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o .. hT*'E '---> T*'E -+ ExME*' .. O

Then there is a unique homomorphism over E
*' -*vT E -+ ExME

such that the following diagram is commutative

,

5uch a map 1S an isomorphism •

We will often make the identification

9 We define the map

by the composition

T*'E '" -x
v - E xME

*' -*,

.L4:
• vT E E•

*' -*, n2 -*,

v T E .. EXME --t E

Then we get the commutative diagram

and the homomorphism

*' *'v ì E-----j~ E

~E ~ ~
E P ~ M

is an isomorphism on fibers.

3 - THE 5ECOND TANGENT AND COTANGtNT 5PACES OF A MANIFOLD.

l As a particular case of the previous results, let us consider
*'or ". (T M,Pr1,M)
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Then we get the following spaces

h T T M- TM x~l T ~1 v T T M- T ~1 xt., T ~1

h T T"M " li' T"'M '"- TMxMT~l v T T M- xMT ~\

h T*T M li' .. T*~- T MxMT M v T T M- T M Xx ' ,

h T"T*M T"M li' T"'~*~' T\l T ~1- x
M

T M v - x
M

. ,

and the following maps

(~TM' TIT t,) =h:TT M.. h T T M v T T M +T T '1

" li'
.. T"''1(ITT"MJp M) =h:TT M + h T T ~1 v T T M +T

h T*T M ..T*m T"T Il
li'

v • +vT T '1•

T*T"M + T*T*M TiiT*~1
li' ii

h v • + T T M•

l.JTM :vTT~1+T~1
,. *: vTT r~ ..T M

* ,.: vT T M +T M

2 Taking into account that

h T T M- vT T M

we define the following maps

and v T*T ~ - h T*T M ,

v : T T M + T T M

given by T T M
h+ h T T M= vT T M ~ T T M

and h : T*T Il
ii

.. T T M

glVen by

3 PROPOS!TI ON.

T*T M V
+ V T*T ~1 - h T"T M

li'
.. T T M

al The vertical endomorphism lS the un1que map

v : T T M .. T T M
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which makes commutative the fo11owing diagram:

__V ) T T ~1

~
.tiT r4

b) The horizonta1 endomorphism

...
h : T T M

lS the transpose of the vertica1 endomorphism v: T T M ~ T T M, as

*(T T H, PTM , T Ml is the dual of

4 PROPOS]T ION.

a) (T T ~1, h, T MxMT ~1)

(T T M, h, T Mx
M

T M)

(T T M , ITTM T Ml

lS the pul1-back bund1e of

with respect to the exchange endo-

morphism

The induced map

ex : T H xr.1 T ~1 -+ TM xMT N.

...
s = (ex) : T T M......T T t4

is an involutive automorphism such that the following diagram lS commutative

sT T ~l<:'(-~""'~T T M

The i nduced map

'"( T T M,v,T M

b)( '" '"T T M,h,T M

T M

lS the pull-back bundle of

with respect to the exange map

ex : T"'M x
M
T M --> TM x

M
T"'M .

,. ... ...
s = (ex l : T T M --lo - T M

is an isomorphism such that the following diagram is commutative
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b)' Reversing all the terms of b), we get the lnverse isomorphism

-l.. ..
s : T T M~ T T M.

. ..
c) ( T T M,h,T MxMT M)

• * •(T T M,v, T MxMT M)

is the pull-back bundle of

with respect to the map

The induced map

.. *i=(idT*n x (- id T101));T f1 xMTt1 -+ T t1 xMT M.

w = i·; T T*M -v TlOT*M

v

is an isomorphism~he SYMPLECTIC ISOMORPHISM)such that the following diagram

is commutative

(nT*M' TpM )

T*t1 xMT M,-._l-l~ T*M x
t1
T ~1

cl' In an analogous way we get the isomorphism

-l
w e S •

5 DEFINITION.

The SYMMETRIC SUBMANIFOLD of T T M lS

sTTM-{a€TTf1

4 - Lie derivative of tensors.

sta) - al •

l Let }t be the category, whose objects are manifolds and whose morphisms

are diffeomorphisms.

Let T };)1~"(r,s o I~


