
1. The classical integraI fUllctionaJs

Thc study of the integraI or the scala.r curvature, A(g) = 1M RdVg , as" fundionai
on the sct M of aH Riemannia.n metrics of the same tota! volunle on a compa.ct ori
cntable manifoId 1\1 is now classica!. Moreover other functioIls of thc curvatnrc b<1ve
Gecn takcn as intcgrands, most notaG!y B(g) = fM Il' dV" C(g) = J~ IIlici' dV" anel
D(g) = l,H IRieml 2 dVg , whcre llic dCllotes thc Ricci tensor amI TIicm dcuot~s thc full
Ilicmannian curvature tcnsor; the criticaI point conditions for thesc havc becn çwnputctl
Gy Berger {2]_ A n.icrnannÌan metric g is a crÌt;ca.l point of ....1(9) if and oniy ii' y is an
Einstcn metrico Einstein metl-icR .q.re criticaI for E(g) and C(g) mleI metrics of constallt.
curvature ana IGihler melrics cf constaut holomorphic curvaturc are criticai fur DCg) uut
noto uccessarily conversel)'.

QUI' stuciy in these Iectures ic:: primardy motìvatcd by two killds of qucstiOllS.
1. Given an integml functionn.1 rcstricteJ to a smn.ller sel of rndrics, whn.t is the cril.i~

cal point condition; one \vouid expecl a weakcr 0lle. Tbc smallcr scts of met.rics wc hn,\'c
i1l rnind .we the sets of metrics associateci to a symplcctic or contaet ~tructt1re. 2. GiVCll
thcsc scts of metrics, are there othcr natural iutegrancis dcpenJing oa thc structurc 1:\S \VelI
as the cm-vature?

To set the stage for our study let us first prove that a Rjemanniall met.ric is critica1 for
A(g) if anel only if it is Einstein. Let Ai be a compact crientablc ma.nlfold and .iV! tbe set
of alI Riema.nnian metrics llorma1i;~ed by the conditÌon of havlng tl1e snme tatal volume,
usually taken to be 1, but wc don't insist on the particll!ar vnlue in a. giwm prob!cm_ \Ve
Legin with thc following lemma.

Leuuua 1.1. Let T be il second Ol-dcr s)'l1Imctl'ic teJlSo~- ficlù on 1ì1. T1Jcll J~H 7'ijD ij dV1
O[or a11 symmetric tensor fìc1ds D satifyil1g JM D; dV1 = O jf mIei oni)' jf 7' = (;g {or '":IJlIlC

constaJlt c.

P roof. Lct X, Y be an orthonorrnal pair of veelor fields on a ncighborhood l ( on Al a.ml f a
C'oo function with compact suppol"t in l/. Regarcling X aneI Y as pal"t of a loeal orthonorH: l
basis, define a tcnsor field D on Ai by D(X,X) = f aneI DCY: Y) = - f, with nH othcr
components equal to zero and D = O outside U. Thcn fM (T(.\,X) - T(l', l'))! dV, =
O fuI' nny C'IX> function with compact support and hCIlCC T(X,X) = T(Y, 1~) for cvcry
orthonormal pair X, Y. Therefore T = C9 far some fUllction c aneI it rClllnins to ::;ho\V t.hal.
c is a eonstant. 1'0 see this let X be a1"1Y veetor ficll: and D = L.Xg, ",here [, c1cnotcs Lic
differcntiation (i.e. D is tangent to tbc orbit of g uucler thc diffeomorphism group). 'l'ben
sincc thc integraI of a di vergcnce v<1-nishes,

1 . 1 .._ I), ,r _ . '.. . _ ') _, 'IJ ~ ,O- T (V,"") + V).\,)d', - -_ (V,I )A) dV"
AI AI

hut X is arbitrar)' so that 'Vj7'ij = O from \vhich we scc that c must be a constallt. Tbc
cOllvcrsc is immediate.

Now thc approach to these critical poillt problems is to differenti ate the fUllctiolln] in
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(lUcstion along a. palh of m.clrics. So let gei) be a path of Illctrics in ...0\..1 and

t=O

its ti'tngcnt vedor at 9 = g( O). \Vc ddil1c two other lenso;: ficlds by

D h - l(VD./' +VD h -v"D .. )" - 2 )' I) )1

Ihj/ = VkD j / - \ljDki h

whcl'c V dCllotes l.he Ilicmanni"'.ll conneetion of g(O) and \ve note l1H'l.t

whcre fl.l.:j,h <1CHOtCS the curv<\ture tensor of g(t).

Theoreln 1.2. Let lv! l)c a compact oricntable C'CIO manifold and M the set of a11 lliemnn-·
nia.n I1JCtÙ:.:s on ]v[ with Ul1it vol!1me. 'J'llcn 9 E A-1 is a Cl'if.ic<.ll poillt or A(g) = J"'.1 RdVg

if Emd only if 9 is Einstein.

Proof. The proof is t.o compute !id~ a.t t = O for a path g(t) in ;\11. First r::ote t.ha.t from
9ijg j

l.: = b;-l
O";; I

:J = __ Dl}.
al It~O

Diffcre:lt.iatinn of tlle voluIne e1emcnt gives

-'I~·dVg = ~ /det(g(l))dx ' II·" Il d.T
n = t )) (~det(9(t)))dVg

(l di 2det g(l. di

Now
dA

di t=O

= fM (D/,;ijkyij - RjiDi i + ~RgjiDjddVg

= r (-R;; + ~Rg;;)D;;dVg
1M 2

since the integraI of a. divergence vflnishes. On the other ha.nd differentiation of f
M

dVg = 1

givcs fM Di dVg = o. Thus setting '~~I L=o = O aud applying the lemma} we bave

l
R ji - 2 Rgji = egji
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for some constant. c anJ hcricc that g is Einstein.

In (lti] Y. Muto computed thc second derivuti,'c of A(g) at a. critica! point und showcd
tha.t thc indcx of A(g) and the indcx of -A(g) axc bolh positive.

Y. ìvluto also considercd the second dcriva~ivc of D(g) from thc followillg point o[
view. Let V denote the diffeomorpllism grnui' of A1; if f E "DJ then D(f*g) = D(g) amI
llCl1ce wc ~have an inJuced rnnpping iJ : .~ -~ R. ~Ve say that a rnelrie 9 ìs a crit.ica}

poillt of D if its orbit under "D is a criticaI poiHt of D. As wc have notc<1 il n,iCHl:lHlliilll
rnetric of COIlstant curvature is a critical pe!J:t. of Di in [lG) Y. fvluto pl'Oved thc followitlg
rcsult.

Theorenl 1.3 (l\1uto). If .~1 is dùTeomorpllic to a SphUC_[llld [J is a metric of positi\'c
constant curvature, then the index of D aud tlle illdex of D are both zero ;md D lws .'l

loc;.l1winimllm at g.

2. Sympìectic alld contact lllanifolds

Dr a symplcctic mauifold wc mean a eoo manifokl J-J211 togdher wit.h a closcd 2-LlTll
n such that nn -:J. O. By a cOlltact manifolJ we mcan a (:~") manifold 1\{211+1 togcllier \vith
Cl. l··fonn '7 such that '7/\ (dI,t:/:- o. It is weli knuwn that givcn '7 therc cxi:-;ts a ulli<l'.tc
vcdor fielJ ç slleh that d17(ç, X) = O and ,/(0 = 1 ca.lled the cll<ll"f1ctcristic ,'cetor fìdd
of thc contact strueture 7]. A contact structurc is saiJ Lo be regulal" if cvery point has a
neighborhood sucb that any integraI curve or ( passing tltrough thc ncighborhootl passcs
through ollly oncc. TIle celebrated Doothby-vVang Thcorem [lO] statcs that a complld.
rcgular cotltact manifold is a principal ch'de bundle over a symplectic rnanifold of intcgral
class. The Hopf fibration of an odd··dimen~ional sphcre 52n+1 as a principal ciI·cl-.: over
complex projedivc spaee PC" lS a very well known cxample.

Lct us now consider thc ltiemannian geometry of tltcsc rnanifolds. For a symplcetie
manifold !II lct k bc any llicrnannian rnelI-ic and Xl,' .. l X 2 n. be a k-ort,hoIlormal h;LSis.
Consider the 2n X 2n matrix n(XiJXj)i it is 1l0n-siIlgular and henec may be writ.ten as tIte
pro;l':.ct CF of a positive detìnite synunetric rnatrix Gand an orthogonal matrix E'. G tl1Cll

defincs a new metric 9 aud F defines an almost complcx struet.ure J i checking thc overlaps
of loca.l clmrts J it is easy to Bee that [J amI J are globaìly definec1 Oli AI. Thc kcy point
is that n(X, Y) = g(X, JY) whcre 9 and J are createci sirnultaneously by polal·i7.atioll. A
metric 9 crcated in this way is calted an associated metric and thc sel or these metrics will
be dCIlot.eù by A. In particu1<lr A is thc sct of aH alulOst ·E:i'hler metri es on lì! wltidl Im.vc
n as thcir funciamental 2-form. "Ve note also that al! nssociatcd mctrics !lave thc SMHC
volume elcmcnt dV = 2"1 I nn.".

In thc eontact case we ltave a two step proees~ for construeting associateci mctrics.
Starting with any Riemannian metrie k' l Jefine a metric k by

k(X, Y) = el-x + 'I(X),;, -Y + ,,(nO + 'I(X)1](Y).

k is a. Riemannian metric with respect to which 1] is tllC covariallt [onu of (. Pola.ri7.illg dII Oll

the contact subbunJle {rl = O} using k as in thc symplcctic case gives <Ul a.ssociatcJ Illctri<'
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