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0 » hT'E > TE — ExE" >0
Then there is a unique homomorphism over E
vT*E > EX E*

M

such that the following diagram is commutative

*
T E

N %‘:
vT*Eh/-r »y £ X E*

Such a map 1S an isomorphism

—

We will often make the identification

e -
v T E - XMEx
. * — %
9 We define the map Ll vI £ - E
e T2
by the composition y T*E > ExM E* H% E*

Then we get the commutative diagram

and the homomorphism

is an isomorphism on fibers.

3 - THE SECOND TANGENT AND COTANGENT SPACES OF A MANIFOLD.

| As a particular case of the previous results, let us consider

- 5
vz (TMIT, MY or ooz (T M

M M)

M



- 1] =

Then we get the following spaces
T T M =T X TN

T TM =T M, TN

h TSTM=TM 6, T

h TTM = T™M X, T*M

and the following maps

(ToyeTMy) =N:TT Mo b T T M

IQ

Myl o

hTIT M ST M
h T S T M

_LLTM:*UTTM-}T

LiT*y

2 Taking into account that

hTTM:=

we define the following maps

given by TTM
and
given by T*T M

3 PROPOSITION.

) zh:TTM > h T T'M

VT M ST

M

M

vl T M

T T M -

N

h oo T M

h TTM=vul TM

v i 1T M:

*,
v 1 1M

&
v I T M=

vl

v T

v oo

and

TTM

*

> TTM

a) The vertical endomorphism is the unique map

V

T TM

> T T M

= 1T M x
M
* r
= 1 M x. T M
M
= [ M Xy
i
= M x
TM -1
e .
™M -1
e
TM vl
= J
TM > 7
- 3
il M
"
v I T M=

- T TM

e
Yo T T M=hTTM =T TM
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which makes commutative the following diagram:

T M
I
FTﬂ,ff’E qg““aggig
TTM ——> T
T J;HH“?'T M 'ﬁ”f#::T y

b) The horizontal endomorphism

3 x

is the transpose of the vertical endomorphism v : T T M - T TM, as

(T*T M, o_ys TM) s the dual of (TTM, m. TM

4 PROPOSITION.

a) (TTM, hy TM Xy T M) is the pull-back bundle of
(TTM, h, TM X\ T M) with respect to the exchange endo-
morphism ex : T M Xy ™M — TM Xi T M.
*
The 1induced map sz (ex) T TM-=alTM

is an involutive automorphism such that the following diagram is commutative

T T Me—2pT T

W\, A/w

p)( T T'M,h,T'M L) is the pull-back bundle of
( T*T Myv,T M xMT*M) with respect to the exange map
C * —a M *
ex : I M xMT M ™ XM TM.
The induced map S = (ex)* T T*M — **T M

1s an 1somorphism such that the following diagram is commutative
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b)' Reversing all the terms of b), we get the inverse isomorphism

ST e T T

¢) (T TM,h,T'M Xy

(T*T*M,U, T*M xMT M) with respect to the map

T M) is the pull-back bundle of

. o % *
1:(1dT*H X ( ]dTM»'T M xMTM -+ T M Xy T M.

#

The induced map b= i TTM e TTM

1S an isomorphism{the SYMPLECTIC ISOMORPHISM)such that the following diagram

1S commutative

TT'M et 5 TN
\V

e fow *‘1’ : " l
TH X, T M pTM X T M

c)' In an analogous way we get the isomorphism

b o s TR M o T

5 DEFINITION.
The SYMMETRIC SUBMANIFOLD of T T M 1is

STTM=z={aeTTM| s(a) = a!

4 - Lie derivative of tensors.

1 Let M be the cateqory, whose objects are manifolds and whose morphisms
are diffeomorphisms.

Let T(r,s) M- M



