0) Background.
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Let X be a non-empty subset of a finite directed graph G. A vertex of
X is called a head of X 1in G if it is a predecessor of all the other
vertices of X. We denote by HG(X) the set of the heads of X in G. X 1s
called headed if H(X) # ¢ and totally headed if all the non-empty subsets
of X are headed.

Given a function f: S — G, where S 1is a topological space, we denote Dy
capital letter V the set of all the f-counterimages of v e G, and, 1f we
want to emphasize the function f, we write Vf = f-I(v).

We call <mage-envelope of a point xze S by f, and we denote by (f(x)> ,
the set of vertices, such that the closure of their f-counterimages includ
the point i.e.. v e(f(m)}d::b-me?f .

A function f: S—G is called o-regular, 1f, for all different v,webG,
such that v is not a predecessor of w,it is VNW = Z. We proved that f is
o-regular 1ff:

1) {(f(x)> is headed, Vxe S;
1) flxl)e H(LF(x)>), VxeS. (See [5], Proposition 2).

So it is natural to define a more restrictive class of functions by sayil
that a function f: S—G is completely o-regular (or simply c. o-regular) 1if
1) ¢f(x)> is totally headed, Vxe S;
t1') flx)e H(Kf(x)>), VxeS.

Afterwards we also consider functions satisfying only condition <', whic
we call completely quasz regular functions. In [5] we proved that a
completely quasi regular function can be replaced by a c.o-regular one Dby
constructing the o-patterns of the function (where an o-pattern of a
function f: S-»G is a function g: S-»G such that g(x)e H(<f(x)>), Vxe S).
In the case of pairs of topological spaces 5,5’ and of pairs of graphs G,
h][S] in order to introduce the o-patterns, we gave the definition of
balanced function i.e .of a function f: S5,8'—>G,G' such that (f(x')>=
=(f'(x')>, ¥Vx'e S'. With reference to this we remember that i1f the

subspace S’ is open in S, all the functions are balanced.

1) Enlargability of sets in a untform space.

DEFINITION 1. - Let (S,W) be a uniform space, where the filter W <s
the uniformity of S. Given a vicinity WeW , we put W(x) = {yflS / (z,y)
e W}, vees, and w(x) = U W(z), ¥Xcs.

x € X

" REMARK. - If (8,d) is a metric space the subsets W& = [(n.a)e Sxs /



qu)<£}’£}0, constitute a basis of the uniformity induced by the

tric d.

DEFINITION 2. - Let (S,W) be a uniform space and W a vicinity of W.

s X of S are called W-enlargable Zf W(XI)FI...ﬂ

ien mn subsets X_,...
1 N

X ) = /.

REMARK., If .7{’1_,.1...1,,}1’?z are W—-enlargable, then all the m-tuples (m;>n),

>tained by adding any n-m subsets of S, are still W-enlargable .

DEFINITION 3. - Let (S,d) be a metric space and X

I""’Xn subsets of
We call enlargability of the n—tuple XIJ...,XH, and we denote by
nl(Xl,...,Xn) the non-negative real number r such that:
WE(XI)n...ﬂ W‘E(Xn) {:ﬁ’ Ve
£ g, VE>r.
REMARK 1. - If ¥ N...n X # #, we put enl(X ,...,X ) = 0, while if
mne at least among the Xi 1s empty, we put enZ(XZ,...,Xn) = diameter
»f S
REMARK 2. - Let Xl,...JXm be a m—-tuple of subsets of S, obtained by

adding to the n-tuple XZJ...,X
Xﬁ)4g enZ(Xz,...,Xm).

, any m-n subsets of =S, then enZ(Xz,...,

REMARK 3. - Let X, 6 # 7, X, Z 7. It results gnuxz_,xg)gd(xl,xg) <
2enZ(X1,X2). In fact 1if we put d(XI,Xg) =7, for all & there exist xe X
o such that d(x,y)< +€. Hence it is Wn+£(Xi)f]Wﬂ+£(X2) Z 4,
i.e. enZ(XI,X2)<'Q+5 = d(XI,Xé) + £. Since € is arbitrary, it follows
enZ(XI,Xg)Sd(XI,Xz).

Moreover let r» = enl(X

1
and y € X

r+ &

. . r+&
I’XZ)‘ For all €>0 1t 1s W (XI)FIW (X22 #'ﬁ.

Then there exist zé:WP+6(Xi)ﬂ)Wr+%%2), ::cJE:XI and m26:X2 such that

d(XI,Xg)éd(mi,a:2)Sd(xzjz)-f-d(mg,z)é 2p + 26 = BEHZ(XI_,XE) + 2&. Since
€ 1s arbitrary, 1t follows d(XI,X2)g'2enZ(Xi,X2). We remark that it may
be d(XI,X2)<72@nZ[X1,X2). In fact 1f S = {m1’$2} Ls the discrete metric
space, where d(ml,mg) = 1, 1t 1is enl({xli,{wg}) = 1.

PROPOSITION 1. - Let S be a compact space and the filter W the uniform

S—

. # _
ity of S ( ), If, for n subsets XI""’XH of S, 7t results er1...n X
n

(%)

We remark that in a compact space there exists only one uniformity

compatible with the topology (see [2] , Cap. 2, §u, n® 1).



= 4, then there exists a vicinity WeW such that XI""’Xn are W-
enlargable.

Proof. - We suppose all the sets Xi are non-empty, otherwise the
proposition is trivial. Since S is compact, VZ = 1,...,n, the family

{W(fiﬂ3 YWeW ,congtitute a basis of the neighbourhoods filter of Ei
(see [Z],(hqh 2 §u, n® 3); moreover, since S 1s normal, the
neighbourhoods filter of Ei 1s closed. Consequently,{W(fz)fW---fWW(?n)}

VWeW is the basis of a closed filter 3 . Now, if 7 is the null filter,
= W(Xl)ﬂ...ﬂW(Xn)_,

there exists Wed® such that W(?I)fﬁ...fEW(fnJ =g

..,X are W-enlargable. Otherwise, since S 1s compact, there

il.e. X5 ,
exists a point x adherent to "3, and since & is a closed filter, x €
WX, )N ...0 W(‘}?n)_, YWe W . Then it is x€ W(_f?:)_, YWeW , 2 = 1,...,n.

As the sets W(fi) constitute a basis of the neighbourhoods filter of

Ei’ 1t follows meﬁ?i, 7 = lyeeesn, 1i.€. xéifjfﬁ...fﬁ En' Contradiction

COROLLARY 2. - Let S be a compact metric space and Xoseeos X subsets

of S such that'fj/7...fY?n = @, then it is enZ(XIJ---,Xn)> 0. O

2) The second normalization theorem.
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DEFINITION 4. - Let A be a non—-empty set, G a finite graph and P
{Xj}: jeJ, a partition of A. A function f: A->G is called quasi
constant with respect to P (w.r.t.P) or P-constant Zf the restrictions

of £ to each Xj are constant functions. Moreover , 1f A 18 a topo-
logical space , f:A—>G 18 called weakly quasi-constant w.r.t. P or

weakly P-costant <f the restrictions of f to the interior of every

Xj are constant.

REMARK. - If pP' = {Xi} , ke K, is a partition of A4 finer than P,

¢ P', then the

1.e. 1f all the Xie.P are the union of elements Xk

function f is obviously quasi-contant also w.r.t. P’.

DEFINITION 5. - Let (S,W) be a uniform space and W a vicinity of W.
A subset X of S 18 called small of order W or a W-subset 1f XxXcCW.

Moreover a family X = {Xj}, J€J, 18 called small of order W or a

W-family zf XjXXjEW, Vg € J.

REMARK 1. - If W is closed and {X },je€J, is a W-family, (%}, ded.

is a W-family .



