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.
RE~1ARK5 ON 5ZEP5' 5 DECm1P05IT ION OF 5EtHGROUP5.

R. Scczza6ac'a ! Lecce)

J. 5zép has given in [3J a disjoint deeomposition far an arbitrary

semigroup. Let 5 be a semigroup without non-zero annihilators (every

semi group ean be eas i ly redueed to thi s ease): then

( l )
5

5 =.U
0

5.
l = l

holds, where the semigroups 5i(i=0,1, ... ,5) are mutually disjo'int and

5 = {a€5 a 5 c; 5 and
,

x € 5, x ~ O, sueh that a x = O,
o J

51 = (a€5 a 5 = 5 and J y € 5, y ~ O, sueh that ay = O) ,

52 = {a€5 a f 5 U 51' a 5 c 5 and J xrx
2

€5, xl t x2 'o

sueh tha t aX l = a x L

2
,

53 = {a€5 af50U51,a 5 = 5 and J Yl'Y2 € 5, Yl ~ Y2 ,

sueh that aY1 = ay2},

3

54 = (a€5 a ~.U05. and a 5 c 51
l = l

,

3

55 = {a€5 . a f· U05 and a 5 = 5\
l = l

I t follows that far a finite semigroun 5 one has
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(2 )

The finiteness of 5 is not a necessary condition for the validity

of (2). F. /1igliorini and J. 5zép :'lJ proved that the same decomposition

holds if 5 is a regular semigroup without (left) magnifying elements.

The next Theorem l gives another sufficient condition.

Let 5 be a completely regular semigroup, i .e. for every a € 5 there

exists x in 5 such that a = axa (that is, 5 is regular), and

ax = xa. rt is well knO\,n that 5 is completely regular if and only if

it is a disjoint union of groups,

(3 ) 5 = UrG ,
a€ e

~

(afe) ,

where G
e

a

is a maximal subgroup of 5, with identity

Theorem l - lu S be a comp.cueflj 'teg,LtM òVl,i.g'lOllp. H,,:.YI

Proof. We prove that 54 = 0 . Assume the contrary: then, given a € 54'

we have a € G for a suitable a € l,
e

a

and G l' 5. By the definition
e ,

of 54' the elements of the set a 5 are all distinct; hence an analogous

conclusion holds for the set e 5 (otherwise e s = e s' would imply
:r Ù '1

a s = a s'). It follows that e s = s for any s € 5 (othe'vlise, e s fS
lì o o

wou l d i mp ly e e s l' es, wh i ch i s i mpos s i bl e) , i . e. e
QUa 'J.O Cl

is a left

identity of 5; then

diction}.

e, is the identity of Ge
f,

'Ili th SFf'i (contr!!.



Now, 5 = 0 implies
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51 = 53 = 0. by Corollary 1.5 of ~l J.

Theorem 2 - G~veYl a c-ompL~te{lj 'lCglLtM oem·i.Cr'~oup S al1d do

dec-ompOJ.>~oYl 5 = 50 U 52 U 55' the {((..ct~~ tlv~ec ~VlI~gItC''1J.o ((~e

Proof. : a) For any a e 5
o

there is an aeI such that a e Ge
a

we show that G C 5 (it wi11 easi1y follow that 5 is a disjoint
e o o

a

union of groups). Let b f O such that ab = O (recall the definition

of 5 ): then G ab = G b = O, i. e. G c 5
o e e e - o

a a Q

b) Let ae5
2

: then a e G for a suitab1e aer. The
e
"defi niti on of 52 gives ab 1

ab
2

, with b
1

f O, b2 f O, b1 ~ b
2

,

and it follows that 9 b1 = 9 b for any 9 e G , and so 9 e 52'2 e
l1

c) Let ae5 5 and a e G then a 5 = 5 and e 5 = 5.
e Cl

Cl

It follows 9 5 = 5 for any 9 e G , and, since 51= 53 = 0, we
e

Cl

Coro 11 ary - T5 5 Ù a c-ompte.:tU.lj ItC'1,vtM ~VlJ.i.gJWUp, thCl1 Dle

C-OYlc-.f.LVo,(OM 01 Tileoltem 2.1 aYld Cc~oteMlj 2.2 06 Li] fwLd w;tlwu..t tlu'

cu.ownpUOM C-OYlC-~rU.Yl9 the ma9,~i.6ljùI9 ueme~.

Let us now apply 5zép's decomposition to the case of a nearly right

simple (n.r.s.) semigroup: for its definition, cfr. [2j. It can be

characterized as a semigroup which is the disjoint union of its prin-
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cipal right ideals. But we may also consider decomposition (l) In

this case.

The~1

(4)

Proof.: 5ince in 5 there are no nonzero annihi lators, it follows

from the definition of n.r.S. semigroup that also O f 5. Therefore

So Sl = 0, and it is not difficult to see that S3

Corollary 2 - Ii 5 ù rt.,~.;. artd pvUocUc iand ~1C't hvi.ght

~AJnpte), thert 5 = 50' MoiLeove,~, 5 Ù completety iLegM:M.
L

Remarks: (i) Although a right simple semigroup is n.r.s., its

decomposition is not a particular case of(4). In fact, if 5 is right

simple, one has S = 53 U 55

(i i) In genera l, a n. r. s. semi group, i s not comp l ete ly

regul ar, and converse ly. On the other hand, it i s shown i n [2J that a

n.r.S. semigroup is right regular.
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