ecuivalence relation in the

set FnC(FE,S':.G,G') of n.c.o~regular functions from S,5' to G,C',

Proof. - The relation obviously satisfies the reflexive and svmmetric properties.
Also the transitive property is true: in fact, by using the same notations of the
proof of Proposition 8, the homotopy K is c.o-regular by the same proposition. More

over, f i1s n.c.o-regular, because if we construct by Proposition 22 a balancer Ux]
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of F and a balancer VxI of J, (U"W)xI is a balancer of XK. @

DEFINITION 14, - Under the assumptions of Definition 13, we call OPC(F%,S' 1G,E1)

(resp. Q;IG(S,S':G,G')) the set of n.c.o-homotopy (resp. n.c.o' —homotopu) classes.

REMARK, - We note that Q?:c(S,S';G,G'J coincides with an(.‘?,‘?':G',ﬁ") and

Q

» :
nc(S’S,"G ,G') with QHC(S-'S’;{;JG,)-

PROPOSITION 25. - The inductive limit 1im Q” coitneides with the set GPC(F,S':

s

CyG") of the n.c.o-homotopy classes.

Proof, - ¥ U € Ug,, let by FU - FHC(S,S':G,G’) be the 1dentical ermbedding.

Since ¢ . 1s compatible with the respective homotopy relations, we denote bv &,

QU - QHC(S,S';G,G’) the induced function. Now the diagram:

Q (557G, G wuv,vel,, / Ve

/ "

is commutative, then we can define a function &: 77m QU > ()

—

& 1s onto by definition. Finally, we see that ® is one to one. let, indeed, a,R €

nc(-‘*’,ﬁ":@,@'). Moreover

el

QU / ¢(a) = ®(R) be, then, if fF € a and g € &, there exists a balancer V such that

. 17 77
f and g are c.o-homotonic. Consequently, we have A*fﬂV o = A, BB

Then, Theorem 70 becames:

THEOREM 26 . - Let S be a topological space, S' a subspace of S, G a finite di-
rected graph, G' a subgravh of G. Then there exists a natural bijection from the

set of nerghbourhood cormplete o-homotopu classes 0 C(?,F‘?' :G,G") to the one of

g

neighbouhood complete o'-homotopy classes Q;C(F,Q':G,G'). ]

B e e e e R T [ ————
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In addition to the Extension Theorem Pc , we need the following:

PROPOSITION 27. = Let S be a normal topological spvace, S' a elosed subspace of
S, X a elosed subset of S', G a finite directed gravh, G' a subgraph of  and f:
S,S' = C,G' an o-regular function. Then there exist a closed neighbourhood VW of
‘X and an o-regular funetion g: S,8' = G,G', whieh 18 o-homotopie to £ and such

that g: S,S'W -> G,G' 75 o-reqular.

Proof. - It is similar to that one of Theorem 20 in [ 2], by putting X' = ¥,

rather than ¥ = S'. &

Moreover, if we recall the definition of singularity (see Rackground), bv P,

e,

the Extension Theorem can be completed by the following:

PROPOSITION 28. - Let S be a normal topologiecal space, S' a closed subspace of
S, G a finite directed graph, G' a subgravh of G and f: S,S' = G,C' a ec.o-regular
funcetion. Then there exists a closed neighbourbood W of S' and a funetion g: <,S'
-+ G,G', which is o~homotovic to f and such that the funetion g: S,W > G,F' 75 c.o-

reqular. (See [ 2], Corollary 22). @

Similarly, we have (see also [ 2], Corollaries 12, 19)

PROPOSITION 28. - Under the assumptions of Proposition 27, 1f fi S,S' = G,G'

18 ¢.o-regqular, so 18 also the funetion g: S,S'W -» C,G',

PROPOSTTION 30, = Let SxI a normal tovologiecal space, S' a closed subspace cof S,
G a finite directed graph and C' a subgravh of C. Then two e.o~homotopic n.c.o-reg

ular functions f,g: S,8'" = G,G' are also n.c.o-homotopnie.

Proof. = lLet the open neighbourhood I’ be a hbalancer of ¥ and g, and let F: SxT

S'xI » G,G'" be a c.o-homotopy between f and g. We define the c.o-homotonv J : SXI
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S'xI - G,G', given bv:

(f(x) Yo € 5, Wt € [o,%_ 1
?
J(x,t) = {F(x,3t-1) ¥x € S, ¥t € F%,%T
g(x) ve e s, ¥telf1], (See [ 3 1 ,Theorem 16).

Since S is normal, there exists a closed neighbourhood W of S’ included in /. We
put Z = WX O,%] U STx| -Ll;,% U x| %,1] and we note that the function J: SxI,Z = 4,G'
; : 1 1[ r o 13 , 3 2

1s c.0o-regular, since Wx[O,-Lﬂ C Ux[O,3 s S'x| E’E] C S'xI and Wx[-ﬁ-,ll C Ux]z,11 .
Moreover, we can apply Propositions 27, 29, since Z 1is closed, S'x ']E’% is a closed
subset of 7 and SxI is normal. Then we can construct a closed neighbourhood 7 of

) 'x[%,%] and a c.o-regular function X: SxI,2UT - G,G' which i1s also a homotopy be-

tween f and g, by choosing the closed neighbourhoods 7 (157,%)

, which we employ,
disjoined from Sx{0} and S$x{1}. Finally, since ZUT is a closed neighbourhood of

S'xI'y it follows immediatelv that f and g are n.c.o-homotopic. @

THEOREM 31, = Let SxI be a normal tovological space, S' a closed subspace of S,
G a finitte direeted graph and G' a subgraph of G. Then there exists a natural

bijection from the set of n.c.o-homotopu classes OHC(S,S’;G,G') to the one of

o~homotopy classes Q(S,S';G,G').

Proof. - let g: F_(S5,8';G,G') = F(5,S':G,G') be the identical embedding. Since
| ne
two n.c.o-homotopic functions are also o-homotopic, 7 induces a funection J from
Qm(f_%‘,S':G,G') to Q(S,S';G,G'). Moreover, J 1s onto by Rh and Proposition 2R and

1t is one to one by Re and Proposition 30. ®

Finally, by Theorems 31, 31" and 26 we obtain (see Theorem 11):

THEOREM 32, - Let S be a countably paracompact normal space, %' a closed subspace
of Sy G a finite directed graph and ' a subgravh of G. Then there exists a natural
bijection from the set of o-homotopu classes Q0(S,5',G,G') to the one of o' -homotopu

classes Q"(S,9':6,G'). =
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REMARK 1. = In general the previous result does not hold for any topological

space. (See Example 13.u4).

REMARK 2. - In the foregoing conditions it follows that the sets @(S,S5';G,G'),

Q(S,8';6*,6'*), @"(5,57,6,6'), Q"(5,58";G*,G'*) can be identified.

11) Case of n subspaces and of n subgraphs.

— — N R ——— —— —— —— .
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The previous results between pairs can be easily generalized to the case between
(n+l)-tuples. (See [2],§ 8 h).

Let S be a topological space, G a finite directed granh, S .,R‘n subspaces of

1_, " .
S and Gl" : "Gn subgraphs of & such that Sj 1s a subspace of -'_%‘i and G*f 1s a subgranh

of Gy ¥i,d = Lioweyn 5 1.

In this case we have to consider functions f: $,9.,...,5 = G,6.,...,0 between (n+l)-

1 " 1° 0

tuples and their restrictions f.: S, > G.,.ee.s £ 2 S > G .
1 1 1 n o n n

We only remark that:

1) A function f* S-‘ST-"”-’SH - G,Gl,...,Gn 1s said to be balanced in (S551500055 ) if:

1 E ! <F = <f
1) ¥ z, 5‘1, ; (:cl)> ‘ 1(3:1)3>_,
B e | < > = < > =< >
11) ¥ z, ‘32, f'(:cz) flfa:z) f'Q(xQ) 5
n) v x, € Sn’ ‘ff(:cﬂ)> = fflfmn)?} = .. = f_fn(mﬂ,’?f*. (See Nefinition 6).
2) If the subspaces 5’1,.. .L.Sﬁ1 are open 1n S, all the functions *: F‘,.‘?l_,....,Sn - G’GI"

. ”’Gn are balanced in (S,95.,.. ._,S’n) . (See Proposition 13). Hence the Nuality Theo-

1
rem Ior complete homotopy classes holds when all the subspaces are open. (See Theo-

rem 16),

3) If we denote by U, ,..., U, the collections of open neighbourhoods respectively of

1 n
the subspaces Sl"" "’Sn’ in U, x... xl, we can consider the subset U of all the n-
"1 n
= ceoyl ) e . B ] < CV,en.
tuples U (Ul, ,Ln such that U1 D ) Un v putting UsSV < U, € 1500

U C Vn’ 1t follows that U is decreasingly filtrated, then the families of sets
{F . / U € U} and {QU / U € U} are inductive and there exists a natural bijection be-

tween Iim QU and lim QE}. (See Thecrem 20).

ey ——
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4) A function f: S, S Sn-+ G,Gl,...,G is called n.c.o-regular in (S,S:

l_’i--: 1_1

Sﬁ} 1if in U there exists a n=-tuple U = (UJ,...,HH) such that the function f: S,Hl,-

’Un > G,Gl,ﬁ..,Gn is c.o-regular. (See Definition 19).
Then two n.c.o-regular functions f,g: S’Sl""’gn G, Cl’ ,Gﬂ are called n.c.o-
homotopie 1f there exists a homotopy F: SxI, qle anI-+ G,Gl,...,Gn'which 1S

a n.c.o-regular function (See Definition 13).

Hence by 3) we obtain a natural bijection between the sets of n.c.homotopv classes

Q@ (5557500055 36,6

s S, eeslt Jo (S | 3.
Tys n) and Q ( S 9 G0 n) (See Theorem 26 )

1..'! l.l 3 - 1.'!

Moreover, if SxI is a normal space and S]""’Sn are closed subspaces of S5, we

also observe that:
5) We can generalize the Normalization Theorems (Rb, H ) following the construction
used in [ 3] , Final remark 1i).

6) For the generalization of the Extension Theorems (see R, Proposition 27), let

f: S,Sl,...,sn-+ G’Gl""’Gn be an o-regular function. By following what we said

in[2] , 88 b, 1t results:

1) We can construct a closed neighbourhood Un of § and an o-regular function

n
(1) :
S U NENL U G . e =1 | .-P.
g . 9,81 Un’ ’Sn-l Un [n-* ,Gl, ,Gn o-homotopic to
11) Let Vﬁ be a closed neighbourhood of Sn such that Sr E_Vﬁ E;An E;Hn,'Where
AH 1s an open set. We construct a closed neighbourhood ) of‘sn_l U Hn and an
o-regular function g( )' S,5, UU ) U U 17 - G, G

R L S P | 12°* 2 Upeq OTHOMOS
(1)

topic to g by choosing the closed neighbourhoods, which we employ in the con-

struction of 9(2), disjoined from Vﬁ. Conseauently, also the function ﬂ{?) S

o vy
: _ _ : P
S1 U Un—l""’gn-? U'Un_l,Un_l,Vﬁ-+ G’Gl""’Gn 1S o-regular and o-homotopic to f.

111) Let V be a closed neighbourhood of ¢ U ¥V such that S Uy CV
n-1 n—1 n n-1 mn — n-1

1s an open set. Then we go on as in step 1i).

llllll

(n=1)

n) let g : S,Gl U U2, 53 3,...,Vﬁ-+ G’Gl""’Gn be the o-regular function,

o-homotopic to f, which follows from the previous process. Then, let Tf? be a

U f C C - '
. LJV such that %2 I Vé H_AQ __12,'where.ﬂz 1S an

open set. We construct a closed neighbourhood U1 of Sl U U, and an o-regular func

closed neighbourhood of S
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(n)

tion g : S,U1 = G,G o-homotopic to g(n—l)

bv choosing the closed neighhourhoods,

which we emplov in the construction of'g(n) dis’ioined from 7, - Consequentlv, also

the function g(H): S,UI,V?,.;.,VH-+ G,Gl,...,GH 1s o-regular and o-homotopic to

£, Since U],Vq,..., Vﬁ are resovectivelv closed neighbourhoods of S,,...,< , the
N L i

i ¥
(n)

function g 1s the sought extension.

7) Similarlv to Theorem 31, from 6) it follows that there exists a natural hiJdection

between the sets of o-homotopv classes QHC(P,QE,...,S G,Gl,...,ﬁn) and QKQ,PI,...,

n;

Sﬁ;G’Gl""’Gn)’ when Sx7 1s a normal space and the subspaces 5. are closed,

3) Finally, bv 4) we obtaln the conclusive theorem (see Theorem 32):

THEOREM 33. - Let S be a countably paracompact normal space, G a Finite directed

qraph, Sl""’gn closed subsvaces of S and ﬂl,...,Gn subgraphs of G, such that Qﬁ

18 a subspace of Si and Gﬁ 18 a subgraph of G., ¥ i3 = 1y.e.5n, 1 > 1. Then there

ex1sts a natural bijection from the set of o-homotovy classes O(S,?l,.,.,qp:ﬁuﬁi,...,

E%g to the one of o ~homotopy classes O*(S,Sl,...,gn:G,ﬂl,...,Gn). =

12) Dualitv Theorems for homotovy aroups.

. —— T — e i S " T A — N v S S — T — — — T, S—" — S — — — — —— " f— T — — — — — —

—— — — i — i e S e — e e R e e e T T — e — — T ———— T —— T — — T — — — T ——

If we apply the previous results to the particular case of homotopv groups (see

[8] ), we obtain:

THEOREM 34, - Let C be a finite directed gravh and v a vertex of C. Then there
exists a natural tsomorphism between the m—th o-homotopy group Qm(c,v) and the m-th

0" -homotopu qroup Q;(ij).

Proof. - At first, let 7" be the unite m-cube and T its bourdarv. We note that
now QE(G,U) and Q;(G,v) coincide with Q(Tm,fm;ﬁ,v) and Q*(Im,fm:ﬂ,v) resoectivelv,
: : : : m .
and every function f: Im,Im**-G,v 18 a loop. Since I 1s a commact normal space
and 7" a closed subspace, by Theorem 32 there exists a natural bijection between
Qm(G,v).and Q;(G,v), for all m 2 0. Moreover, >t f,h: Tm,%m-+-ﬁ,v are two loops with

7

balancers U, V respectivelv, we can also call sum of loops F,% the function Fa7”
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given by:
1
[f(3x1_.m,2,...,mm) ¥z, €10,51,
12
(Foh) (2y50eisx ) = {F(Lzyyeeisz ) = (0,2 50002 ) Vo, €13,5 1,
R (32 =22, 0 ) Vo elnll.

Tt follows that f«k is a n.c.o-regular function, since there exists a balancer ¥ of
1 —

feh of the form W =U'" U rgaé] x T 1 U 7', where U', 7' are the correspondents of

: . 1 rm—l 2 Tm—] :
U, V which result from concentrating f, » on [0,z x . [ﬁﬁll x ] respectively,
Moreover the operation « 1s compatiblewi+h the n.c.o-homotooy, since the previous sum
of n.c.o-homotopies is a n.c.o-regular function. Hence « induces an operationr in
Q, (T51",G,v).
Now 1if g: Im,U'* G,v and k: Im,V'*'G,ﬂ are two o' -patterns of f: Im,”-+ G,v and h: Im,
V - G,v respectively, 1t follows that ge«k: Im,M>+ 7,0 is an o' -pattern of “eh: fw,w
=+ G,v. Then the natural bijection in Theorem 26 hetween an(Tm,fm,G,v) and Q;c(Tm,fm,
G,v) 1s an isomorphism.
Finally, @ (Im,fm,G,vJ 1s 1somorohic to Q(Im;fm,ﬁ,v) = Qm(G,v). There exists, 1ndeed,

ne

a natural bijection by Theorem 31 and the loop f«# 1s o-homotonic to the loob f+h,

given by:
P22 @y ) ¥z, 10,3
_ 1772 m 1 2
(f+h)($1"“’xh) = 1
h k(2x1~l,m2,...,mm) ¥ 5 € T§311. (See ' 71 y Properties 3.3,

3.7). Thus the theorem follows. B

THEOREM 35, - Let G be a finite directed gravk, (' a subgraph of G and v a vertex
of G'. Then there exists a natural 1somorphism between the relative o-homotopu group

CW(G,G',vJ'and the relative o —homotopy group O;(G,G',vﬁ.

Proof. - let gL be the union of the (m-1)-faces of Im, different from the face
z = 0. Ve note that @ (G,G',v) and @ (G,G',v) coincide with o(r", ", TG, 60 v)
and Gf(Im,fm,Jmhl;G,G',v) respectively, and everv function f: Im,fm,Jm-] > G,G',v
15 a relative loop. Ry Theorem 33 there exists a natural bijection between Qm(ﬂ,

7',v) and Q;(G,G’,v) for m 2 1. Proceeding as before we obtain a natural isomorphsm

between an(Im,fm,Jmul;G,G'Jv) and anffm;fm,ﬁm—l:G,G’,v) for m > 1. Then we have
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alco a natural isomorphism between Qm(G,G'_,v) and Q;(G,G',v). &

REMARK, - We define as sum of loops f, 4 the function fsk instead of f+}, since
we alwavs must obtain a n.c.o-regular function. (See Pemark to Proposition 8). Nev
ertheless in the proof of Theorem 34 we can also choose as sum of loops the func-

tion f+h, since G' is a singleton.

12%) Fxamles.

T Eamen o - S PR . S S— ey -l k- S—

s e G W — e e T —

13.1) There exists a c.o-regular Ffunetion without o -patterms.
Let = [041] be the unit interval, S’ = {0} the subspace of 9, = {a,bsh = a}
the directed granh and ¢’ = {a} the subgraoh of G. Then the function +: 5,8’ =
G,G" given by:

f(0) = a

“010,1}1) = {b}
1¢ not balanced since {a,b} = <F(0)> D <f'(0)> = {a}. Moreover, there is no nat-

term of f, in fact it is T.(<f(0)>) = {b} and T (CF1(0)>) = {a}, hence it follows

“A(CF(0)>) NT L (CFI(0)>) = 6.

2.2) There exists a non-halanced o' -pattern of a b.c.o-regular function.

T

et § = IxI be the topological space, S' = Ix{0} +he subspace of &, 7 = {a,b; a ~ b,

> ~ al the directed graph and G' = {a,b3a = b} the subgraph of 4. Then the function
girven by:

[ FO{O}XI) = {a}

 F(10,1)1 xI) = {b}

1s c.o-regular and balanced since:

f

{ﬂ;h} FOP T = 'ﬁ!,
CP(0,£)> = <PI(0,¢)> = -

- {b} ¥teln,ll.

— - . T _ . w
For 1t 1s Lg,({a,ﬁ}) = {h}, it follows that the function a: S,S" > 7,57, given bvy:
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g(0,0) = b

{ a({0} x 10,11) = {a}

L a(10,11 x T) = {h}

. * - N .

ls an o -pattern of f. But the function g is not balanced since <a(0,0)> = {a,b} D
(b} = <g'(0,0)>., Nevertheless ¢ is also ar o-pattern of itself. In fact we have

9.(<g(0,0)>) N Hp,(<g'(0,0)>) = (b},

(it
13.3) There exists a b.c.o-regular function which 7s not n.c.o-regular.

Let § = IxI be the topological space, S' = Ix{0} the subspace of &, 7 = {a,hsa = b,
b > a} the directed gravh and G' = {a,b;a = b} the subgraph of G. Then the function
f: §,8" > G,G' given by:

[ £(10,31x{0}) = {fa}

{h}

£ 3,11 x{0})

fa O:‘.jz'[ x] 0,1} )

{a}

\ p([?‘?:l] K]O-;l]) = {b}

is b.c.o~regular since:

r

<F(t,0)> = <FI(t,0)> = { {a,h} for t = 3
L (b vt e 131,1].

Rut f is not n.c.o-regular. For every open neighbourhood 7 of S', indeed, the func-

o : : o £FF
tion f: U = G' is not o-regular since it is P # a and BF N 4 #Z ¢

13.4) There exist a pair of tovological spmaces S,S' and a pair of directed gravhs
e,0" such that Q(8,8':6,G'") and 0% (S,2':G,C") are not equivotent (see [ 9] ).

let S = {x,x",u,y'} be the topological space with the collection of open sets given
by ¢, {x}, {z'}, {z,2" )}, {x, 2", v}, {x,2",4'},5 and let G = {a,a’,b,b 350 = bya > h',a’
+ b,a’' = b'} be the directed graoh. We obtain that:

i) All the non-bijective o-regular (resp. o -regular) functions are o-homotonic
(resp. o -homotopic) among themselves and particularlv they are o~homotonic (reso.

o' -homotopic) to the constant function _‘Pp.' (x,x'yu,u'’) = (aya,a,a) .

11) There exist onlv the following four o-regular bijective functions:



.pl (Zy'yy,y') - (b:br:a:ar)i :FQ'. (xy2"3usy') = (b'ybya,a’), jaig (0" u,u’) =
"

(b,b',a',al, fu: (xyx',y,y') > (b',b,a’,a) and the following four o -regular
L. - [ ] *
bijective functions: ﬁ""l

L o ) -t Tt , - ; b
fg(a:,a:’,y,y’) > {a,a',b',b), fy: (z,x’,uy') = (a',a,b’,b). We note that 7, ,f.,f

"‘(‘mimriylyr/} - ({z.ﬁar,ﬂb.!?'jr}.ﬂ -F 3 {’:17_337?;_1;%}‘.#?_) - ;’fﬂfr_:ﬁ_y}?;}“r}.ﬁ

N

JLLF'
4

& % 8 ¥ . .
fu (resp. :-"1, fg,f‘g, f’u) are not c.o-regular (resp. ¢.o -regular) functions.

111) The functions fl_,f?_,f' f  (resn.

L A B
3% L

o l,‘.‘! v ;'}.1*; ";}.1 S

1 . | . &
) are not o-homotonic (resp. o -

* - = 1 1 : r ~ “ i -
homotopic) elther among themselves or to ‘TOO' Thus both ¢(S,G) and @ (S,7) consist

of five classes.
iv)Llet S'" = {y} and ' = {a} be. Tt follows that ©(S,58':3,6G') consists of the three

classes {‘F[‘;W}-’ {‘Fl}-’ {f‘?} 2 while Q* (5.-, S (G, G ") consists only of the class {f.}

e
v) Everv c.o-regular (resp. c.o -regular) function is c.ozhomotopic (resn. c.o"-
homotopic) to the constant function. Then Theorem 26 holds since Qne{ 8§,5":53,G")
(resp. Q?;GKS_,S’;G,G') consists of the class {f‘o}.

13.5) There extist a topological space S and a directed graph G such that 0(S,0) and

Q'(S,G) are not equipotent (see [ 9]).

let S = {x,x",u,y',y"} be the topological svace with the collection of open sets
given by ¢, {x},{x"}, {x,x’}, {, 2’y ud, (', v}, {e, o,y {2,y u 'Y, {z, 2"y u,u"}, {x,
x'yy',y"t, S and let G = {a,a’,h,b',b"5a > bya > b',a = b",a’ > b,a' > b',a’ > b"}
be the directed graph. By the results of 12.4, in order to obtain regular functions
which do not belong to the class of constant functions, it is necessary +that the
range of S consists of the vertices a, a’ and of two vertices at least among h,b’,
b", Thus we consider functions which are not c.o-regular and such that:

1) The image of {x,x'} is given bv two of the three elements h,n',h".

11) The image of {y,y’',y"} is given by the two elements a,a’.

Y
-]

Then there exist 6¢6 = 36 possibities, and, consequentlv, &(S,7) consists of

classes.

. 2 . s, 0w . o .
On the contrary for the o -regularity condition, we consider functions which are not

L
c.0 -regular and such that:
‘l' [ [ ) L
1) The image of {x,x’} is given bv the two elements aq,a’.

_— . : . . . | . ,
11 ) The 1mage of {y,y',#"} 1s given hv at least two of the three zlements »,h',h",



W

Then there exist 2+24 = U8 possibilities, and, conseguentiv, ¢ (5,5) consigte of

U9 clasces.

-
|
artea

. ¥ . .
We remark that Theorem 9 holds since QC(S, G) (reso. § (S5,G)) consists of the clasc

2
{f.}.
"0
REMARK, - The topological space considered in Fxamples 4, 5 are cuasi-comact, 7
I*.t::::n--’j"’:L spaces. For other similar examples which concern quasi-cormact T,, non="

spaces, see [ 9},
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