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ABSTRACT - In a recent paper, F.E. Browder discussed contimuous
sel4-mappings o4 contractive Type Lin a complete metric space. Browder
showed that such mappings have a gixed point and the seguence 0f iterates
0§ any point, in an invariant subset, convenges to the fdxed point.In the
present paper, the result of Browdern Ls cbtained for mappings which are

not necessarily continuous,

1. Introduction. Let (M,d) be a complete metric space, f : M - M a mapping
and let v be a contractive gauge function (i.e. v is a function from R+
the non-negative reals, to R+ non-decreasing and continuous from the right,
p(0) = 0, and ¢(r) <r for all r > 0).

In a recent paper [1] , in order to get a fixed point theorem of great generaiity,

F.E. Browder proved the following result.

THEOREM 1 - Let M, be a subset of M such that f carries M, into M.

For each x in M,, suppose that there exists a positive integers n(x) and for

EEEh n >n(x) and for each 'y in M,, three subsets J](x,y,n), Jz(x,y,n),

J3(x,y,n) of Z+ X Z+ (Z+ is the set of non-negative integers) such that for

each n>n(x), y in M,

d(F"x,f"y) < w(max( sup d(Fx,fy), sup d(fx,f5x),  sup  d(Fy.Fiv)).
(1,3)ed, (r,s)ed, (L,t)ed,

Then f has a fixed point x, in M such that for each x 1in M, (fnx}

converges to Xx, a8 n -+ =,
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In the present paper we shall develop this point of view a littie further.
Therefore we investigate mappings which are not necessarily continuous but
satisfy the following weaker condition.

(A) the function ©D(x) = d{x,fx) has the following property: if Xoom X

then a subsequence (xn ) exists such that D(x,) =« D(xn ).
p p

As a special case of our result we obtain a fixed point theorem of L.Ciric

(Theorem 1, [2]) and a fixed point theorem of the first author (Corollary, '3’

i/

2. Let O(f,x) denote the orbit of x wunder f, i.e. O(f,x) = U {fnx;.we
begin this section with the following definition.

DEFINITION 1 - We shall say that x has bounded orbit under f if
diam(0(f,x)) < + « |

LEMMA 1 - Let v be a contractive gauge function, t, » 0. Then the sequence

/ no. ) .
v (tg) >0  as n-w (where ¢ is the n - th iterate of

THEOREM 2 - Suppose that:

(1) for some x, i

=

M, diam(0(f,x,})} < + =

k]

(2) for each  x in M there exists a positive integer n(x) and for each

(X,y,n)

n > n(x) and for each y in M, three subsets J,(x,y,n), Jz(x,y,n), J

s 1

3
of Z+ X Z_such that for each n > n(x), y in M

T

n .n. i s ‘
d(f x,fy) <ulmax( sup  d(F'x,fy), sup  d(f x,Fx), sup  d(Fy,fy)))
(1,d)€d, (r,s)ed, (f,t}edg

: . . : n .
Then f nas a unique fixed point u in M and (f x) converges to u in M as

n - o« fgr each x in M which has bounded orbit Undﬁi f.
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n
. o n-1
Proof. - For the x, in (1), let m, = n(x,) and inductively xnzf iy

m

; n(xn) . We show that (xn) is a Cauchy seguence. It suffices to show

that for a given e > 0, df ) < e for all k positive integer,

01 nrk]

when n s large enough. For this purpose, let n be fixed and denote

d; = d1am(0(f,xn_i)), m(k) = Mg Pl T oo v m e Then
m m . :
~ n n, m(k) , (] J, k),
d(x 19X ppey) = 40F 0 x o f (f x.)) < w(max( (isgﬁed d{f x SF (T x )],

1

sup d(frxn,fsxn), sup d(fz(fm(k)x#,ft{fmik)xn))))
(r,s)eJ2 (K,t)eJ3

<y (do),

m(k) (k) (k) \ P,
where J1(xn,f xn,mn), Jz(xn,fm xn,mn),d3(xn,fm Xn’mr; are as in (2)

since ¢ 1is nondecreasing and all terms under the max and sup operations are

bounded by d,. Let u and v two points of O(f,xn); u and v may be put

in the form u = fpxn, v = 19 X0 42 0. Hence

+ 1P M-1'P
d(u,v) = d(f Xn:fp 9 Xn) = d(f x 4o f ; (F9 x )i < y(max(  sup

n-1 .
{1 . ?lﬁ.}-}

n =

1
i

i ]



It follows that d, i_w(d]). By routine calcuiation one can easily show that
the following inequality holds

n+l . ,
d(xn+1’xn+k+l) Y (diam (0(f,x,))).

It follows that (xn) is a Cauchy sequence as it derives from the LEMMA 1.

Say u in M such that u = lim xn. Now, by an argument similar to that used
n

above, one can easily show that
d(x ,F(x ) < ¥ (diam (0(f,X,)))

so that 1im D(x ) = Tim d{(x ,f x_) = 0. From (A), for a subsequence (x_ ), we
n n n n n Np
obtain 0 < D(u) < D(xn ) and hence D{u) =0, i.e., u 1is a fixed point of f.
P
The uniqueness of the fixed point may be established by use of (2). It now

remains to be shown the last assertion of the theorem. For this end, let x in ¥
be such that has bounded orbit under f. As above, let x, = x, m, = n(x,) and

m
inductively X, = f n-1 X _p» m = n(xn). Since, already, we have showed that

diam(O(f,xn)) < w(diam(ﬁ(f,xn_])])
for all n, it follows that
diam(0(f,x )) < u" (diam(0(f,x))).

Being the sequence (diam(O(f,fnx))) monotone and containing a convergent

subsequence (diam(O(f,xn))) , it follows that it is convergent and

lim diam(0(f,f"x)) = 0 ,
n

i.e.,that (f" x) is a Cauchy sequence. Therefore, (fn X) = U a8 n - =,



This complete the proof.

REMARK 1. - If we set y(r) = q-r for some q <1, ¢ 1is a contractive
gauge function. It follows that the L.Ciric's Theorem 1 ([2]) is a special

case of Theorem 2.

REMARK 2. - We shall recall that a version of Theorem 2 is given in [3]
by the first author. In [3] one assume conditions which ensure that (1) is true

for every X, in M and (2) is true for a n = n(x) and J ={(0,0)} ,J2=33=ﬂ,
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