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3 The classical oligopoly game

In this section we will discuss a special economic game

with sets of strategies

P

X, o= [0, LT (L, > 0y k=1,2,000,n)  (29)

and pay=-off functions
n
1
\fk (Xl!-ii’xn)= Kk f(z_xl\ - K.k(xk), (20)
i=1
where the functions f and Kk must have the properties:

9(f) = [0, L], where L= ) L, 5 (%) = [0 L3

i=]
ﬂ, 1 1 1 :

(f]C R™ and (Kk)C R™ o The game defined by the sets of
strategies (19) and pay-off functions (20) is called the

clasgical oligopoly game,

Before discussing the equilibrium problem of thils game we

shew how the game appears in seme applications,

Application l, Assume that n factories manufa@actiure the
game product and they sell it on the same market., Let f be the
unit price of the product being a function of the total production
level, and let Kk be the cost function of the manufacturer k.
Then Lk is the production bound for manufacturer k and
“Pk (xl,...,xn) is its netto income assuming that x. is the

production level of the manufacturer i for 1i=l,25¢00,1 o

Application 2., Assume that a multlipurpose water supply
system has to be designed. Let the water users denoted by Xk

k=1,2,e0¢s,n) and let the water quantity given to user k be
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denoted by Xy 0 If the capacity bounds of the ugers are denoted

by Lk, then ObViouﬁly Xk e [O, ILK] for k=l,2,lil s 1o et I
n
be the investment cost being a function of Z X9 1ot u (X )

k=1
vk(x.k] and wk(xk) be the production cost, income and the economic
loss of the water shortage /penalty e.te.c./ of user k,

respectively. let us assume, that the total investment cost 1is

devided by the users in the rate of the water quantity used by
the water usersgs., Thus the total income of user k can be determined

by the function

e G R O R NCAT (21)
i=1 ;

By introduceing the notations

s
4
I._.I.
-
[
I—J

i=1

Ke(®e) = we(®) = Ve (Fe) * e ()

function (21) has immediately form (20).

Application 3, let us now assume that n factories are
on the bank of a river and they send a certain quantity of
wagste-water to the river, It is also assumed that the total
penalty paid by the factories is a function of the total waste-
-water quantity sent to the river and it is devided among the
factories proportionally to the waste-water quantity sent to the

river by the different factories, let I“k be the total waste-
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-water quantity produced by factory k, let X, be the wagte=water
quantity sent to the river by factory k. Then the total "income"

of factory k can be given by the formula

:'ﬁik_ngi - 0 (I = %), (22)

where P is the penalty function, C,, is the cleaning cost of

factory k. let

f/z xi\ = - P/Z Xi\’ B (%) = Ck(Lk - Xy )s

i=l i=1

X
1=1

then the function (22) immidiately has the form of (20),

Firgst we shew that the equilibrium problem of the classical
oligopoly game is equivalent to a fixed point problem of & one
dimension point=to=set mapping, It will be much more convenient
than the application of the fixed point problem of lLemma 3, since

the latter is an n-dimensional problem,

Let

Wk(s, X9 tk)= tk f(s - X, tl«:) - Kk(tk)
fOI‘ k=l,2,..,11, S Q [O, L], Xk Q [O, Il-k] aIld t Q [O, SI{] ¢
where X"k = min {LK, L -8 + Xk%' Since K’k > O, the interval
for tk can not be empty., For k=1l,2,..,00 ; S & [O, L]; Xy 4 LO, Lﬁ]
let
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and for k=l,2,..,n ; 8 € [0, L] let

% (8) = (x| x € [0 L] x, € T (s 7 )| -

Lemma 7, 4 vector x = (X],eessX;)is an equilibrium point

of the clagsical oligopoly game 1if and only if xf: e Ii'.}, (s’i)
n <

(k:ljzllii!n)! where Sii _ Z Xli: '

k=1
Proof, The definition of the equilibrium point implies

that a strategy vector Eﬁ = (x?,.”,xz ) i an equilibrium point

if and only if

xif f(s‘ = x + xk>- ‘“k ) >t (s - x + tk) L (%) (23)
for k=1, 2,“.,11 and tk & [O . /It is easy to observe that
Tox 'Z'-c" , ¥, =L/ Inequality (23) is equivalent
to the fact that xr € T, (s®, =), that is xp € X (s%). B

Let us finally introduce the following one dimensional

point=to=get mapping:

1) = fulu= 2%, x €%(s)} (s €[ LI)  (24)
i=1

lemma 7. and definition (24) imply the following important result,

%\ . s
Meorem 3, 4 vector x = (xg,...,xn) is an equilibrium

point of the classical oligopoly game if and only 1f for

5™ = Z‘ x? ’ s* ¢ X(sﬁ) and for X=1l,2,¢0e302, :s:1 X (s )



remark, The solution of the zame has two steps:

step 1: the golution of the one dimensional fixed point
problem s~ € K(Sﬁ);

otep 2: the determination oIl sets }11{ (855) and the computation

A ¥ % :
of the vectors x° = (Xl"“’xn) such that

Kif G ::}: (SE) (k=l, E,..-,Il) and Eﬁ = Z X*i: o
k=1

In tne following parts of this section we will assume that

the conditions given velow are gatisiled.

l, There exists a constant £ > O such that
a/ f£(s) = 0 for Sgé;
b/ f is continuous, concave and strictly decreasing

in the interval [O, EJ ’

2e IJor k=ly2,see,nn Tunction K}, is continuousg, convex

and strictly increasing in the interval [0, L, 7.

Theorem 4, Under the above condlitions the game has at

least one equilibrium polnt,

Proof, The proof consists of several steps,

. . 3% % _
a/ TFirst we prove that if fﬁ = (xl,...,:{n) 15 an

n
equilibrium point, then Zx: < { . 1et us suppose that
k=1

n
Z x> f s IThen there are positive xﬁ and X, such that

1
O<xk<x§ and Z }'Hf X >§ o This implies
1k
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\Fk (Xsfjinnsxki---:}f:)= XK.O - K.k(x,kj > X:.O - Kk(}{f:) =

o S ) s 1 : . : \ .
?k (Xl’““xk“”’xn)’ whicii 1s a contradiction to inequality

(1)

b/ Let .

L={x |z = (xpeeexy) > § o 7 €[00 I
I=1
1{=1,2,...,n}.

Next we prove that any equilibrium point ._:.S_z_;K of the generalized

~r

calne ,-‘ = (n; Xl,.i.,}:n, Ay -Pljl--,*i)n) giveg axn equilibrlllﬂl

point for the classical oligopoly game, Let Xy e [O, Ik]'

1T (x?,...,xi_l, X1 9 x§+l,...,x§) € [, then the equilibrium

property for zame [ sives

\Pl{ (Xiij!iifx?!llljxrlﬁ)? \'Fk (X!f!'llixk!'l'ixg)!

and if (Jc:!f,...,}ck,...,x?) X, then

t

¥y (xif,...,xk,...,xg )

= Olf Z X?)" Kl{(O)
ifk
since (xi!,...,O,”.,Ki )€ X.

%60 = K (%)< - KK(O) =

{Jk (X?,ill,ojll.jx:)g \Pk(xiiliu,xiﬁ,xg))

c/ Text we prove that if function h is continuous, concave
and strictly decreasing in a nonnegative interval L..-"-;, B], tnen

the function xh(x) is concave in the same interval.,

let us first assume that h is twice continuously
differentiable,

Then



- 24 -

{xh(x]}’ = xh’(x) + a(x),
{xh(xl} = 2h7(x) + xh??’(x) < O,

which lmplies the assertion,

If h is continuocus, then let 1 (r:1=l,‘2,..) ve twice
il

continuously difrerenciable, concave, strictly decreasing

functions such that lLlim hm = Ile
=P oo
I.Je't A£x<:{£ L; ?;,/6 = {J; CipJ= l, then for ﬂl=l,2¢-¢

(o(x + y)hm (o( X + P y) i» o(th(x) + I/byhm(x).

Jy the limit relation m —»oe we oObtain

(xx + py)o( xx + P y) D & xh(x) + Ayh(y),

thus xh(x) 1s concave,

d/ The parts a/ and b/ imply *that the classical oligopoly
came and the generalized game [ ' = (n; “yreeesioy L3 ‘Pl"”’ Tr)
have the same equilibrium points, Under the assumptions of the
theorem X i1s a convex, closed, bounded subset of Rn, ‘*?k is
continuous and part c/ implies that \Pk is concave in X,

Thus the conditions of the Nikaido=lIsoda theorem are satisfied,

congsequently the game has at least one equilibrium point. &3

no .
Remark, The uniqueness of the equilibrium point isVassured

in general ags the following example shows,

Example 4, Let n=2; 2, = L, = 1,2 ;

ke,



£(s) = < 2,5 - s, if 1,52 s £ 2,5
O s 11 S > 245 5

fl

£ (x) = L, (x) = 0,5x (x> 0),

We will prove that an arbitrary point of the set

X* = {(Kl; xg)

gives an equilibrium point of the gzame,

Ug 5

i1\
N
}__.J
U
N

il s
l

Let x by [0,5 : 1] pe fixed, and let
W(x) = x2(1,5 - x + ) - K@ (kel,2,)0
It is easy 1o verify that

Y’ <XE- O) =Kﬁ('015) = 1 = 0,5 = 035(1 ‘XE)EO 9

and

Xﬁ(“l) + L = 0,5 = 0,5 "Kﬁdo'

W2 (}ci“E + O)

Part ¢/ implies that function Y 1is concave in x,

consequenitly from the inequalities W? (::i:i"i - O) > O and

#® . . . .
W (x + O) we can conclude that x° is a maximumpoint oI

the function ¥ . Thus arbitrary x~ € X is an equilibrium point,

Next we discuss a numerical algorithm for findig the

equilibrium points of the classical oligopoly game, Under the

agsunptions of Theorem 4, the following statements are true,

Lemma &,
a/ For s € |0, L, 4. (s

YV is not empty and is a closed
lﬂtewal L.nl:(fﬂ), bK(Sj] g (_1::],,2,'.-,1’1) "



o 20 e

AN

b/ for 0= 3 <s’< L +the inequality B, (s’) o (8)

holds for k=l,2,see,nn 3

c/ if £ is differentiable at the point s, then

A (8) = B (&)

d/ if { is differentiable in the interval |0, L] , then

4 (8) is a continuous function of s,

Proof, Parts a/ and b/ can be proven by simple modifica-

tions of parts C/a/ and C/b/ of the proof of Theorem 1, in

paper [:IO], The statements ¢/ and d/ are proven in the C/a,b,c

part of the prooi of Theorem l, in paper [_lOJ. =

= -2 # FEE et . X,
Lema o II -_“}E bey (xlyg-',:{ﬂ ) alld E — (Xl ,lll,:%l )

are equilibrium points ol the classical oligopoly game having

the properties given in Theorem 4., then

n n
¥ B
L = oo
k=1 K=1 " -
Proof., Assume that s = L xif < g™ = X.PH « Then
K= =1
- - S S
R % o (F) S g MW M
. 'Zxk':z*}”‘;c(ﬁ)=é_}31{(s ):;ka = 5 ,
k=1 K=1 =1 k=1
which is a contradiction, -]

Corollary, The point-to-set mapping X(s) has exactly one
fixed point, which can be cowmputed by the usual bisection method

(see F, ozldarovgzky, Sefakowitz [lﬁ]).



Theorem 5, Aggume that the conditions of Theorem 4, are

e - %o, . . ot s an o
satigfied, Let s ce the unique fixed point of fthe mapping

£(s8)e Then all equilibrium points of the classgical oligopoly
came can be obtained by the golution of the system of llnearx

equations and 1lnequalitleg:

Jﬁik(ﬂﬁ) -:_‘: J{,k g B}:{(Sﬁ) (k-':l,g,;nl,ﬁ)
1§
_ Xy = g*
k=1

Proof, The staltement is a consequence of lemma o, and

lemma 9, 5

Corollary, If in addition to the conditions of Theoreun 4,
function f is differentiable on the interval EO, L], then the

equilibrium pcint is unique,

Remark l, It is interesting to observe that the game 1is

not linear but the set of equilibrium points is a simplex,

Remark 2, The uniqueness of the equilibrium point depends
on the differentiability of a function and not on strict

concavity as it is usual in the theory of nonlinear programming.

opecial cgses.

le In case of ¥ and Kk (1 <k < n) being twice differentiable
the uniqueness was proved by 0,0pitz [7] without giving any

algorithm for finding it,.

2, Under the assumptions of O, Opitz, F. Szidarovszky [9]

proved the existence and uniguenesgs of the equilibrium point



- 28 =
and also gave an iterative algorithm for computing 1t

3. 1f the cost funciilons I, are identical and the
conditions of 0,0pitz are satisfied, then B, Burger (1] proved
the existence and uniqueness of the equilibrium point and also
gcave an algorithm to compute it, Ve remark that the algorithm

of Szidarovszky is a generalization of Burger’s method,

4o If the functions f and X (k=1,2,...,0n) are linear,
then the existence and uniqueness was proved by Il Isia.ﬁas,fﬁr] )

who gave an algorithm which ig independent of the method of

Szidarovszky. We remark that using the result of Theorem >.
the equilibrium point in this special case can be gilven 1n

clogsed form (see ppe 37=39 of [10]).

The group equilibrium problem

In this paragraph we will discuss the generallzed version

of the classical oligopoly game [ having the srategy sets

X = [0, L] x [0 L,]x eee x [0, Ls, ] 1< k< n) (25)

and pay=-off functions

(B (&
"fk(E]_“'”EEn)= :in £ sz{j - Ky (..x;.k)s (26)

\ i=1 £ =1 =1

Whel‘e fGI‘ k=l,2,¢-¢.11 § "'}';'k s (}Ckl,.,.,xkik) € Xk o rmliE! gaﬂle

can occur when the players of the classical oligopoly game

form disjoint groups and they tend to the optimal income oI

the group, If the number of members in group k is equal to i,



