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In the present paper we shall develop this point of view a littie further.
lherefore we investigate mappings which are not necessarily continuous but

satisfy the following weaker condition.

(A) the function D(x)

d(x,fx) has the following property: if XX

then a subsequence (xn ) exists such that D{x,) <« D(xn ).
p P

As a special case of our result we obtain a fixed point theorem of L.Ciric

(Theorem 1, [2]) and a fixed point theorem of the first author (Corollary, '3

1/

2. Let O(f,x) denote the orbit of X wunder f, i.e. 0(f,x) = U {f x,.We
begin this section with the following definition.

DEFINITION 1 - We shall say that x has bounded orbit under f if
diam(O(f,x)) < + =

LEMMA 1 - Let v Dbe a contractive gauge function, t, > 0. Then the secuence

J & ! - N : ; -
v (t,) - G as n -« (where ¢ is the n - th iterate of
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THEOREM 2 - Suppose that:

(1) for some x, in M, diam(0(f,x, )} < + =

3

(2) for each x in M there exists a positive integer n(x) and for each

ek e— e rrr———

n >n(x) and for each y in M, three subsets dl(x,y,n), Jz(x,y,n}, J

of Z+ X L such that for each n > n(x), y in M

- —

(Xsysn)

3

n n . ' i ‘
d(f x,f y) < y(max(  sup d(f]x,fdy)ﬁ Sup d(frx,fsx), Sup d(fty,fty))}-
(1,J)€d, {r,s)EJ? (E,t}ﬁd3

1
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Then f nas a unique fixed point u in M and (f x) converges to u 1In M act

-

n - « for each X in M which has bounded orbit under 1.
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Proof. - For the x, in (1), let m, = n{x,) and inductively x =f X

{ 1

»

m = n(xn) . We show that (xn) is a Cauchy sequence, [t suffices to show

that for a given e > 0, d(x ) < ¢ for all k positive integer,

n+1 2 nk+1

when n is large enough. For this purpose, let n be fixed and denote

di==d1am(0(f,xn_i)), m(k) = mo tmo, oobmo Then
m m : : h
- n n, m{k) - (] i, .m(k) .,
d(xn+1’xn+k+1) = d(f X s f (fm xn)).j_w&max( - sup dif xnﬂf (f xﬂ};,
(1,3)ed,

sup d(frxn,fsxn), Sup d(fi(fm(k)x#,ft{fmik)xn))))
(r:S)EJz (E,t)EJ3

<y (dg).

where J_(x ,fm(k) X ,m )}, J.(X ,fm(k)x M ) ,d. (X ,fm(k)x M ) are as in (2},
1'n n n n 3'n

2 n n n° n

since ¢ 1S nondecreasing and all terms under the max and sup operations are

bounded by d,. Let u and v two points of Dﬁf,xn); u and v may be put

in the form u = fpxn, v = £ Xs G > 0. Hence

+ Tn-1"P mn-1+a
dlu,v) = d(F% x P x) = a(f T x L F 0T (F k)0 < u(max( sup

[v1 Vg
1=I,h,,'}an.”.“i

d(fixﬂ-],fJ(qun*1))& Sup d(frxnm]ifsxﬂ“i}* SUpD

(rss)ed, (L,t)ed.
f" q tf q 1 <
d(f (f Xn_]),f lf xn_1)))1 ¢(d1)



It follows that dﬂ_i_w(d]). By routine caicuiation one can easily show that

the following inequality holds

) < o™ (diam (0(F,x.))).

X nekat?) 2

It follows that (xn) is a Cauchy sequence as it derives from the LEMMA 1.

Say u in M such that u = 1im xn. Now, by an argument similar to that used
n

above, one can easily show that
d(x f(x ) < v’ (diam (0(f,X,)))

so that 1im D(x_) = lim d(x ,f x_ ) = 0. From (A), for a subsequence (x ), we
n n n n n "o

obtain 0 < D(u) E-D(xn ) and hence D{u) =0, i.e., u 1is a fixed point of f.
P
The uniqueness of the fixed point may be established by use of (2). It now

remains to be shown the last assertion of the theorem. For this end, let x in M

be such that has bounded orbit under f. As above, let x,

m
inductively X = f n-| X _q» M = n(xn). Since, already, we have showed that

X, My = n(xX,) and

diam(O(f,xn)) < ¢(diam(0(f,xn_1)))

for all n, it follows that

diam(0(f,x )) < " (diam(0(f,x)}).

. . n
Being the sequence (diam(O(f,f x))) monotone and containing a convergent

subsequence (diam(O(f,xn))) , 1t follows that 1t is convergent and

1im diam(0(f,f x)) = 0 ,
N

i.e.,that (f" x) 1is a Cauchy sequence. Therefore. {fn X) =~ U as n < w,



This complete the proof.

REMARK 1. - If we set ¢(r) = q-r for some q <l, ¢ 1is a contractive
gauge function. It follows that the L.Ciric's Theorem 1 ([2]) is a special

case of Theorem 2.

REMARK 2. - We shall recall that a version of Theorem 2 1is given in [3]
by the first author. In [3] one assume conditions which ensure that (1) is true

for every x, in M and (2) is true for a n = n(x) and J.E ={(0,0)} ,J2=J3=ﬁ.
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