
for some constant. c an<1 hcricc that g is Einstein.

In (lti] Y. Muto computed thc second derivuti,'c of A(g) at a. critica! point und showcd
tha.t thc indcx of A(g) and the indcx of -A(g) axc bolh positive.

Y. ìvluto also considercd the second dcriva~ivc of D(g) from thc followillg point o[
view. Let V denote the diffeomorpllism grnui' of A1; if f E "DJ then D(f*g) = D(g) amI
llCl1ce wc ~have an inJuced rnnpping iJ : .~ -~ R. ~Ve say that a rnelrie 9 is a crit.ica}

poillt of D if its orbit under "D is a criticaI poiHt of D. As wc have notc<1 il n,iCHl:lHlliilll
rnetric of COIlstant curvature is a critical pe!J:t. of Di in [lG) Y. fvluto pl'Oved thc followitlg
rcsult.

Theorenl 1.3 (l\1uto). If .~1 is dùTeomorpllic to a SphUC_[llld [J is a metric of positi\'c
constant curvature, then the index of D aud tlle illdex of D are both zero ;md D lws .'l

loc;.l1winimllm at g.

2. Sympìectic alld contact lllanifolds

Dr a symplcctic mauifold wc mean a eoo manifokl J-J211 togdher wit.h a closcd 2-LlTll
n such that nn -:J. O. By a cOlltact manifolJ we mcan a (:~") manifold 1\{211+1 togcllier \vith
Cl. l··fonn '7 such that '7/\ (dI,t:/:- o. It is weli knuwn that givcn '7 therc cxi:-;ts a ulli<l'.tc
vcdor fielJ ç slleh that d17(ç, X) = O and ,/(0 = 1 ca.lled the cll<ll"f1ctcristic ,'cetor fìdd
of thc contact strueture 7]. A contact structurc is saiJ Lo be regulal" if cvery point has a
neighborhood sucb that any integraI curve or ( passing tltrough thc ncighborhootl passcs
through ollly oncc. TIle celebrated Doothby-vVang Thcorem [lO] statcs that a complld.
rcgular cotltact manifold is a principal ch'de bundle over a symplectic rnanifold of intcgral
class. The Hopf fibration of an odd··dimen~ional sphcre 52n+1 as a principal ciI·cl-.: over
complex projedivc spaee PC" lS a very well known cxample.

Lct us now consider thc ltiemannian geometry of tltcsc rnanifolds. For a symplcetie
manifold !II lct k bc any llicrnannian rnelI-ic and Xl,' .. l X 2 n. be a k-ort,hoIlormal h;LSis.
Consider the 2n X 2n matrix n(XiJXj)i it is 1l0n-siIlgular and henec may be writ.ten as tIte
pro;l':.ct CF of a positive detìnite synunetric rnatrix Gand an orthogonal matrix E'. G tl1Cll

defincs a new metric 9 aud F defines an almost complcx struet.ure J i cliecking thc overlaps
of loca.l clmrts J it is easy to Bee that [J amI J are globaìly definec1 Oli AI. Thc kcy point
is that n(X, Y) = g(X, JY) whcre 9 and J are createci sirnultaneously by polal·i7.atioll. A
metric 9 crcated in this way is calted an associated metric and thc sel or these metrics will
be dCIlot.eù by A. In particu1<lr A is thc sct of aH alulOst ·E:i'hler metri es on lì! wltidl Im.vc
n as thcir funciamental 2-form. "Ve note also that al! nssociatcd mctrics !lave thc SMHC
volume elcmcnt dV = 2"1 I nn.".

In thc eontact case we ltave a two step proees~ for construeting associateci mctrics.
Starting with any Riemannian metrie k' l Jefine a metric k by

k(X, Y) = el-x + 'I(X),;, -Y + ,,(nO + 'I(X)1](Y).

k is a. Riemannian metric with respect to which 1] is tllC covariallt [onu of (. Pola.ri7.illg dII Oll

the contact subbunJle {rl = O} using k as in thc symplcctic case gives <Ul a.ssociatcJ Illctri<'
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9 and a tensor field q, or type (l,l) sueh that q,' = -I + ry <8) ç. As in the symp1cctie case
d11()(,Y) = g(X,ifY). VI/e alsa rdcl' to (1],g) or (<p,f",.,.g) as a contact metI"ic st.1'lu.:tuJ'e.
Far any associaLed metric dV = 2,,111 !1];\ (d?,)".

GiVCll a contact rnetric structure (4J,C'1'9) we dcfinl: a tensor fidd h ì)y h = t[~ç6. h
is a symmetfic operator which anti-commutcs with <r; }I~ = O anù h vanisiles if ami ollly if
~ is Killing. \Vhen ~ is IGlling, the contaet metric is said lo be ](·contact. \1'C nlso ll<we
UIC folìowing uscful formulas irl'lOlving h 011 a contact met.ric manifolcl.

~ (lI(ç,X)ç - q,1I(ç,q,X)ç) = h'X + q,' X

('v~h)X = q,X - h'q,X - q,lI(X,ç)ç

RicCO :_. 2n - trh2

(2.1)

(22)

(2.3)

(24)

Far a genera} refcrcnce lo t.hese idt>r\5 see (3J.
V\'e close t1~is introc!aetion to sYlllplcetic and contaet manìfolds wiUI an cxo01.plc. Ld

III be an (n+l)-Jililcllsional eco E1allifulcl and if : Tl\1 ---t 1\1 its tangent buudle. 1f
(xl, ... ,:t"+l) are loc,J c.oordiwltcs olll\I, sct qi = xi on; thCll (ql, ... ,qn+l) togetlH'r
with the fil.nc coordinatcs (t,l, ... ,V ll +l ) fonn loeal çoorciinates olll'M. lf X is a ved.or
fichi on AI, its vcrtic.1.1 fjn. X v on 1'11-1 is the vedor field Jefincd by XVw = w(X) or. wlH're
w is a l·fonn on iVl, \vbieh on thc ldt side of this equat.ion is regardcJ as il fUllct.ion Oll Tkl.
For an amne COrlllcction D 011 1\:1, the }wri.zonl.éll1jft xiI of X is ddined by X11w = D.xw.
Thc cOl1llcdù...'1l Ulil]l J{ : TTlvf ---t TJ"f is dcfined by

J'vll O J'(Vv) v\..'1. =-~, \ ..1. t ="1."(1»)

TAl a,t1mit:> an almost complex strudure J dcfincd by

t E TM.

J vH_X'V JvV __ "1I..'\. - , .. '\. - ..\. .

Dorubrowski [12J showed that J is integrable if and only if D has vanishill~;, _urvaturc and
torsion.

If now G is a Ricmannian metric on 1\1 nnd D its Lc\'i-Civita cOHucct.ion, we clcfine ti

RiellHlnnian metric 9 on T 1\11 called the Sa..<;;aki metric, by

ij(X,Y) = G(ir.X,ir.Y) +G(J(X,KY)

wherc X and Y are vcelar fidùs on TAl. Since ii-. oJ = - I( and J{ o J = ii .. , 9 is Hermit.ian
for tlw alrnost complex strueture J.

On TM dcfine a l-form fI hl' {3(X), = G(t, ir.X), t E TAl or'equiva1cntly hl' (he loc"l
expression f3 = l: Gijvicfqj. Thcn d{3 is a s)'mplectic structure on TAl and in P;l! ticnlnr
2dfJ is tIte fund<ullental 2·form of t.he almost Hcrmitian strudurc (J, g). Tlllls T 111 Ims an
n.illlost IGililer structure which is Ka,ltlcrian if aad onIy if (l\I, G) is fiat (Dombrowski [12],
'fachitana and Okumurll [21]).
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Lct R denote the curvature tensor of G, V the Le-vi-Cì':it,t\. eonnection of g ..md R thc

curvature tensor of g. Complete fOl'Jnulas for V aucI Il <.:an be found in [14]; hcrc wc givc
just two of tite fou1' fonnulas ùescri1.>ìng the connedion.

('lxv yll), = - ~ (ll(X, t)}')"-
(Vx"yll), = (DxYJ:f - ~(lllX,Y)t)V-

(20 )

(2G)

Tbc tnngent sphere bundle 7r : T 1A1 ~ 1\1 is the hypersurface o[ TAl ddì.ncd by
L Gijviv i = 1. Tbc veder fidJ iV = vih~,7 is a ullit nonnal, H.::; weli ilS thc po~it.inll ,"cetor
for a. point t. Thc vVeingnxten rna.p A of TI tV! wi th rcspcct lo thc 11onu;ù N is gi', .:H

by AU = -U for any vcrtical vedor U amI AX = Ofor aHY Ìlorizonl;al veeto!" X (scc e.g.
[3,p.132]). 'l'hus mf:IllY cornputations on Y~,\.1 i.,volving 1lorizonta1 vcet.or flchls caH be done
dircd.ly on 7'1.1.

Let 9' denote thc metric 011 TI.:"! induccJ from 9 on TAl. Dcfìnc q/, (' n.uJ 1/ on TI !lI
by

(' 00 -.JN, .JX = q/X + ,/(.Y)N.

1/ is tlle comad fonn 011 1'J Al induced from the l~fonn fJ on 7'lH as U1"H' cnn casily check.
Ho\Vcver g'(X, fj/Y) = 2d,,'(X, Y), so stridIy fjpcaking (lf', ç/ ,11', g') is not <.'\. CUIltacl. lIlctric
structure. Of coursc the diHiculty is casily redifìcd and wc sh<.l.11 t<l,ke

l, / ,1,
'I = -'I t = 2 t ~ = ~ 9 = -'I2 , ... ":.,'t' 't', 4'

as tIte stnnJa.rd eonl.a.ct nletric structure OH 1'11'1. In Ioeal coorc1inn.t.es

(2.7)

OH TAl thc vector field v i ( a(~,)H is l.he so-cal1eJ geodesie flow.
\Vc can 110W compute \7( iII two ways, hy equn.t.ion (2.1) élnd by using (2.5) «nd (2.G).

Comparing thesc we can determine thc tenwr fìel(l Il for the st,alid<trd contact rnetric
strllctUl'C 011 TIM. Far a vertical vedor U at t E TI Al we have

•

FuI' a 1Jol'izonta1 vedor X orthogonal to ~ we have

For cxa.mplc, if tlle base rnanifoJ\l (Al, G) is of constrlllt curvalure +l, thc stI"lJct.urc on
TI Al is I<>contaet (Tashiro (23]). If thc base rnauifold is fia.t t.hCll tbc 11on-/.:l:ro cigcllVallJ('s
of Il are ±l, each "yith muItipIicity n, anJ T l l\1 is locally EIl+I x SIl(4), 4 bcing the
constant curvature of the sphere O\ving to thc homot.hctic clwup;e in metric (2.7). If thc
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base manifold is of constant curvature -1, the non·zero eigenvalues of li m'c ±2, each wilh
multiplicity n.

3. Integrals of scalar curvatures Oli synlpleclic alld contact lTlallifolcis

Wc now wanl lo considcr a number of integrai functionals defincd on the set of metries
associatcd lo a syrnplcetic or contact structure. To begin wc ncccl to scc how thc sel A of
a'5Socialed iTlelric.s sits in the sel J-\.1. of alI IUcmannian lllctrics with the same tatai "'u1tllllC;
for a more c1ctailcd lrcatment sce [5].

Lct Ai Le a symplectic manj[old and gt = 9 + tD + 0(t 2
) be a palI! of mctrics in A.

VIe wiU lise thc same letter D to denote D as a teusor :-lcid of type (l,l) and of t.ype (0,2),
D i

j = gik Dkj. Now

g(X, JY) = fl(X, Y) = g,(X, J,Y) = g(X, J, Y) + fg(X, DJ,) + 0(t 2
)

from which
J = J, + tDJ, + 0(t 2

).

Applying lt 011 tbc right and l vi the left wc have

J, = J + t.JD +0(t 2
).

Squaring l.his yielcls J D J - D = Oand hencc J D +DJ = O. Converscl)' if D is a symmctric
tensor fidd wlùch anti·-commutes with J, tlicn 9' = ge tV is a path of associateci mcLrics.
'Ve surnmarize this <'lnd thc corrcsponding rcsillt in lhc cOll.tad case <lS follows (d.[!j]'IG]).

Lenll11U 3.1. Let IvI be a symplecUç or contaet mnnifold and 9 E A. A. symmctric /eIl.'S0!'

flc1d D 105 tangent to a path in A at 9 if MId only if

DJ+JD=O (3.1)

in tIle sympleetic case and

in tIle contact case.

D( = O, Dt/> + 1,D = O (3.2)

Similar to thc role playcd by Lemma 1.1 in criticn1 point problems 011 A1, wc !lave tbc
following lemma for critical point problems on A.

Lel111Ua 3.2. Let T be a second order symmetric tensor fle1d on M. Then fM Tij D i ;- dl'g =
O for all symmetric tensor nelds D satifyi1Jg (3.1) in tllc sympleetic case alJd (3.2) i1J thc
cOIltact case i[ arld oIlly i[ T J = JT in t11C symplectic case and .pT - Tt/> = 'I 0 .pTE, ­
(110 TI'jJ) 0 ein tlic contact case (i.e. 4J aIld T commutc whcn rcstricted to tlle contllct
subbundle).

Proof. VIe give the proof in the sympleetic case; the proof in thc contact case bcing
similar. Let XI, ... X 2n be a loeaI J -basis defined on a neighborhood U (i.e. XI, ... X 2n is
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