
base manifold is of constant curvature -1, the non·zero eigenvalues of li m'c ±2, each wilh
multiplicity n.

3. Integrals of scalar curvatures Oli synlpleclic alld contact lTlallifolcis

Wc now wanl lo considcr a number of integrai functionals defincd on the set of metries
associatcd lo a syrnplcetic or contact structure. To begin wc ncccl to scc how thc sel A of
a'5Socialed iTlelric.s sits in the sel J-\.1. of alI IUcmannian lllctrics with the same tatai "'u1tllllC;
for a more c1ctailcd lrcatment sce [5].

Lct Ai Le a symplectic manj[old and gt = 9 + tD + 0(t 2
) bc a palI! of mctrics in A.

VIe wiU lise thc same letter D to denote D as a teusor :-lcid of type (l,l) and of t.ype (0,2),
D i

j = gik Dkj. Now

g(X, JY) = ll(X, Y) = g,(X, J,Y) = g(X, J, Y) + fg(X, DJ,) + 0(t 2
)

from which
J = J, + tDJ, + 0(t 2

).

Applying II 011 tbc right and l vi the left wc have

J, = J + t.JD +0(t 2
).

Squaring l.his yielcls J D J - D = Oand hencc J D +DJ = O. Converscly if D is a symmctric
tensor fidd wlùch anti·-commutes with J, tlicn 9' = ge tV is a path of associateci mcLrics.
'Ve surnmarize this <'lnd thc corrcsponding rcsillt in lhc cOll.tad case <lS follows (d.[!j]'IG]).

Lenll11U 3.1. Let IvI be a symplecUç or contaet mnnifold and 9 E A. A. symmctric /eIl.'S0!'

flc1d D 105 tangent to a path in A at 9 if MId only if

DJ+JD=O (3.1)

in tIle sympleetic case and

in tIle contact case.

D( = O, Dt/> + 1,D = O (3.2)

Similar to thc role playcd by Lemma 1.1 in criticn1 point problems 011 A1, wc !lave tbc
following lemma for critical point problems on A.

Lel111Ua 3.2. Let T be a seconci order symmetric tensor fle1d on M. Then fM Tij D i ;- dl'g =
O for all symmetric tensor nelds D satifyi1Jg (3.1) in tllc sympleetic case alJd (3.2) i1J thc
cOIltact case i[ arld oIlly i[ T J = JT in t11C symplectic case and .pT - Tt/> = 'I 0 .pTf, ­
(110 TI'jJ) 0 ein tlic contact case (i.e. 4J aIld T commutc WhCIl rcstricted to tlle contllct
subbundle).

Proof. VIe give the proof in the sympleetic case; the proof in thc contact case bcing
similar. Let XI, ... X 2n be a loeaI J -basis defined on a neighborhood U (i.e. XI, ... X 2n is
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an orthononnal basis with respcet to 9 and X 2 i = .JX2i-l) aneI note thrl.t thc fìrst v~ctor

field )(I ma.y be any uni t vector fielcl on U. Let f be a eco function with compad support
in U ane! define a. path of lllctrics g(t) as follows. fVlakc no change in 9 outside U Imd
\Vi thin U change 9 only in the planes spanllcd by X I and X 2 by the ma.trix

(
I +tf+ lt'f'

~t'fl
lt'f' )

l-tf+~t2f2 .

It is easy to check that g(t) E A and clcarly thc only non-zero componcnt.s or D are
DII = -Dzz = f· Thcn 1M TijD ij dVg = Obecomcs

'l'hus since Xl \Vas any unit vector fidJ. O.t U,

T(X,X) = T(JX, JX)

far any vedor field X. Sincc T i5 symmetric, linearization givcs T J = JT. Conn~rsely) if
T commutcs with J and D antl-commutes with J, then trTD = trTJDJ = f,rJTDJ =
-trTD, giving TI] Dij = O.

Theorenl 3.3 (Blair-Ianus). Let A1 be a compact sYJIJpled.ic manifold anJ A tlle set
of metrics associatcd to tlle symplectic formo Tben 9 E A is a crifical poinf, of A(9) =
J

M
R dVg if and only if tile Ricci opcrator o[9 COm11l11tcs witll tlle (llmost COlnjJlt.:x stJ'ueturc

concsponding to g.

Proof. The proof is again to compute ~11d" t = O for a.. pat.ll g(t) in A. Sil\("c ,,11
associated mctrics have thc same volume e1cment tllis is casier th,Ul ili thc RicOlilnuin.ll
casc. In particular we have,

dA

dt

Settin o 'o

•

= - r Rji Dji dV"JM
tIte ather terms being divergenccs and hence contributing notlling to the ilitegnll.
'~/tllt=o = 0, thc result fo11o\\.j from Lemma 3.2.

\Vc now revicw some known properLies of almost. Ki:i.hler manifold. First of ull

'hJ', = O,

11
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an <Jl1110St lIenuitian strueture s;).ti~:;fying this 1ast conditioll is cnll il quit::;i-Kii1Jlcl' st.l'lIc/l.lrc.
Tllc .·]ucci tcnsor anJ thc *. scalar curvai urc are defincd by

Thc Ricci idcntit.y vields- -
,. \7,J.' -- (R k - R' )J '. i ~ ) - ·t 'kt)

whcre Rkt }/ i~; ~k/~\Y-f,ymmetricin j and J..:. Thcrcfore

(3.5)

Thc fnost important propcrt.y of R* is tllat

und lWllce R. - R* :S O with cqH::tlity holding if and only if the metric is Kilh1er. Thus
Eiìhlcr mctrics are maX;lna o[ Lhc funet.ional

1:(9)= LR-R'dVq

on A and thc {J,-lcsl,ioll that S. Ianus and I (8} were first intcrested in was '.vLcther thcse
WCl'C thc only cùLcal poillts. 'fhe surprising result is that. tIte critici)1 poi'~~ conditinl1 is
ilgain (JJ = JQl Q denoting; thc Ricci opcra.l(!l·.

Thcore111 3.4 (Blair-Irmus). Let AI be a compact sYJllpledic m;wifold alJd A t1w sct of
metricc; A":.nc:iat.ec1 to thc symplcetic fonn. TllCn g E A is ('l. criticai point or ]{'t!,r) i[ f1IlJ
only ji CjJ = JQ.

Proof. To compute (~{r a.t t = O, we must diffcrcntiate R· = Ri/.;uJk1Jit "long a pnth [](t)
in A. Sillce n is fixcd,

1=0

-o- , 01' ]

l==: o
D'"'J= - mj,

oJ"--
DI 1=0

-o- .

Thcn pro<:ccding as Lefore using (3.3)

dJ{
dt

= r I-Ri"' + vi(J''''vdii) +R'i"']D,,,, clV,.
t:::O } Ai

Dy Lemma 3.2, thc critica! point condit.ioll is that thc syrnmdric part of thc cxprcssioll
111 Lrackcts cornmutcs with J. This is a long cquntioll; SUlUe of its tcrlllS callccl by virt.ne
of the quasi-IGihlcr condition (3.4) and tlte other tcrrns comLinc by virtuc of (3.5) lu givc
thc l'csult.

The questioll as to whether or not on an almost !Gih1cr manifold satisfying qJ ;;;; Jq
is Kiihlcrian scems to be difficult. In [13] S. L Goldberg showed that if J commutes

12



with thc CUl'vnturc operatcr, thcn tll<> metric is IGi.hlcri:tn 8nd conjecturcc1 that a compact
almost-IGihler EinstC'in lHanifold is Kah1e1'ian. K. Sckigawa [20] proved th(ìt a compne.t
ailllost-1GJllcr Einstein manifold with non-negative scaim curvature i.s IGi.hlerian.

In [9] A. J. Ledgcr and I proved tlle contact all<1lo.~ucs of tllese thcorcnu;, which we
prC'scnt bere without proof.

Thcorenl 3.5 (Blair-Ledger). Lct A! be a compact cOlliact rn;lJli[old a11<1 A tlle sct of
rnet6cs a~snciaf.cd to tlw contaet formo Tlwll!J E A is il. criticfll point of A(g) = fM nd"~

if [Illd anI]' if q alleI ~ conl:nutc n:hen rcstrictcd to t11C contact subLuJlcIle.

'l'his illtcgral \Vas furthcr stuclicd in dimcnsion 3 by D. Pel'rone [10J, who gave the
crit.ica.l noillt condition as

'l' l' l'o scc t:llS, recall
tC!lSOr, i.e.

tll.<:tt in dirnellsion 3, thc Hicd opcrator detennines the full curvature

1/.(X, Y)Z = (g(l", Z)QX - g(X, Z)QY + g(QY, Z)X - g(QX, Z)Y)

- ~;(g(Y, Z)X - g(X, Z)Y).-
TIH~rdorc the opcnltor I dcfìned iX = R(X,Oç by is gin'>ll hy

IX = Q X - 'I(X)Qf, + g( Qf" f,)X- g( Ci X, Of. - ~ (X - 'I(X)ç)

from wllicli
(14) - 4>1)X = (Q 4> - <j;Q)X + 'I(X)4>Qf, - g(Q4>X, f,)f,. (3.G)

TllllS thc criticaI point condition is [ti> -1>1 = O. Now recall clluations (2.2) and (2.3), vi;.;.
~(-I + 4>1\;) = h' + 4>2 anel V,h = 4> - 4>h' -1'/. Applyil1g 4> t.o t.he fil'St. or t.hcse '\Ild
addillg to the sccomi gi ves V ~ h = ~ (14) - 11» and thus tbc criticaI point c01H.1i t.iOll nwy be
cxprcssed as '\7{h = O.

In the cont.aci case thc *-sc<Jlar curvature is defined by n* = Rikll,rpUljJit amI it \vas
shown by Obzak 118J t.hat.

1/.-1/.' - 4'112 = _~iV"'12 + 2" - (l'h' < O?' 'l' __-
with cquality holdillg if and ody if the metric i8 Sasakiall.

Theorenl 3.6 (Blair-Ledger). Let 11'1 be a compact cOlltact Il1<JJJifold R.nd A tlle set
af mctrics associatecI f.o the contilct fonn. Then 9 E A is a crif.ical jJOiIlt. of 1":(.1}) =
fM R - n* - 4n2 dVg if and on1)' if q - 2nh and <P commllf.c wlwn rcstIidcd t.o thc COlll..lcf.

suLoundle.

In dimcnsion 3, thc argmnent giving PClTone's resl.lìt gi\'es tlw critical poillt conditioll.
as \7~h = -2q,h, a condition that will be importa.Jlt in the next 1ccLurc.
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Far contact manifolds of general odd dimensionI if 9 is critical for both A and J( l

h = O so ç is Killing. To see this note that the commutativities of Thcorcms 3.5 and 3.6
t.ogcthcr imply that <jJh = h</> but </>h = -h</> and hcnce h = O easily fvllows. As "vith
thc almost Kah1cr case, thc question of whethcr or not a K-col1tact structm·c sati:->fying
Q</> = t/>Q is Sa..c;akian \vou1d sccm to be difficult.

4. IntegraI of thc Ricci curvature

in thc directioll of the characteristic vector fieid

\Ne devote this section to a <.1iscussion of a particu1<1r fundiona1 defined 011 thc sel of
mctrics associatc<1 to a contact strncturc. The main thcorcm is the follO\ving [6].

Theorenl 4.1 (Blair). Let ~H be a compllct rcgular cOlltact mani[oId 8wl A the sct
of metrics associatcd to the conta.ct formo Then 9 E A is a criticaI point of L(!J) =
fM Ric(ç) dVg if aJld onIy !f g is [(-contado

One Inight conjeeturc this without thc rcgularity, howevcr wc have thc following COUll­

terexamplc: Thc stanciaI'cl contact metric strudure on the tangent spherc lnmdlc of a.
compact surface of constant curvature -1 is a criticaI point of L bllt is Ilot K-contact. It
is a result of Y. Tashiro [23] that the stanciard contact metric structure on the tangcnt
sphcre bunclle of a Riemannian manifolcl is K-colltaet if anel only if thc base manifold is
of constaat curvature +1. Also recali the result of [4] that thc stanclard COllLnct structure
of the tangent sphere bundle of a compact lliemannian manifo1J of non-positive constant
curvature is not reguiar. Our second rcsult is the folloy... ing theorem [7J.

TheorelTI 4.2 (BIair). Let TI 111 be the tangent spllcl'e bundIe of a compact R.iemannian
J:ll<UJifoId (iVI I G) and A t.he set ofalI Riemallnian metrics associated to its sti.Uldard contDct
stl"ucture. Tllen tlle standard associated mctric is [l. criticaI point of thc [unctionaJ L(g) if
and onIy if (A[I G) is of const;wt cun:ature +l or -1.

Rccall that by a K-contnct structure wc menn a cont.i:u;t rnetric structUl'C for whicll ç
is Killing auci that this is thc case if alld only if h = O. Rccall a150 equation (2.4), viz.

Ric(O = 2" - trh'.

Thus I\-c'mtaet mctrics whcn they occur are maxima for thc function L(g) OH A. Also
the criticaI point qucstion far L(g) is the same a..c; that fe! fM Pd:! dVg or J~u ITl2d\/~

\Vhere r(X, l') = (L(g)(X, l') = 2g(X, h4>1'). This last integral was studie<1 by Chern ""d
Hamillon [11] for 3-dimeusiona1 contact manifolds as a fUllction~ l OH ..4 regardeJ as thc
SeL of CR-st.ructures on M (therc was an errar in thcir calcnlation of thc criticaI point
condition as was pointed out by Tanno[22]).

Proof or Theorenl 4.1. As with our utIler critical point probIf'lUs, thc first stej) is
to compute ~/( at t = ofor " path g( t) E A

dL 1( I i , m' R' i,"t, + 21 ik)D d"
I

= -tmn - '.$<,.1., . L ik Y g .
{t (=0 M
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