
metric. Now the l\iebster scalar curvature lV on a 3-dimensional cont.act metric rnanifold
is dcfÌncd by

1 1 2w= S(n+ 41T1 +2);

by virtue of (2.4) and ilrl 2 = Ihl2, W bccomcs

w= ~(n-nic(O+4)o

Chcrn and Hamilton [11 J stuciied the fundional ElV(g) = f.u l'V dl'g for 3-dimcnsionnl
contaet InuIlifolds as a funetional on A l'egarded as the set of CR-structurcs 011 hd alld
provcd the fol1owing Thcorcm.

Theol'cl.ll 4.5 (Chern-Haillilton). Let A1 be a compact 3-dimcnsiollal cont,ad mallifold
and A tiw sct al mcLrics associatecI to the contaet formo ThcIl 9 E A is a crit.ical poil1t of
EH/(!;') = fM l-V dVg i[ and only ir 9 is K-contaet.

An altertlate proof \Vas givcn by D. Pcrrone [19J. In vicw of tbc work we havc done
so far we cnn prove this theorcm as follows.

Pl'ooC of Theorenl 4.5. CIcarl)' it is cnongh to cOllsidcr f.H R - Ric(Od\'g rl.1Hl
h;.ì.Villg cornputed thc derivatives of cac.h tenn scparatc1y ,ve sec tbat

di}' n° (t) d" -1 (nki l' I mk n k 't,Ot' 21 ik)D Il!- l- ,le ... Vg - - + !m! + r" ...... - t ik( y'
dt 1\1 l=O Al

Thus thc critical point condition is

(Qf - ifoQ) - (if - f!) - 4fh = -ry 0 fQç + (ry o Qf) 0 ço
So far wc have not uscd the fad that we arc in dimension three unJ hence this is thc criticn.l
point condition for the intergral of the gcneralizcd Tanaka-'VVcoster scalar curvature as
ddined by Tallno [22]. Now in dimension 3 we can combine this cOllJition with (3,G) to
gct h = 0,

5. The Abbellu-Thurston lllanifold as a critica) point

In 107G W. Thurston [24] gave an example or a compa.ct symplectic mallifolJ with
no Kii-bler structure. \Ve wilI begin by discussing this manifold bridly and then turn t.o a
natura! RiernanIlian metric on this manifold introduced by E. Abbcna Il]. For ddails or
t.he topological obstruc.tions to a IGihler structurc wc rcfer to [24] or f1 ~ and simply remark
herc that the first Betti number of this manifold is 3 whereas thc oJd-dimeHsional Detti
numbcrs of a compact Kiihler are even.

Let G be the closed connected subgroup or GL(4, C) defined by

1 a" an O
O 1 a23 O

al2,Un,an,a E Il
O O 1 O
O O O e2 11'ia
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i.e. G is the product of the Heisenberg group and Si. Lct r L'C t.he disnetc subgrnup
of G with integcr entries and ~\1 = Clf. Denote by x,y,z,i coordinates on G, say for
A E G, x(A) = al', y(A) = a23, z(A) = al3, trA) = a. If LB is Ieft trans!atioll by il E G,
Làdx = dr, LjJdy = dy, Lil(dz - xdy) = dz - xdy, Lùdt = dt. In particulm thcse fonns
are invariaut under the action of r; let 1t' : G -----lo 1.1, thcn there cxist I~fonns 0'1, 0:2,

0'3, a.t on 1\1 such that dx = 71"·Ql, dy = 71"·«2, dz - xdy = 11"·0'3, di = n*a4' Sctting
n = 0',1 /\ al + 0:2/\ 0'3 wc sce that il /\ n f- oaud dn = o on lÌ/[ giving 1\1 a :~'ymf!lcdic

strueture.
The vedor fìclds

• a
Cl =-,ax

a a
e2 = -+xay az'

a
e3 = --,az

a.re dual to dx, dy, dz - xdy, dt a.nd arc left invariant. Morcover {ed is ortlLOllormal witb
rcspcct to the lcft illvariant mctric on C giVC11 by

d.' = dx' + dy' + (dz - xdy)' +dt'.

011 Al thc correspollding metric is 9 = L ai 00'i. Thc Riemannian manifold (lVI,g) IR

rdcred to as the A bbena.-Tbul'ston manifold.
lvlorcover Al carries an almost cornplex structure defined by

Then noting that !i(X, Y) = g(X, JY)l we see that 9 is an associateci metrico
Thc curvature of 9 was computed by E. Abbena in [I). \Vith resped to thc bo.si$ {CI}

thc non-zero componcllts of thc curvature tensor are

Thus the Ricci opcrator Q is given by the matrix

1
= --

4

l
2
O
O
O

O
1,
O
O

O
O

1,
O

O
O
O
O

alld we note that Q2 is pnrallel with rcspect to the Levi-Civita connection of g but tlwt Q
is not parallcL

The following observation slcms from convcrsations betwccn vVon-Tac Oh :-md m)'sclf.

Pl'opositioll 5.1 (Blair-Oh). The Abbcna-Tlwl'ston mrtJJifold is a. criticai poillt of thc
flJllctionai

l(g) = r (4 trQ' - R) dV,JM 3

on ;\,1.
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Sketch of the proof. Cornputing thc criticaI point condition for 1(9) 011 A1 iu g(mcral
wc fìnd tliat it is

m k 1 14 3
-2Rim R ,R j + 2R,,) + 2(31rQ - R)gij = cg'j.

Now since Q2 is para.1lel and q3 = tQ on the Abuena-Thurston manifolù wc scc tlmt tliis
Hlctric Oil the undcrlying manj[oid AI = Gjr is a critical point of [(9).

:Frorn thc exprcssion far Q it. is dear that (AI, g) j.~ !lot Einstein noI' is QJ = J q.
Thu;, this lllctric is not a critical point for A(g) = J~1 RdVg considcrcd as a functiolwl OH
/t--f or on A or for [(g) = f~J fl- R- dVg on A. In pa.rticuiar it docs Bot givc a nega.tive:
iwswcr t.o thc qncstion of wll(~thcr 01' not an aimost I\.i:ì.hlcr manifold f:~tisfyii.1g qJ = .lO
is I(ahlcrian. On thc other hand (A1,9) is a criticaI point far I( in a dift'erent context; C.
1'",L \\faacI [25J showcd tllat tbc Abbena-Tllluston manifold is a criticlll point of I\T <idinc'<1
with rcspcet lo variations thwugh almost complex structures .l whiclt preservc g. F'vr this
problcJn thc critica.l point cOlldition is

[J, V'VJI = O,

wÌlel'e \,7*\7J is lhe rongh Lapladan of the metl'ic in questiono

6. ProLlclllS involving other iHtegrands

Finally wc lurn to a Ll'ief ùiscussion of some reIatcd problclllS. 111 t.he Ricrm~nnian

g:coll1clry of contact metl'ic munifolds tIte tcnsor fic1ds l and 5 dcfincJ by IX = R(X10~

and S(X, Y) = R(X, y)~ pIay important 1"Oles. For cxample on a K-cont.a.et rnanifold l is
Ll!c idellt-ity anù on a. Susakian manifold S(X, Y) = 1](Y)X - 1]( ..\ )1". l\.rlorc genernlly wc
have nc)teo (cquation (2.3) tlmt

Thus il seelllS reasonablc to considcl' funetiona.ls cicfined by integrals suclI as JI\1 111 2 d\-'~

alIcI fAf 1512 d\/~. In tbe ca.c;e of t11e first of t11ese t-.1r. S. n.. Dcng computed the criticaI
point conùiiion or J~l 111 2 dv~ as a funclional on A <lnd notcd the following.

Proposition 6.1 (Deng). Ld Al be a compact cOIltaet mnllifold E:nd A f.lle set ofme/l'ics
flssocintcc! to thc contaet lol'm. Tllcn a. J(-eont<lct l1lefj'ic is a crit.ienl noint af f.1JC [Ullct.iOl1éli
ffl,.f 111 2 dVg 011 A. lvIorc generali)' if for a metrie 9, Veh = O, thcl, !i is il. nif.ical poiJJt j{

and oniy if lt 3 - h = O.

Thc original functionals .4(g), B(g), C(g), D(g) OH A1 have bceu sludy fnrthl'I' in tlte
cOlltext of conlact geomctry by Muto [17J a.nd Yalllagl.lclli and ChD.man 12fJ: thc generaI
thrust. of their -"vol"k is lo snppose lliat a criticl11 poiilt is a Sastlkinn mdl'ic. For cXl\.mplc
wc hayc the follO\vìng n~sults.
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