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t'A.1{'1' ONE. DUALITY TI-lEOJIDol FOR REt;:JIAR ruNcrIONS.

For brevity, we ornit the statenents of dual prooositions, OOt if we rnust refer

to them, we denote them by '.

1) Properties o! reguZar and aompZeteZy reguZar functions.
-------------------------------------- ------------~===
-----------------------------------------------------~~---

DEFINITION 1.- Let S be a topoZogicaZ spaae, x a point o.f' S, G a finite directed

graph and f: S -+ G a funation from S to G. We caU inage-envelope of x by f, and

we denote by <f(xi>, the set oi vertiaes, suah that

images inaZude the point, i.e. v E <f(x» ~ x E ;r.
the cZosures ol their f-counter-

PROPOSITION l. - Let S be a topoZogicaZ space, x a point of S, G a ~inite

direated graph and f: S -+ G a .f'unction .f'rom S to G. Then the. image-enveZope oi x

coineides with the intersection oi the images of the neighbourhoods of x, i.e.

<f(x» = n{f(U) / U is a neighbourhhod of x}.
x x

Proof.- v E <f(x»

V E nfru )••
x

f
o- x E tr U n vf f </»

x
~ f'(ll ))

x
~

PROPOSITION 2. - Let S be a topoZogiaaZ space, G a finite directed graph and

f: S -+ G a function ,f'r>om S to r-. Then f is an o-reguZar ,f'unction, i,f'f', ~or aU

x E S, f(x) is a head of <f(x», •'l..e. f(x) E ~«f(x»).

Proof. - il Let: f be an o-regular filllct:ion, x a ooint of S, and v = l(x). Then,

. 7 f' 7 ,
for alI w E <f(x», l.e. x E W', we have V- n W f 0. Hence v -+ w, Le. V E

H«f(x») .

ii) For alI x E S, let f(x) E H«f(x») be. We have to prove that, for alI v,w E

G, such that v f w and v f ùJ, it results that vf n r/ = 0. If we assume x E r"f' n

7, it folIows f(x) = v, v E H«(i(x») and l,) E <f'(x», hence v -+ ùJ. Contradiction••



PROPOSITION 3. - Let S be a topoZogicaZ space, G a finite diroected groaph and

f: S .... G a function froom S to G. Then f is a c.o-roegula1' .fzmction, i.+~f, ,foro aZZ

X E S, it is:
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i) f(x) is a head of <f(x», •t..e. f(x) E H«f(x»);

ii) <f(x» is a totaZZy headed subset of G.

P1'oof. - Bv Prooosition 2, we have only to Drove that an o-regular function

is c.o-regular iff ii) is true.

Then let f be a c.o-regular function. Since each subset X = {vI" .. ,vn } of

<J(x» such that -;r n .•. n ~ t ~ can not be a singularity of f, X must be

headed.

Conversely, le'!: <f(x» be totalIv headed for alI x E S. TI1en if we assurre that
- -

X = {VI" .. ,V
n

} is a singularity of f, there exists a point x E v{ n ... n v~.

Hence the non-headed subset X is included in <f(x». Contradiction.•

Ril'A.m<. - Consequently, if G is an undiroected groaph, a function f:S .... r- is

stroongZy roeguZaro •
1... e. c.roegula1' itf, foro aZZ x E S, <f(x» is a totaZZy headed

subset of G. In this case, indeed, we have that ''<f(x» totaZZI./ headed" is

equivalent to H«f(x») = <f(x».

2) Patterons of a function.
-=--=. ====,=._-

DEFINITION 2. - Let f: S .... G be a function froom a topoZogicaZ space S to a

finite diroected groaph G. A function g: S .... G is caZZed an O-Dattenl (roesp. 0'-

Dattern) of f, if, toro aZZ x E S, it hoZds g(x) E H«(f(x») (roesp. g(x) E

T«f(x»)J,

REMAR](. - In generaI there is no oattero of a given function, because the sets

<f(x» ll'ay be non-headed for sarre x E S.



DEFINITION 3. - A function f: S ... G fl'om a topological space S to a finite

directed graph G ie caUed quasi o-regular (l'es;>. quasi o'-regular), 01' simply

a.o-regular (l'esp. q.o·-regular) if the image-envelope <f(x» ie headed (l'eep.

tailed) fol' aU x E S.

110reovel'. the function f is aaUed coJ!ll)letely Olasi regular, 01' simply c.a.

regular, 7:f <f(x» is totaUy headed.

REMAR!< 1. - Consequently, if G is an undirected graph, a q. regular function

is also regular and a c.q.regular function is also completely regular, Le.

strongly regular.

9

RD-!AlU< 2. - We consider only c. O•regular functions, since

regular function is also c.q.o·-regular.

by R- a each c.q.o-

PROPOSITION 4. - An o-l'egulaI' funation ie a.o-regulaI'. A a.o-1'egulaI' funation

is c.q.regula1'.

P1'oof. - It follows from Prooositions 2, 3.•

PROPOSITION 5. - A function f: S ... G is a.o-regulaI' iff the1'e eriete an 0-

patte1'n of f.

P1'oof. - il Let g be an o-pattern of f. Since, for all x E S, g(x) E t/«.f(x»).

<j(x» is ~ded.

ii) Let <f(x» be headed. In order to construct an o-pattern g of .f', we nurnber

the vertices of the finite granh G by vl ' ... , vn ' Then, for all x E ~, we choose

as g(x) the Yertex with the lowest index among -the vertices of H«f(x») ••

RD-!ARK. - We note tllat a c. q . regular function is O, o-regular and q.o· -regular.

Hence, there exist both o-patterns and o·-patterns for a c.Q-regular function.



PROPOSITION 6. - Let f: S'" G be a q.o-roegularo function. Then:

i) aH its o-pattel'nS aroe o-roeguZaro functions;

ii) two o-patterons of f aroe o-homotopic to each othero.

-
that v3 c-

x E 7.
At first, we PIove

ConseCIuently, <g(x» C <f(x», for- -

=> g(x) = v => V E <f(x» =>

-

x E vfJ
- -

and also vfJ c vi.Hence it results

Frooof. - i) Let g: S ... G be an o-pattern of f.
-
vf, far each v E G. We have, indeed,

all x E S. Now, since g(x) is a head of <f(x», it is also a head of <g(x». Then,

by Proposition 2, g is an o-regular function.

ii) Let g,h be two o-patterns of f. The function F: SxI'" G, given by:

g(x) for t= O
F(x, t) -

h(x) 1ft E r0,11 ,

is a hornotopy between g and h. Besides, for all (x,t) E SxI, it is:

<g(x» U <h(x» ~ <f(x» for t = O,
<F(x, t» =

<h (x» Vt E [0,11 .

Then, since g(x) and h(x) are heads of <.f(x», they are also, resoectivelv, a head

of <g(x» U <h(x» and a head of <h(x». Consequently, F is an o-regular f1mction.

DEFINITION 4. - Let S be a topoZogicaZ space and G a f'inite diroected groaph. Two

c.o-roegularo (roesp. c.o·-roeguZaro) f'unctions f,g: S'> G aroe caHed completely o-homo-

topic ·(roesp. completely o·-hornotopic) oro simpZw c.o-hornotopic (reBp. c.o·-hornotOPic)

ii theroe exists a homotopy F between f and g, which is a c.o-roegularo (roesp. c.o~-

roegularo) function. F is caHed a C0J1ll)lete o-h0rnotoPy (roesp. cOll1Dlete o·-hornotopy),

oro simpZy a c.o-hornotopy (roesp. c.o·-hornotopy).

PROPOSITION 7. - Let f: S ... r, be a c.q.roeguZaro function. Then:

i) aH its o-patterons aroe c.o-reguZaro functions.:

ii) any two o-patterns of f aroe c.o-homotopic to each othero.

Frooof. - i) Like in Proposition 6, we prove that <g(x» ~ <.f(xì>, for all x E S.

Consequently, since <f(x» is totallv headed, also <g(x» is totallv headed.



Hence, by i) of Proposition 6 and by Pro-position 3, g is c.o-regular.

ii) \-le define the horrotopy like in ProPOsition 6. Since, \I x E S, f(x) is

totally headed, the subsets <'.g(x» U <Jz(x» and <Jz(x» are also totally headed.

Hence, V (x,t) E SxI, F(x,t) is totally headed and so is a c.o-horrotopy between

g and h, by Proposition 3.•

3) DuaZity Theorem for compZete homotopy cZasses.
----------------------------------------------------------------------------------------------

We see it is possible to construct hOrrotODY classes, by considering onlv c.

regular functions and c. regular horrotopies.

PROPOSITION 8. - The c.o-homotopy is an eouivaZence reZation in the set of

c.o-reguZar functions from S to G.

?roof. - The relation obviously satisfies the reflexive and svrrmetric Droner-

ties. CSee r 21 , Rerrark to Definition 5). Also the transitive Dronertv is true.

In fact, let F Crespo J) be a c. o-horrotopy between the C. o-regular functions f'

and g Crespo g and k). Then the function K: SxI -+ G, given by:

F(x,3t) V x E S, l
V t E rO,~

K(x, t) g(x) l 2- V x E S, V t E r3'~-

J(x,3t-2) V x E S, 2V t E [3,11 ,

is an o-horrotoDY betlveen f and k.

We have to prove that k is a c.o-regular function. l.et us assurre that the irrage

envelope of the point (x, t) is non-totally headed. Then, ii t ,,~, also the im3.ge-
~

envelope of (x,3t) is non-totally headed for the function F. If t;;' t, also the

image-envelope of (x,3t-2) is non-totally headed for the function J. If t < t < -},

also the im3.ge-enveloDe of the POint x is non-totally headed for the function g.

Anyho\./, we obtain a non-totally headed im3.ge-enveloDe for a c.o-regular function.

This oontradicts to Proposition 3. •
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REMARK. - By considering as hollOtOpy between f and g that given by the sum (see

[ 2] , Renark to Defintion 5), we obtain only an o-regular function, in generalo

DEFINITION 5. - Let S be a topologioal spaoe and G a finite direoted graPh. We de- -
note by Qc(S,G) (resp. Q~(S,G)) the set of o.o-homotopy (resp. o.oo-homotopy) olasses.

REMARK. - We note that QO(S,G) coincides with Q (S,Go), and QO(S,Go) with Q (S,G).
o o o c

TIiEOREM 9. - Let S be a topologioal svaoe and G a finite direoted graph. Then

there exists a natu"l'al bijeotion from the set of oomplete o-homotovu olasses Q (S,G). c

to the one of oomplete oO-homotopy olasses ()~(S,G).

~: F (S,G) -+ FO(S,G) which
o o

simi1ar1y a re1ation w: pO(S,G)
o

set of aH the c.0-regu1arProof. - We denote by F (S,G) (resp. FO(S,G)) the
o o

(resp. c. o°-regular) flD1etions. We define a re1ation

sends each f E F (S, G) in any hs 0° -pattern H f) and
o

-+ F (S,G) which sends each h E FO(S,G) in any its o-pattern w(h).
o o

i) ~ induees a flD1ction ~ fram Q (S,G) to QO(S,G).
o o

By the Remark to Propcsition 5 and by i) of Propcsition 7 the re1ation ~ is defined

on aH the set Fo(S,G) and by ii) of Propcsition 7 every oO-pattern of f is

topic to Hf). Then we define a funetion ~: FO (S, G) -+ Q (S, G) by nutting:
o c

° h_-"o -UVBU-

v f E F (S, G),. c ~(f) = {Hf)}.

Now let g be a flD1ction c.o-horrotonic to .f by the hOllOtOPY H, and let Hg) be an

°o -pattern of g. We construet

F(x, t) -

f(x)

H(x, 3t-1)

g(x)

the c.o-homotopy:

lO<t<;;-
3'

l<;;t<l
3 3'
2'3 <;; t <;; 1.

• ° °l.et F be an o -pattern of F, i t foHows fram Proposition 7
•

ha .,..,. • "\..t t /' lS a c.o -,iOrrotony
A.... .... ....

between the restrictions f = F!sx{O} and g = F!sx{l}' Since f = F!SxfO} and H does
• • •

not interfere in the eonstruction of f, f is an oO-nattern of f. Similarlv, g is an 0°-

•
Dattem of g. Then by Prooosition 7~ Hf) and f are e.oo-homotopie, and the same

•
happens fer ~ (f) a.'1d g. For the re1ation is transitive, ~ (f) is c.O°-horrotoDie te Hg).
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Since the function $ is cornoatible with the c.o-honotooy relation in Fa(S,G), $

induces a function ~ from Q (S,G)
a

to Q'(S,G)
a

given by:

Y a E Q (S,G), <P(a) = {Hf)}, where f is a reoresentative of a.
a

ii) ~ induces a function 0/ from Q'(S,G) to Q (S,G).
a a

By dual a.rgurrents we can orove that the reouired function 'l' is individualized by

outting:

y 8 E Q'(S,G), 0/(8) - {~(h)}, where h is a reoresentative of 8.
a

iii) <P and 'l' are bijective functions.

We have only to orove that "'<P is the identity in Q (S,G) and ~'l' "the one in Q' (8,G).
a a

Let a be a class of Qa(S,G) and l E a a c.o-regular function. We have ~(a) = {Hl)},

and, successively, 'l'Ha) = {1/JHf)}. l,le observe that the function wHf) ;s c.o

regular by Prooositions 7, 7'. Following i) of the oroof of Prooosition 6, i t

results, li v E G, v1/JHfT c vH.f") c vf , then lil<e ii) of the same oroof, we can-
constr'uct a c.o-honotooy between f and wHf). C'onseouently, O/<P(a) = {wHf)} = {f} 

a. Simìlarly, it results, li 8 E Q; (S, G) , ~'l'(8) = 80 •

4) DuaZity theorem for homotopy aZasses.
------- ------------ ----------------------------------- -----------

By the two Norm'l.lization Theorems Rh'

homotooy classes Q(S,G) and Q'(S,G) o

R , the duality can be extended to the
e

PROPOSITION la. - Let SxI be a normaZ topoZogiaaZ spaae and G a finite direated

graph. Then there e:r:ists a natu1"aZ hijea#on ,from the set O,T a.o-homotoT:JU aZasses

Q (S,G) to the one of o-homotopy aZasses O(~,G).
c

Proof. - Let F(S,G) and Fa(S,G) he the sets of o-regular and c.o-regular ftmc

tians from Sto G and ,i: F (8,G) -+ F(S,G) the identical embeddìng. Ohviously, ,i
a

is comoatible with the CoO-honotODV relation in ,.. (S,G) and with the o-honotooy
a

relation in F(S,G) , hence j induces a function J from Q (S,G) to Q(S,G). Moreover,
a

J is onto by R"" and it is one to one bv P o •
e
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finally, by ProPOsitions lO, lO" and ~eorem 9 we obtain:

~0~8M 11. - Let S be a countabZ~ pavacomvact normaZ space and G a finite

directed graoh. Tl,en there exi.gts a naturaZ h1:1ection from tl,e set of o-izomotcny

cZasses Q(S,G) to the one of o"-homotOP~ cZasses O"($,G).

Proof. In fact the assUll1Dtion on .') is eaui';alent to SUDPOse that ç and C:xI ~

TlOnral soaces. (See Introduct i on). •

PD'J\RK l. - In generel the nreviouS' result r\oes TlOt hold far anv tooological

soace. (See Fxamole 13.5).

P~ARK 2. - In the foregoing conditions it follows that the sets Q(S,C), Q(S,C*),

Q*(S,C), Q'(S,C*) can be identified.

PAR! 1'\010. DUALITY THEOREM faR REGlIlPR FUNC'TIONco QE'I\-/EEN PATPCO.

5) Ba Zanced funat ions .
-------------------------------------------

;"e can characterize me rep:ular func1:ions hetween oairs, si!l'i1ar1v te ProPO-

sitions 2, 3, bv the fo1 lowing:

PROP0SITIO 12. - Let f: S,S' ~ G,G' he a funation from a Dair of toooZogicaZ

spaces S,S' to a pail" o." finite dil"ected 9l"ooh" G,8' and f': c:' ~ r:' the yoestl"ia-

tion of f: S ... G to S'. Then f is an o-l"eguZar f'unction, if" f(x) is a head o."

<f(x» in G, ;01" aZZ x ES; while f'(x) ·:s a I,ead of <f'(x» in (O', .'(>1" aZZ x E co'.

!1oreover, f is a.o-roegulal", if.f also the subsets "f(x» are totally headed ,:n G

and aH the subsets <f' (x» are totallu headed in G' .•

REMJ\_~Y. - Consequently, if G is an undireated gl"aoh, a funat~on f: S,"" ... G,G'


