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Rn1ARKS ON SZEPS' S DECm1POSIT ION OF SEtHGROUPS.

R. Sc.czza6at1a l Le.cce)

J. 5zép has 91ven ln [3J a disjoint decomposition for an arbitrary

semlgroup. Let 5 be a semigroup without non-zero annihilators (every

semlgroup can be easily reduced to this case): then

( l )

holds, where the semlgroups

5
5 =.UOS'

1 = 1

S . ( i =0, l , ... ,5)
1

are mutually disjoint and

5 - (ae5 . a 5 c 5 and 3 x e 5, x ~ O, such that a x - O,
o

51 - (aeS : a 5 - Sand l y e s, y i O, such that ay - O"

: a f S U
o

S c 5 and

such that aX
1

= a x
Z
',

such that aY1 = ayz"

3

: a ~.U05
1 = 1

and a 5 c S\ ,

3
\ = (ae5 : a f i~O\ and a 5 - S) ,

It fol1ows that for a finite semlgroun 5 one has
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(2 )

The finiteness of 5 lS not a necessary condition for the val idity

of (2). F. /1igliorini and J. 5zép ['lJ proved that the same decomposition

holds if 5 is a regular semigroup without (left) magnifying elements .
•

The next Theorem l gives another sufficient condition.

Let 5 be a completely regular semigroup, i .e. for every a E 5 there

exists x ln 5 such that a = axa (that is, S is regular), and

ax = xa. rt is well knO\,n that 5 is completely regular if and only if

it is a disjoint union of groups,

(3 ) S = UrG ,
'lE e

Cl

(xfe) ,

where G
e

a

is a maximal subgroup of 5, with identity

Theorem l - Lu S be a comp.cueflj 'teg,t.faJ1 òenli.g'lOllp. HtCYl

Proof. We prove that 54 = 0 . Assume the contrary: then, glven a E 54'

we have a E G for a suitable ~ E l,
e

a

and G l' 5. By the definition
e ,

of 54' the elements of the set a 5 are all distinct; hence an analogous

conclusion holds for the set e 5 (otherwise e s = e s' would imply
:r o; '1

a 5 = a s'). It fol1ows that e s = s for any 5 € 5 (othe'vlise, e s fS
lì o o

wou l d i mp ly e e s l' es, which is impossible), i .e. e
QUa 'J.O Cl

is a left

identity of 5; then

diction).

e, 15 the identity of G ,Vlith
e-c'

Sfn (contra



Now, 5 = 0 implies
4
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51 = 53 = 0. by Corollary 1.5

Theorem 2 - G~veYl Cl c-omyJL~teJ:lj 'lCglLtM ,em.<.q.~oup S Cll1d d,

dec-ompo!.>~oYl 5 = 50 U 52 U 55' the {((..t.t~~ tlv~ec ~VlI~g![C"P" ((~e

Proof. : a) For any a e 5
o

there lS an such that a e Ge
Cl

•
•

we show that G c 5 (it will easily follow that 5 lS a disjoint
e o o

et

union of groups). Let b f O such that ab = O (recall the definition

of 5 ):
o

then G ab - G b - O, i.e.
e e

et et

G c 5e - o
et

•

ha ve G ~\ •e
et

Coro 11 ary l - H 5 .(.,
w

c-o Ylc-.f.tv' (.o Ylò 01 TI,eo.~em 2• 1

b) Let ae5
2

: then a e G for a suitable uel. The
e
ij

defi niti on of 52 glves ab 1
- ab

2
, with b

1
f O, b2 f O, b] ~ b

2
,

and it follows that 9 b1 = 9 b for any 9 e G , and so 9 e 52'2 e
l1

c) Let ae5 5 and a e G • then a 5 = 5 and e 5 = 5.•e Cl
et

It follows 9 5 = 5 for any 9 e G , and, Slnce 51= 53 = 0, we
e

et

Cl c-ompte:tu.lj ![Cq,L-tCl![ !.>Vll.i-gJWLl.p, tltcn tlle

ClYld Cc~oteMlj 2.2 ù6 Li] fwed w;tlwlLt tll"

ClMWnpuoYlò C-CYlC-~Yl.{.Yl9 the mCl9v~i-6ljÙI9 UemeV1Ù>.

Let us now apply 5zép's decomposition to the case of a nearly right

simple (n.r.s.) semigroup: for its definition, cfr.l2]. It can be

characterized as a semigroup which is the disjoint union of its prln-
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cipal right ideals. But we may also consider decomposition (l) In

this case.

(4)

Proof.: 5ince in 5 there are no nonzero annihi lators, it follows

from the definition of n.r.S. semigroup that also O f 5. Therefore

50 - 51 = 0, and it is not difficult to see that 53 - 55 = 0 .

Corollary 2 - Ii 5 .u., '1.,~ ..'. aY!d pvU.ocUc iand '/e't "vtgh.t

~.ùnp.te), theY! 5 = 50' MoiLeove,~.
L

5 .u., comptuety iLegu.t:M.

Remarks: (i) Although a right simple semlgroup is n.r.s., its

decomposition is not a particular case of(4). In fact, if 5 lS right

simple, one has 5 = 53 U 55 .

(i i) In genera l, a n. r. s. seml group, l s not comp l ete l y

regul ar, and converse ly. On the other hand, it i s shown i n [2J that a

n.r.S. semigroup is right regular.
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