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to f.

Proof. - By Proposition 28 of [5] and Theorem 16 of [%] there exists
a closed neighbourhood U of S' and an extension k: S,U->G,G' which is
Cc.o-regular and such that k:$,8'->G,G' is c.o-homotopic to f. Then we

obtain the result by using Proposition 9 for the function k: S,U-=G,G'.

REMARK. - If ¢ is an undirected graph, the function g can be choosen
quasi-constant. Moreover if S is a compact metric space, we have only

to consider the couples of vertices rather than the n-tuples and to

determine E& = inf(d(Af;Ag), ¥ couple ai,'aj of non-adjacent vertices
. ! !
of @, 82 = inf(d(Ai,Ag )J), ¥ couple a,,a., of non-adjacent vertices of
G'. Then, if we put r'!' = inf(f'_,éiz,)J as in Remark 3 to Theorem 3, we
!

can choose a covering P = {Xj}, JE€ J, with mesh < %— (see [8], Corol-

lary 8).

6) The third normalization theorem between pairs.
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Now we consider pairs of spaces given by a finite cellular complex
¢ and by a subcomplex (€' of C; it follows that lC'l 1s a closed sub-
space of |C'. Since we use completely o-regular functions f:[C ,]C’]
—>» G,G' balanced by the open set |st(C')| (see [5], Definitions 6 and

12), we put:

DEFINITION 12. - Let C be a fintte complex, C' a subcomplex of C,
G a finite graph and G' a subgraph of G.A function f:|C|,|C'l—=¢G,G"
18 called pre-cellular w.r.t. (,C" or C,C'-pre-cellular <f:
1) f:\CLlst(C')lekG,G' 18 completely o-regular.
1) f:|Cl-—=>G is properly C-conslant.
117 ) ff[CL—?G 18 properly C-constant in C'.

THROREM 11. - (The third normalization theorem between pairs). Let S
be a compact triangulable space, S' a closed triangulable subspace of
S, G a finite directed graph, G' a subgraph of G and f:8,8'>G,G" a
completely o-regular function. Then for every finite cellular decompo-
sttion C,C' of the pair S,S', with suitable mesh, there extsts a func-

tion h: S,8'-5G,G' which is C,C'-pre-cellular and completely o—homo-

topiec to f.

Proof. - By proceeding as in the proof of Theorem 10, at first we
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consider an extension k: S,U—>G,G', where U is a closed neighbourhood

of S'. Then, by Remark to Proposition 9, we determine a positive real

- 6 »
number r = LHf(ﬂ%%)'EéjE%), where EI = 1nf(enZ(A§,...,Aﬁ)), Yn-tuple
r !
Agseeesa non-headed of G, 52 = inf(enZ(Afk ,...,A'i )), ¥m-tuple a;,
.,aé non-headed of G', 63 1s such that W£3(S')c:IL Since we can

use fst(C')J as an open neighbourhood of S', now it is not necessary
to construct, as in Proposition 9, a closed neighbourhood K of §7,
included in U, and to consider the interior X.

Then, if C¢,C"' is a finite decomposition of S5,S5' with mesh < »r, it

results |SE(C'J| C W (S'), since all the cells have diameter < »r.

Afterwards, we construct the c.quasi-regular function g:,Cl,lst(C’)L#v
G,G' by putting, Vee ¢, (see Proposition 9 and Remark 1 to Theorem 3):

a vertex of HG({k(E)}) 1feeeC-st(C")
g’(@") L g
_a vertex of HG,({R(S)}) 1ifeest(C’).

To construct a c.o-regular o-pattern A, we must separate the cells of

==

C w.r.t. st(C') as before .Moreover, to obtain 4 properly quasi-constant,
we must separate the cells of C w.r.t. C¢' in the following way:

1) cells ¥ maximal in (C
a) cells included in C=C' :{2) cells ¢ non-maximal in C
(1) cells % maximal in C

b) cells included in C’':{?2) cells ~ maximal in €' and non-maximal in C

' 3) cells &' non-maximal in C’.

Now (see Theorem 6), by induction, we construct the o-pattern %, by
putting at the first step:

1) h(T) = g(?)

l_' = 1 - ’
27) h(€) = a vertex of H fg(sfmﬂf))) where {'P G if & e C-st(C')

A G' if & ¢ st(C')

¢ o ' m,. L.
171) h(% ) = a vertex of HG,(g(st (t))).
If we define, as before, the images of the cells maximal in C', at the

second and last step, we put:
n(e') = a vertex of HG,(h(sﬁ?g,(G’f))).
Hence 4: |c|, |st(C')|—>G,G' is the sought function.

REMARK. - If ¢ is an undirected graph, it is not necessary to construct
the extension of the function f:lC], Cq-ﬁyG,G'. In fact, if we determine
r
the upper bound E— of the mesh as in Remark to Theorem 10, and,conse-

quently, if we consider the cellular decomposition C,C', we can obtain

the strongly regular function g: S,]St(SIA*%rG,GI, by putting, ¥¢eC:
a vertex of f(&') if 6 € C-st(C')

{a vertex of f(&)ngs" ifge st(C').

Moreover, in the construction of the o-pattern A, we have only to sepa-

g(€) =
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rate the cells w.r.t. C and C'.
Theorem 8 can be generalized by:

THEOREM 12. - (The third normalization theorem for homotopies of
functions between pairs). Let S be a compact triangulable space, S' a
closed triangulable subspace of S, G a finite directed graph, G' a
subgraph of G, C,C' and D,D' two finite cellular decompositions of S,S'
and e, f: S,8'->G,G' two functions pre-cellular w.r.t. C,C' and D,D'’
respectively, which are completely o—homotopic. Then, from any finite

cellular decomposition r1 F’ of the pair Shi[é g} S’X [%g} of

suttable mesh, which 1nduaes on the pairs of bases S X — and S'X {%}

decompositions C, C' and D D’ finer than C,C' and D, D' we obtain a

finite cellular decomposition l“,r“ of the patr SXI, S'XI and a homo-

topy between e and f which 1s a r;rﬂ—pre-cellular functzon.

Proof. = Since |st(0')l and lst(D')' are rispectively balancers (see
[5], Definition 12) of e and Ff in S', the open set U = Ist(C’ﬂfﬁlsg(D'”
is a common balancer of e and-f. Now let F: SXI, S'XI—G,G' be a _
complete o-homotopy between e and f and, by Proposition 30 of [5] we
can construct a closed neighbourhood V of S'xI and a c. o-regular
function Zﬂ SxI, Vu%G G', which is a homotopy between e and f. Then,

the c.o-homotopy k can be replaced by the c.o-homotopy M given by:

11

e(x) VreS, Vte LO"-E':_]

. 1 2]
M(x,t) = { F(x,3t—1) vre S, Vite |5.3
4

1 2 : |
and, by considering the restriction of M to SX:[E 3], we determine the

real number r, upper bound of the mesh (see the proof of Theorem 11).
Moreover, if I, rg is a cellular decomposition, whichsatisfies the
conditions of the theorem and with mesh - ¢ r, we can construct the
cellular decomposition M= r1L)r'LJr1 rﬂ: FjL)F;L}rg of the pair
of cylinders SxI, S'XI, where ff f“ z,hré are the product decomposi-

tions, respectively, of C><LI’ C" x LI 53<L3, D’><L3 (see Theorem 8).

Then we define the function §: SxI, S'xI-»G,G’' by putting:
(M), vere -1,

g (s) :{ a vertex of H ({M(g")}) if g€ rl-st (P)

a vertex of H, ({Mﬂ?{}) ife'e st F2(ﬁ ) .

e

Hence, by Theorem 11, we eonstruct the o~pattern k of g, by choosing,

if g'e r'—r'_, as value of h(@’), the value g(@") = M@®E’). In this way
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A

h coincides with M on S)<[b,%] and S X

1
N
™
b
| S
O

REMARK. - If G 1s an undirected graph, it is not necessary to con-
PN
struct the extension k of the function F. (See Remark to Theorem 11).

7) Case of n subspaces and n subgraphs.
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The previous results can be easily generalized to the case between

(n+1)—-tuples (see [3:’ §8b and [5_] %ll)
Let S be a compact topological space, G a finite dlrected graph,

SIJ...,SH closed subspaces of ‘S and GI""’Gn subgraphs of G, such
that Sj 1s a subspace of Si and Gj a subgraph of Gi’ V2,0 = 1y¢..,1,
Jj >7. In this case we have to consider functions f: SJSI,...,SH__;

G,G;5...,G  Dbetween (n+1)-tuples and their restrictions fi8 8,6,
. s fn: SﬁAyGn

7a) Given a c.o-regular function f: S,S s S >G5 G

73 I“'"’Gn" where S
1s compact and SIJ...,SH are closed subspaces, by [5] ééll b, we can
construct n closed neighbourhoods Ui of Sz’ 2= 1,...,n and a c.o-reg-
ular extension k: S,UI,...,UH—%G,GI,...,GH such that k: S’Sl""’sn#%'
G,Gz,...,Gn is c.o-homotopic to f. Now, for all the pairs Ui’si’

71 = 1,...,n, we determine a closed neighbourhood Ki of Si’ included
1in gi' Then, if the filter W is the uniformity of S, by following the

proof of Proposition 9, we can obtain:

1) a vicinity Ve W such that V(A?)f?...f]V(Aﬁ) #Zﬁ: Vr—tuple Agseees

a, non-headed of G:

11) ¥i = 1,...,n a vicinity 2z, of the trace“fllter'%ﬂ of W on U.XU.

such that Zi(Azi)fW fWZ (Akl)_ ﬁf Fs—tuple al,...,as non- headed of
Gi’ and, consequently, we obtaln a vicinity VielJ'/ Zi = V£(1(U£><Ui).

At least, we choose a symmetric vicinity W, such that WoWcC VNV, N..
nv, and W(Ki)g;Ui, 1= 1,...,m.
Given, now, a W—-partition? = {X }_, je J, of the space S, we define a

<o

relation g: S,KI,.. K — G, GI""’Gn by putting, VXj, J € J, the

constant wvalue:
(a vertex of H ({f(X )}) if XJf1K = &

a vertex of H ({fI(X )}) if XJﬁK #,@'and X . (‘]Kz :,@’

iba vertex of HGH({fH(Xj)}) 1t XjfﬁKn #Jﬁi



