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ABSTRACT - In a recent paper, F.E. Browder discussed confinuous
sel{-mappings 04 contrhactive type 4in a complete metric space. Browder
showed that such mappings have a jixed point and the seguence of «teratles
04 any point, Ain an invariant subset, converges to the fixed point.In the
present papen, the rnesult o4 Browdern is obtained {on mappings which ane

not necessaly continuous.

1. Introduction. Let (M,d) be a complete metric space, f : M -~ M a mapping
and let v be a contractive gauge function (i.e. ¢ 1s a function from R+ .
the non-negative reals, to R+ non-decreasing and continuous from the right,

»(0) = 0, and y(r) <r for all r > 0).

In a recent paper [1] , in order to get a fixed point theorem of great generaiity,

F.E. Browder proved the following result.

THEOREM 1 - Let M, be a subset of M such that f carries M, into M,.

For each x in M., suppose that there exists a positive integers n(x) and for

EEEh n >n(x) and for each y 1in M,, three subsets J](x,y,n), Jz(x,y,njj

J3(x,y,n) of Z x1Z, (Z, 1is the set of non-negative integers) such that for

EEEh n>n(x), y in M,

d(f"x,fy) < p(max(  sup d(f x,Fy), sup  d(fx.fx), sup  d(Fy.fiv)l).

(i,J)EJ] (r,s)ed,, (L,t)ed,

: . N
Then f has a fixed point x, in M such that for each x 1in M,, (f x}

converges to Xx, as n - =,
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In the present paper we shall develop this point of view a littie further.
lherefore we investigate mappings which are not necessarily continuous but

satisfy the following weaker condition.

(A) the function D(x)

d(x,fx) has the following property: if XX

then a subsequence (xn ) exists such that D{x,) <« D(xn ).
p P

As a special case of our result we obtain a fixed point theorem of L.Ciric

(Theorem 1, [2]) and a fixed point theorem of the first author (Corollary, '3

1/

2. Let O(f,x) denote the orbit of X wunder f, i.e. 0(f,x) = U {f x,.We
begin this section with the following definition.

DEFINITION 1 - We shall say that x has bounded orbit under f if
diam(O(f,x)) < + =

LEMMA 1 - Let v Dbe a contractive gauge function, t, > 0. Then the secuence

J & ! - N : ; -
v (t,) - G as n -« (where ¢ is the n - th iterate of

s e NS e o P oL JI;

THEOREM 2 - Suppose that:

(1) for some x, in M, diam(0(f,x, )} < + =

3

(2) for each x in M there exists a positive integer n(x) and for each

ek e— e rrr———

n >n(x) and for each y in M, three subsets dl(x,y,n), Jz(x,y,n}, J

of Z+ X L such that for each n > n(x), y in M

- —

(Xsysn)

3

n n . ' i ‘
d(f x,f y) < y(max(  sup d(f]x,fdy)ﬁ Sup d(frx,fsx), Sup d(fty,fty))}-
(1,J)€d, {r,s)EJ? (E,t}ﬁd3

1

s —— —— -

. : , . n .
Then f nas a unique fixed point u in M and (f x) converges to u 1In M act

-

n - « for each X in M which has bounded orbit under 1.
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