
PREFACE

Thcsc notes contai n a written vcrsion of a serics of lcdurcs on critical ruetrics on
sYlnplcctic and contact manifolds dclivcred aL thc Ullivcrsity or Lec~c, 6-16 July 1990.
Thc cont.ent of thesc lecturcs is a study or RiemallIlian metries whiclJ are critica., poiIlts
of var'iolls fUllctiollals dcfincu un va.rious spaccs of mctrics, especiaUy those a~sociatcJ to
a symplcctic or contact strudurc auci is bascd for tbc most p<.~rt OH some of UlC auillOr's
"'..-or1\ and joint work in this area over thc last few years.

Tlle author would like t.u tale tllis opportunity hl thank the Univcrsity ,)i Lecce and
cspccially Professor Domenico Perronc [or their ki!'! :nvitatioll, support anu hospitality.

David E. Dlair

Depi!rtmcnt af NlatllCmatics
A-1idlig;m State Un.('-ersity
EDst LansiJlg, Ivfil.Ligan 48824

3



CONTENTS

1. Thc classical integra! fnnetiona1s . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. l

2. Symplectic and cOlltact manifolcls . " 3

3. Integ"ùs of scaiar curvatures on symplectic ancl contact manifolcls . . . . . . . . . . .. G

4. IntegraI of thc Ricci curvature in the dircdioll of thc characteristic vedor ficld lO

5. Thc Abbena-Thurston manifold as a criticaI point 13

G. Pl'oblcms involving othcr integrancls 15

llcfcrcnccs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 17

.4



1. The classical integraI fUllctionaJs

Thc study of the integraI or the scalar curvature, A(g) = 1M RdVg , as" fundionnl
on the sct M of alI Riemannia.n metrics of the same tota! volunle on a compa.ct ori
cntable manifoId 1\1 is now classica!. Moreover other funetioIls of thc curvatnrc b<1ve
Gcen takcn as integrands, most notaGly B(g) = fM Il' dV" C(g) = J~ IIlici' dV" and
D(g) = l''J IRieml 2 dVg , whcre llic dCllotcS thc Ricci tensor <tnd TIicm dcuote8 the full
Ilicmannian curvature tcnsor; the criticaI point condiLions for thesc havc been çwnputctl
Gy Berger {2]. A n.icmannÌan metric 9 is a crÌt;cal point of ....1(9) if and onIy ii' y is an
Einstcn metrico Einstein metl-icfl :'I..re criticaI for E(g) aud C(g) mleI metrics of consta,Jlt.
curvature antI IGihler melrics cf constaut holomorphic curvature are criticni fur D(g) Gut
noto lleccssarily converseI)'.

Our study in these Iectures ic:: primardy motìvntcd by two killds of qucStiOllS.
1. Given a11 integml functionnl restricteJ to a smn.ller set of metrics, whn.t is thc cril.i~

cal point condition; onc \voulJ expccl a weakcr alle. Thc smallcr scts of met.rics wc hn,vc
ili rnind .we tIte sets of metrics associateci to a sympicclic or contaet ~tructt1re. 2. GiVCll
thcsc sets of metrics, are there other naturai iutegrancis dcpenJing on thc structure a8 \VelI
as the cm·vature?

To set the stage for our study 1et us first prove that a Riemanniall mct.ric is critica.! for
A(g) if and onIy if it is Einstein. Let Ai be a compact crientable ma.nlfoid and .iV! t.be set
of alI Riemannian metrics normaIi;~ed by the conditìon of havlng tlle snme talai volume,
usually taken to be 1, but wc don't insist on tIte particlliar vnlue in a giwm problem. \Ve
ùegin with the following lemma.

Leuuua 1.1. Let T be il second onicr s)'l1Imctl'ic tenso~- ficlù on lì{. Tllcll J~H 7'ijD ij dV1 =

O [or a11 symmetric tensor fìc1ds D satifyil1g fM Di dV1 = O jf llJIei on1)' j[ 1'= (;g {or '":1)lllC

constallt c.

P roof. Lct X, Y be an orthonorrnal pair of veetor fields on a ncighborhood l ( on Al alitI f a
Coo function with compact suppol"t in l/. Regarding X ancl Y as pal"t of a loeai orthonorH: l
basis , define a tensor fielcl D on Ai by D(X,X) = f and D(Y, Y) = - f, with nH other
eomponents equal to zero and D '" O outside U. Then fM (T(X,X) - T(l', l'))! dV, =
O fur any Coo function with compact support and hCIlCC T(X,X) = T(Y,1

P

) for cvcry
orthonormal pair X, Y. Therefore T = C9 for some funetion c and it rClllnins to i;how t.hal.
c is a eonstant. To see this let X be ar;y w:etor fieIl: and D = LX9, where L c1cnotes Lie
differcntiation (i.e. D is tangent to tbc orbit of 9 ullc!cr thc diffeomorphism group). 'l'ben
sincc thc integraI of a divergcnce vanishes,

hut X is arùitrary so that \liTI} = O from \vllich wc see that c must be a constallt. Tbe
cOllvcrsc is immetiiatc.

Now tlle approach to these criticaI poillt probIems is to diffcrentiate the fUllctiollnI in
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(lUcstion along a. path of m.ctrics. So let g( t) be a path of Illctrics in ./Vi and

D·· _ Dg;} I
1) - at

t=o

its ti'tngcnt vedor a.t 9 = g( O). \-Vc ddil1c two other tenso;: ficlds by

]) h ~ Dh ~ r' h
I.:ji = VI.: )1 - VjUkI

whcre V dCllotes l.hc Ilicmanni"'.ll conneetion of geO) lind \ve note l1H'l.t

where n.l.:ji h J,Cllotcs the curVi\ture tensor of g(t).

Theoreln 1.2. Ld Iv! lJe a compact oricntable C oo manifold and M t!le set ofalllliemnn-·
nian I1JCtÙ:.:s on ]V[ with ul1it volume. 'J1JCJ1 9 E A-1 is a Cl'if.ical poillt or A(g) = J"'.1 RdVg

if Emd only if 9 is Einstein.

Proof. The proof is t.o compute !id1 at t = O for a path g(t) in A1. First note t.hat from
jl.: cl..

9ij9 = Vi l

Dg;; I
=--D I

}.

Dt It~O

Diffcre:lt.iatinn of tbc volume e1emcnt gives

-'I~·dVg = .:!- /del(g(t))dx ' II·" Il d.T n = t )) (.:!-del(9(i)))dVg( t dt 2tlel g( t. dt

Now
dAI d 1 ,.. I- = - Rl.:ji 'g1

1 dV·y
di t=O dt M t=O

r (D '); n D}·; l n }'D ) '\i= J
M

kji Y - ji +"2.[j ji (l. 9

= r (_n;' -I- ~ng;;)D;;dVg
1M 2

since the integraI of a divergence vflnishes. On the other ha.nd difTercntiation or 1
M

dVg = 1

givcs 1M Di dVg = o. Thus setting '~~I !t=Q = oaud applying the lemma} we bave
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far some constant. c anù hcrlcc that g is Einstein.

In (lti] Y. Muto computeci thc second derivuti,'c of A(g) at a critica! point uuci showcd
that thc indcx of A(g) and the indcx of - A(!!) axc bolh posi tive.

Y. ìvluto also considercd the second dcriva~ivc of D(g) from thc followillg point or
view. Let V denoLe the diffeomùrpllism grnup of 1\1; if f E "DJ then D(I·g) = DCg) amI
ltence wc have an inJ.uced rnnpping b : 'j; -~ R. \Ve say that a rnelrie 9 is a crit.ica}

poillt of il if its orbit under V is a criticaI poiHt of D. As wc have notcd il n,iCHl:lHlliilll
rnetric of COIlstant curvature is a. critical pe!r:t. of Dj in [lGJ Y. fvluto pl'Oved thc following
rcsult.

'l'heorenl 1.3 (l\1uto). If .~1 is dùTeomorpllic to a SphUC_lllH] [J is a metric of l}ositil'c
constant curvature, then the index of D aud the illdex of D are both zero ;md D lUls .'l

loc;.l1winimllm at go

2. Sympìectic alld contact lllanifolds

Dr a symplcctic mauifold we mean a eoo manifokJ }.{lll togdher wit.h a closcd 2-LlTll
n such that nn f. O. By a cOlltact manifolJ wc mcan a C,;,;o rnanifold .A{211+1 togcllier \vith
Cl. l··fonn '7 such that '7/\ (dI,t:/:- 00 It is weli knuwn that givcn '7 therc cxi:-;ts il uni<p.tc
vector fielJ ç suclI that d17(ç, X) = O and 1/(0 = 1 callcd the cll<ll"f1etcristic ,'cetor fìdd
of thc contact strueture 1]. A contact structurc is saiJ to be regulal" if cvery point has a
neighborhood suclI that any integraI curve of ( passing tltrough thc ncighborhootl passcs
through ollly once. The celebrateci Doothby-vVang Thcorem [lO] statcs that a compact.
rcgular cotltact manifold is a principal chode bundle over a symplectic manifolJ. of intcgral
class. Thc Bopf fibration of an addo·dimensionai sphcre 5 2n+1 as a principal ciI·cl-.: over
complex projcetivc spacc PC" lS a very well known cxample.

Lct us now cOllsider thc ltiernannian geometry of thcsc mani folds o For a symplcetic
manifold 111 lct k be any llicrnannian rnetI-ic alld Xl,' ool X 2 n. be a k-ort,hoIlormal ha..sis.
Considel' the 2n X 2n matri:,:o n(XiJxj)j it is 1l011-sillgular and hence may be writ.ten as tIte
pro;l,:.ct CF of a positive detìnite synunetric rnatrix Gand an orthogonal 1T1atrix E'. G tllCll
defincs a new metric 9 and F ciefines an almost complcx struet.ure J i chccking thc ovcrlnps
of loca.l clmrts J it is easy to see that [J amI J are globaìly definec1 Oli ilIo The kcy point
is that n(X, Y) = g(X, JY) whcre 9 and J are createci simultaneously by polal'izatiollo A
metric 9 crcated in this way is calted an associated metric [\.nd thc set of these metrics will
be dCIlOt-CJ by Ao In particu1<lr A is thc sct of aH alulOst ·Ki'hler metri es on lì1 wltidl Im.ve
n as thcir funciamental 2-formo \Ve note also that al! nssociatcd mctrics !lave thc same
volume elClllcnt dV = _,"II nn.n.

In thc contaet case wc huvc a two stcp proces~ for constructing associateci mctrics.
Starting with any RiemMnian metric k' l Jefine a metric k by

k(X, Y) = el-x + ,)(X)ç, -Y + ,,(nO + 'I(X)?}(YJ.

k is a. Ricmannian metric with rcspect to which 1] is tllC covariallt rOnIl of é,o Pola.ri7.illg dI/ Oll
thc contact subbunJ.le {rl = O} using k as in thc symplcctic case gives <Ul Ci.ssociatcJ Illctri<o
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9 and a tensor field q, or type (l,l) sueh that q,' = -I + ry <8) 1:. As in the symplectie case
d1l()(,1'") = g(X,q;y). 'Ve alsa rdcl' to (1],g) or (~,r",.,.g) as a cDntact metI"ic st.1'lu.:tuJ'e.
Far any associaLed mdric dV = 2,,111!1];\ (d?,)".

GiVCll a contact metric structure (4),C'1.9) we definl: a tensor fidd h ì)y h = t[~ç6. h
is a symmetfic operator which anti-commutcs with ~; }I( = O anù h vanishes if ami ollly if
~ is Killing. \Vhen ~ is IGlling, the contaet metric is said lo be ](·colltact. \1'C nlso ll<we
UIC foliowing uscful formulas irl'lOlving h 011 a contact met.ric manifolcl.

vxl: = -4>X - q,hX

~(lI(I:,X)ç - q,11(I:,q,X)1:) = h'X + q,' X

(V~h)X = q,X - h'q,X - q,I1(X,!:)1:

(2.1)

(22)

(2.3)

(24)

Far a general refcrcnce to t.hese idt>;\5 see [3J.
V\'e close ths introd<ldion to sYlllplcetic and contaet manìfolds wiUI an cxam.plc. Let

AI be an (n+l)-Jililcllsional eco E1allifulcl <l.nd if : TlIl --t AI its tangent buudle. 1f
(xl, ... ,:t"+l) are Ioca1 c.oordiwltcs OH AI, sct qi = xi o7i"; thCll (ql, ... ,qn+l) logeth<'r
wilh the fil.J1"C coorclinatcs (t,l, ... , Vll +l ) fonn loeal coorciinates OH l'M. If X is a vedor
fìcld on AI, ils vCl'ticn.l fin. ){ v on 1'A1 is thc veetor field Jefinccl by XV w = w(X) or. wl1ne
w is a l·fonn on iv!, \vbich on thc ldt side of this equat.ion is regardcu as Il fUlld.ion Oll TiVI.
For an DfHnc COrlllcction D Oli II:!, the lwri:tonl.éll 1ift Xil of X is ddined by XlIw = D.xw.
'l'Ile cOl1llcdù...'1l lJlal) J{ : TTA! ---+ T~H is dcfined by

TAl a,t1mit:> an almost complex strueture J dcfincd by

J vH_X'V JvV __ vll
~'\. - ,.'\. - .-\. .

Dombrowski [12J showcd that J is integrable if and only if D has vanishint _urvaturc anJ
torsion.

If now G is a Ricmannian metric on AI nnd D its Lc\'i-Civita cOHucct.ion, we clcfine n
RielIHlnnian metric 9 on T iv! called the Sa..<;;aki metric, by

g(X, Y) = G(if.X, if.y) + G(J(X,KY)

where X anci Y are vcdor fidds on T AI. Since ii-", oJ = - I( and I{ o J = ii .. , 9 is Hcnni t.ian
for tlw alrnost complex strueture J.

On TM define a l-form ,q by {3(X), = G(t, if.X), t E TAl or'equiva!cntly by ihe loc,,)
expression f3 = L:= Gijvidqj. Thcn d{3 is a s)'mplcetic structure 011 7'Al and in P;l! ticnlnr
2df3 is the fund<ullental 2·form of t.hc almost Hermitian struet.ure (J, g). TllUs T AI Il<\s an
nimost IGililer structure which is Ka,ltlcrian if and only if (]l.l l G) is fiat (DomGrowski [12],
'fachibana and Okumurll [21]).
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Lct R denote the curvature tensor of G 1 V the Lcyi-Cì':it,a eonnection or g ..md il tbc
curvature tensor of g. Complete fOl'J1lulas for V aud Il <.:an be fOllnd iu [14J; hcrc wc givc
just two of tite four fonnuias Jescri1.>ìng the connec.tìon.

(2:, )

(2G)

The tnngent sphere bundle 7r : TI AI ~ 1\1 is the hypersurface (J~ TAI ddì.ncd by
L GijviV j = 1. Tbc vedor fidJ iV = vih~,7 is a uuit nonnal, H.::; weli il::; thc pof'it.ion ycctor
for a. point t. Thc \:Veingnxten rnap A of T1 tl1 with rcspcct lo thc 11onu;ù j\' is gi-,,:n
by AU = -U for an)' vcrtical vedor U amI AX = Ofor aHY Ìlorizonl;al ì'cctor X (scc e.g.
(3 1p.132]). 'l'hus mf:IllY cornputations on Y~,\,1 i.,volving: 1lorizonta1 vcet.or fle:lds caH be done
dircd.ly on 7'1.1.

Let 9' denote the metric 011 TI.:"! induccd from "9 on TAl. Definc 1/1 (' n.nJ 1/ on TI !l!
by

(' 00 -.JN, .JX = q/X + '7'(X)N.

1/ is tbc cOntn.ct fonn on TJ ÀI induced from thc 1-fonn fJ on TIH as UI"H' cnn casiIy check.
Ho\Vever g'(X, fj/Y) = 2dlf'(X, Y), so stridIy spcaking (lf', ç', 11', g') i5 not a. CUllt,acl. lIlctric
structure. or coursc the diHiculty is easily redifìed and wc sh<:tlI t<l,ke

l , I , 1 ,
'I = -'I t = 2 t ~ = ~ 9 = -'I2 , ... ""l't' ,+" 4·

as tIte stnnJa.rd eonl.act 111etric structure OH TI 1'!. In Iaea! eoordillntes

(2.7)

Oll TA! the vector fie1d v i( ()(~,)11 is l.he so-calIed geodesie flow.
\Vc can now compute '9( in two w11,.,)'8, hy equat.ion (2.1) l'md by using (2.5) unO. (2.G).

Comparing thesc we can cictermine thc tenwr fiel(l Il for the st~ll;.d<trd contad rnelric
strlldul'c 011 TIM. For a vertical veetor U at t E TI Al wc have

FuI' a 1Jorizontal vedor X orthogonal to ~ we have

For cxa.mpIc1 if tlle base rnanifoJ\l (Al1G) is of constallt curvalure +I, thc stI"lJct.urc on
TI AI is I<>conl.act (Tashiro (23]). If thc base rnallifoid is fiat t.hCll llic llOn-F.:CI'O cigcllVallJ('s
of Il are ±l, each ,,\'ith multiplicity n, anO. T1kI is Ioc<:..lly EIl+I x S"(4), 4 bcing thc
constant curvature of thc sphcre O\ving to thc homot,hctic clwu,?;c in metric (2.7). If thc
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base manifold is of constant curvature -1, the non·zero eigenvalues of Il m'e ±2, eacb with
multiplicity n.

3. Integrals of scalar curvatures Oli synlpleclic alld contact lTlallifolcis

Wc now wanl lo considcr a number of integrai functionals dcfincd on tbc set of mctrics
associatcd to a sympketic or contact structure. 'Io begin wc ncccl to scc how thc sd A of
a,'5Sociated lTlctric.s sits in the sel J-\It of alI IUcmannian lllctrics with the same total "'u1tllllC;
for a more c1dailccl trcatment sce [5].

Let Ai Le a symplectic manj[old and 9t = 9 + tD + 0(t 2
) be a palI! of mctrics in A.

VIe \ViU lise the sante letter D to cicnote D as a teusor ~'lcid of type (1 ,1) and of t.ype (0,2),
D i

j = gik Dkj. Now

g(X, JY) = n(X, Y) = g,(X, J,Y) = g(X, J, Y) + fg(X, DJ,) + O(t 2
)

from which
J = J, + tDJ, + O(t2

).

Applying II 011 tbc right and l vi the lcft wc have

J, = J + t.JD + O(t 2
).

Squaring l.his yields J DJ - D = Oand hencc J D +DJ = O. Converscly if D is a sYlTlmdric
tensor fidd wlùdt anti'-commutes with J, tlien 9' = ge tD is a path of associateci mcLrics.
'Ve surnmarize this "nd thc corrcsponding rcsillt in lhc cOll.taet case HS follows (d.[!j],lG]),

Lenll1U\ 3.1. Let IvI be a symplecUc or contact m<Jnifold and 9 E A. A. symmctric tell.'S0!'

flc1d D is tangent to a path in A at 9 if al'ld only if

DJ+JD=O (3.1)

in tlle sympleetic case and

in the contact case.

D( = O, Dtj + q,D = O (3.2)

Similar to the role playcd by Lemma 1.1 in criticn1 point problcms 011 A1, wc bave tbc
following lemma for critical point problems on A.

Lenl1ua 3.2. Let T be a seconci order symmctric tensor fle1d on M. Then fM Tij D i;- dl T

g =
O for all symmetric tensor nelds D satifyillg (3.1) in tlle sympleetic case alJd (3.2) iJJ t1lc
coIltact case i[ 'I,d oIlly i[ T J = JT in tiJe sympleetic case and q,T - Ttj = 'I 0 q,TE, 
(110 T4J) 0 e in t1Je contact case (i.e. 4J and T commute wllcn rcstricted to tlle contllct
subbundle).

Proof. VIe give the proof in the sympleetic case; thc proof in the contact case bcing
similar. Let X 1 , ••• X 2n be alocaI J-basis defined on aneighbor1toodU (i.e. X 1 , .•. X 2n is
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an orthononnal basis with respcet to 9 and X 2i = .JX2i-l) and note thrl.t thc fìrst v~ctor

field ...'l{1 ma.y be any uni t vector fieleI on U. Let f be a eco function with compad support
in U aneI define a. path of Illctrics g(t) as follows. IVlakc no change in 9 outside U nud
\Vi thin U change 9 only in the planes spanllcd by X I and X 2 by the ma.trix

(
I +If+ lt'f'

~t'fl
lt'f' )

l-tf+~t2f2 .

Settin o 'o

It is easy to check that g(t) E A and clcar1y thc on1y non-zero componcllt.s of D "re
DII = -Dn = f· Thell 1M TijD ij dVg = O becomes

'l'hus since Xl \Vas any ullit vedor fidJ. 0.1 U,

T(X,X) = T(JX, JX)

for any vedor field X. Sincc T i5 symmetric, linearization givcs T J = JT. Conn~rsely~ if
T commutcs with J aneI D autl-commutcs with J, then trTD = trT JDJ = t,rJTDJ =
-trTD, giving Tii Dij = O.

Theorenl 3.3 (Blair-Ianus). Let A1 be a compact sympied.ic manifoid anu A tlJe set
of metrics associatcd to tlle symplectic formo Tllen 9 E A i.5 a crificai POillf, of A(9) =
JM R dVg if <Jlld only iE tile Ricci ofJcrator of9 COm11l11tcs ;vitll tilc ~llm()st cOln]Jl<.:x stl'ueturc

COITcsponding to g.

Proof. The proof is again to compute ~~ 1d', t = O for a. pat.ll g( t) in A. SilKC "Il
associatcd metrics have thc same volume elcment tllis is casier thnll in thc Ricnw.lllli<l.1l
casc. In particular we have,

dAI dl .'ji '"I- = - Rkjl 9 d"g
dt '=0 dt hl 1,=0

= _ r RjiDjidVg ,JM
tIte othe!" terms being divergences and hence contributing notlling to the ilitegnll.
'~/t\ 11=0 = O, thc result fo11o\\.j from Lemma 3.2.

\Vc now rcvicw some known properLies of almost. IGi.hler manifo1d. First of ull

"hJ', = O,

11

(3.3)

(3.4)



an <JllHost lIenuitian strueture satisfying this last conditioll is cnll il quit.<;i-Kii1Jl('l' st.l'lIc/l.ll'C.
Tllc .·]ucci tcnsor anJ thc *. scalar curvai ure are defincd by

n' l' J"J t n' n",Hij = l.ik/1 j , = 'i'

Thc Ricci idcntit.y yields
,., \7 J.t _. (n - n' )J t
, i ~ k ) - lkt 'kt J

(3.5)

Thc most important propcrt.y of R* is tllat

R- Ii'~, -~IVJi2. 2

und lWllce R - R* :S o with eqn::dity holding if and only if the metric is I<ilhler. Thus
Eiìhlcr mctrics are maX;lna o[ Lhe funet.ional

1:(9)= Ln-R'dVq

on A <tnd thc (J,-lcsl,ion that S. Ianus and I (8} were first intcrested in was '.vLcther tllese
WCl'C thc only criLcal poillts. 'l'he surprising result is that. thc critici)l poi'~~ conditinn is
ugain QJ = JQl Q ùenoting; thc Ricci opcrat(!l'.

Thcore111 3.4 (Blair-Irmus). Let AI be il compact sYJllpledic m;wifoid a,ud A t.lw sct or
metrics A~;.nc:i(l,t.ec1 to the sympicetic fonn. TilCn 9 E A is ti, criticai point o[ ]...rUd i[ rtllJ

only jl CjJ = JQ.

Proof. To compute !!dr at t = O, we must diffcrcntiatc n: = fliJ,;ltJk/J it "long a pnth 9(t)
in A. Sillce n is fixcd,

òh, I = o,
ot t=O

ÒJ"...I = o.
Di 1=0

Thcn pro<:ccding as Lefore using (3.3)

Dy Lemma 3.2, thc critica! point condit.ion is that thc syrnmetric part of thc cxprcssioll
111 1.>rackcts cornmutes with J. This is a long cquntioll; SUlUe or its tcrlllS callccl by vil't.ne
of the quasi-IGihlcr condition (3.4) 1\nd tIte other tcrrns comuinc by virtue of (3.5) tu givc
thc l'esult.

Thc questioll as to whether or nol on an almost IGih1cr manifolJ satisfying qJ ;:;; Jq
15 Kiihlcrian scems to be difficult. In [13] S. 1. Goldberg showed that if J commu!es
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with tbc CUl'vrtture operatcr, thcn tlt<> metric is IGi.hlerian and conjecturcd that u compact
almost·IGi.ltler EinstC'in ITmnifold is Kahlerian. K. Sckigawa [20] proved th(ìt a compne.t
ailllost-1GJllcr Einstein manifold with non-negative scaim curvature i.s IGi.hlerian.

In [9] A. J. Ledgcr and I proved tlle contact all<1lo.~ucs of thcse thcorcms , whiclt we
prC'scnt here without proof.

Thcorenl 3.5 (Blair-Ledger). Lc!. AI be a compact cOlltact rn;lJli[old a11<1 A tlJC sct of
rnct6co5 a~snciaf.cd to t}w contaet formo Tllcll!J E A 105 il. criticfll point of A(g) = fM nd"~

if illld anI)' if q alleI ~ commutc n:hen restrictcd to t1w contact subvuJlcIle.

'l'his illtegral was furthcr sluclicd in dimcnsion 3 by D. Pel'rone [10}, who gave the
crit.icai poillt condition <\.$

'l'o scc this, recall th;:tt in dirncllsion 3, thc Hicd opcrat.or detennincs thc full curvature
tC!lSOl', i.c.

1/.(X, Y)Z = (g(l·, Z)QX - g(X, Z)QY + g(qy, Z)X - g(QX, Z)Y)

- ~(g(y, Z)X - g(X, Z)Y).

TIJt~rdorc the opcnltor I dcfìned iX = R(X,Oç by is gin'>ll hy

IX = Q X - 'I(X)qf, + g( Qf" f,)X- g( q X, Of. - ~ (X - 'I(X)ç)

l'rom wllicli

(14) - 4>1)X = (Q4> - </;Q)X + 'I(X)4>Qf, - g(Q</;X, f,)f,. (3.G)

TllllS thc criticaI point condition is [ti> -1>1 = O. Now l'ecall clluations (2.2) and (2.3), vi;.;.
~(-I + 4>1\;) = h' + 4>2 anel V,h = 4> - 4>h' - 4>1. Applyil1g 4> t.o lhe firsl or t.hcse '\Ild
addillg to the secoml gi ves V ~ h = ~ (14) - 11» and thus t1lc criticaI poillt cow.1i t.iOll nli.1)' be
cxprcsscd as V{h = O.

In the cont.act case the *-sc<Jlar curvature is defincd by n* = Riklt,rpk/if>it amI it \vas
shown by Obzak 118J th,,(

1/.-1/.' - 4n2 = _~iV'<12 + 2" - t.rh' < O2' 'l' --

wilh cquality holdillg if and ody if the metric is Sasakiall.

Theorenl 3.6 (Blair-Ledger). Let 11'1 ve a compact cOlltact 1l1<lJJifold fmd A tlle set
of mctrics associatecI t.o the contact fonn. Then 9 E A is a erit.ieRI jJOiIlt. of 1":(.1}) =
fM R - n* - 4n2 dVg if and anI)' if q - 2nh and t/> comnm!.c WllCll rcstIidcc1 t.o thc C011l..1cf.

5 UU bumIle.

In dimcnsion 3, thc argument giving PClTone's res1.lÌt gi\'es tlw crilical poil1t conditioll.
as \7~h = -2q,h, a ccndition that will be importa.Jlt in the ncxt 1ccLurc.
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Far contact manifolds of general odd dimensionI if 9 is critical for both A and J( l

h = O so ç is Killing. To see this note that the commutativities of Thcorcms 3.5 and 3.6
t.ogcthcr imply that <j>h = h4> but 4>h = -h4> and hcnce h = O easily fvllows. As "vit.h
the almost Kahlcr case, the question of whethcr or uot a K-contact structm·c sati:->fying
Q4> = 4>Q is Sa..c;akian \vould sccm to be difficult.

4. IntegraI of the Ricci curvature

in thc directioll of the characteristic vector fieid

\Ne devote this section to a <.liscussion of a particul<lr funetional defined 011 thc sel of
mctrics associate<1 to a contact st.rncturc. The main thcorcm is the follO\ving [6].

Theorenl 4.1 (Blair). Let ~H be a compllct rcgular contact mani[oId 8.wl A the sct
of :netl'ics associatcd to the conta.ct formo Then 9 E A is a criticaI point of L(!J) =
fM Ric(é,) dVg if <md onIy !f g is [(-contad.

One Inight conjceturc this without the rcgularity, however wc !lave thc following COUll

terexamplc: Thc standaI'cl contaet metric strudurc on the tangent sphcre lnmdlc of a
compact surface of constant curvature -1 is a critical point of L but is Ilot l(-contact. It
is a result of Y. Tashiro [23] that the stalldal'd contact metric structure on the tangcnt
sphcre bunclle of a Riemannian manifold is K-contaet if and onIy ii thc base manifold is
of constant curvature +1. Also recall the result of [4] that thc standard COllLnct stl'ucture
of the tangent sphere bundle of a compact lliernannian manifolJ of non-positive consLant
curvature is not regular. Our second rcsult is the folloY,..ing theorem [7J.

TheorelTI 4.2 (BIair). Let TI 111 be the tangent spllel'e bUlldIe of a compact R.iemannian
lJl<U1ifold (iVI I G) and A t.he set ofalI Riema.nnian meirics associated to its stiUldard contDct
stl"ucture. Tllen tlle standard associated mctric is a critical point of thc functiollal L(g) if
and only if (A[I G) is of const;JJJt cun:ature +l or -1.

Rccall that by a !(-contact strueture we mean a cont,ru:t rnetric structUl'C for whidl ç
is Killing alld that this is the case if alld only if h = O. Rccall also equation (2.4), viz.

Ric(O = 2" - trh'-

Thus IC-t.~'mtaet mctrics when they occur are maxima far the function L(g) OH A. Also
thc criticaI point qucstion for L(g) is thc same a..c; that Cc! fM Pd:! dVg or J~/IT!2 d\/~

\Vhere T(X, l') = (L(g)(X, l') = 2g(X, h4>1'). This last integral was studie<l by Chern "nd
Hamilton [11] for 3-dimeusional contact manifolds as a fl.111etional OH .A. regardcJ as thc
sct of CR-st.ructm"es on M (there was an error in thcir calcnlation of thc criticaI point
condition as \Vas pointed out by Tanno[22]).

Proof of Theorenl 4.1. As with our utIler critical point probIrms, the first step is
to compute ~/( at t = Ofor" path gli) E A

dLI 1(li .m' R' i,cp 21 ik )D d"-1- = - t mn - '.$ .,..., + L ik Y g •
{t (=0 M
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Tlms if geO) is a criticai point J Lemma 3.2 givcs

RCX,ç)~ = -<J;' X - h' X + 2hX

as tbc ctitical point condition. Using equation (2.3) this hecomes

C4.1)

C4.2)

Frol1l this we sec that the eigenvalues of h are constant along the integra! curvcs of ç amI
that for an eigcnvaluc À I- Oand unit eigenvector X, g(\7çX,4>X) =-1.

If 110W Al is a rcgular contaet manifold, then ~H is a prillcipa1 circlc bundlc witli ~

tangcnt to tbc fibres; locally Al is U x Si where U is a neighborhood 011 the base manifol(1.
Sincc h4> + rjJh = 0, we may choose an orthonormal 4>-basis of eigenveetors of h at some
point of U x 51 say, X 2i-1, XZi = 4JX2i-l, ç. Since the eigcnvalues are constant along thc
fibre, we can continue this basis along the fibre with at ".'orst a change of oricntation of
some of thc cigenspaces when wc return to thc starting poillt. Thus if Y is il. vedor ficld
a.iong thc fibre, we 1118Y write

wherc the coeUìeients are perioJic funetions.
Now suppose that the criticai point g is not a IC-contaet metrico Since <P ami h ,tnt.i

commute, wc may assume that ali the ),2i-l, i = 1, ... , n are non-negative. Also from
cquation (4.2) it is easy to sce that ìf some of tllc ),2i-1 vanish, the zero cigenspaec of h lS
pnralld a.1cllg ç and hcnce we may choose the corrcsF,nding XZi-l antl X 2i pantllel along
a fibre. Again since AI is regular we rIlflY choos a vedor fidd Y on U x SI such that at least
some ("2;-1 t= O for some À2;_1 :j: °and Y is horizontal, Le. 1}(Y) = O, and projectablc,
i.e. Iç, Yj = O. Writing Y = L,Ca';-IX"-1 + fJ,;X,,) along a fibre wc bave \lsing (2.1)

+aZi-l X 2i + ),2i-lÙ'2i-I X 2i - f32i X 2i-l + À2i - l {J2iX Zi-d·

Taking components we have

IvIultiplying tbc first of thcse by /32j, thc sccolld by 0'2j-1 anù surnming on j we bave

~CI>'j-lfJ'j)= - I>,j-1C"L-l + ,'I~) :S: O.
j j
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Thl1S E j Ct2j-dJ'lj is a non-iacreasing, non-constant functioll along thè integraI curve,
conlradictillg its periodicity.

In prepa.ration for a sketch of the proof of TLcorem 4.2 we state tite following lellltTlrl
01' Cartano

Leluma 4.3. Let (AI, G) be a lliemaJll1ian mal]ifold, D tllC Levi-Civita cOI!llectioll oF G
,11ld n. its Clln'atlll'C tenso!'. Tl1cn (Al, G) i[ locaIly s)"lUlllct,l'ic ii ami ollI.v jf

(DxR)(Y,X,Y,X) =0

{vr a11 ort1JOllormal p~ti.rs {X, l'}.

Proof of Theorenl 4.2. As wc lléwe seen the tangcllt spbcrc buuJlc, 7 111[, itl!Jcrits <t

contact structurc from tIte sym.pleetic str1..1cturc on T1vJ and a nat\\ral associa.ted metri ...
from tllC Sasaki metric on T1\1. Aft(;r computing (R(U, OOh t E Tl~l far a verticnl tangent
vcctor U, wc consicicr the criticaI poillt condition (4.1) and compare llOrizont.a.i clllci vertical
parts. This yields fol' an)' orthollomal pair {X, i} on the base mnnifolJ (111, G)

amI

(D,Il)(X, t)t = O

R(R(X,t)t,t)t =X,

(43)

(4.4)

sec [7J for more details. From. (4.3) and Lemma. 4.3 wc scc that (Al, G) is locali)' symrnetric.
Now working OH (AI, G), ror each 'I,.it taugeut vcctor t E Tm 1l.1, ~ct [/11. (1enotc

the suLspacc of Tm Al ort.hogon<l.l to t and cicfine a symmet.ric linear tnlllsfonnation L t :

[tll. --> [tll. hl' L,X = R(X,t)t. Then from (4.4) we have th..t (L,)' = I ..ne! henee timI.
thc \~JgcLl\'alucs of L, are ±l. Now 111 is irrcduciblc, for if Albad a loca.lly nicm,llllliilll

produd structure, choosing t to onc fador alld X t.a.ngent to thc othcr wc would bave
R(X, f)t = 0, contradicting tbc fad that lIte only eigcJl\'alucs of LI al'C ±1. IIowcvcr tbc
S{x·.tional curvature of an irrcduciblc locally symmetric space does not clH\l:gC sign. Tlms
if far some i, Li lH\d both +1 and -1 occuring as cigcnvalues, therc would Le SCet.iOllill

CUl'nt.turcs equal to +1 and -1. Consequcntly onIy one eigenvaluc can oecur and hCllce
(i\1 , G) is aspaceofconst".nt curvature +1 or -1.

COHvcrscly if (1111 G) has COIlstant C\lr"~lture C, Iet U be <t vcrticai vcet.or tnngcllt tu
1'1 Al aua X a ilOrizontal vcc~or orthogonal to ç. Thcn a.t n point i, hUt = (1 - c)Ut ,

"X, = (e-l)X" (R(!:, U)ç), = -c'U, ancl (R(!:,X).;), = (3c·' -4c)X,. SubstiluLiug tl",se
il1lo the critica.I voint cou<..1itioH (4.1) wc sec that it is satisfìcJ WhCH c = ±l.

Remarks: I. D-ecently r.,..Ir. S. R. Dcng has begua thc study of t.Ile sccond variaLion for
I.he functional L(g).

Proposition 4.4 (Dcng). Let y E A ve a criticaI poillt or L(g), tlJCIl ;d g, ':12J l.'>
llOllposit,ivc.

II. CIcarly in Jimcnsion 3 by Penone's fOI'm of thc c.rit.ica.I point COlldiLioll for A ilnd the
form (4.2) for L, ,ve scc that if 9 is a crit.ical point for both of tllCl11, [J is a. K-colltnct
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metric. Now the l\iebster scalar curvature lV on a 3-dimensional cont.act metric rnanifold
is dcfÌncd by

1 1 2
W = S(R + 41TI + 2);

by virtuc of (2.4) and tlTI2= Ihl2, W bccomcs

W = ~(R - Ric{O + 4).

Chern and Hamilton [11 J stuciied the fundional E1N(g) = f.u l'V dl'g for 3-dimensionnl
contaet HH.lIlifolds as Il funetional on A L'egarded as the set of CR-structurcs 011 t'vI alld
provcd the fol1owing Thcorcm.

Theol'cl.ll 4.5 (Chern-Haluilton). Let A1 be a compact 3-dimcnsional cont,ad manifold
and A tlw sct al mcLrics associatecI to the contaet formo Thcn 9 E A is a crit.ical poillt of
EH/(!;') = fM l-V dVg i[ and on1.r ir 9 is K-contaet.

An altertlate proof \Vas given by D. Perrone [19J. In view of tbc work we bave done
so far we cnn prove this theorcm as follows.

Pl'ooC of Theorenl 4.5. Clearl)' it is cnongh to considcr f.H R - Ric(O d{'g rl.1Hl
h;.ì.villg computed tÌ1c derivatives of cac.h tenn scparatc1y ,ve sec tbat

:!.- r R-RiC(OdV,1 = r (-R"+h'",h"'k+Rk
c,'C·ç'-2hik )Di"W,.

dt j 111 1=0 j,\J
Thus tbc criticaI point condition is

(Q<f - q,Q) - (l<f - <fl) - 4q,h = -ry 0 <fQ~ + (ry o Qq,) 0~.

So far wc have not uscd the fad that we arc in dimension threc nnJ hence this is thc criticn.l
point condition for the intergral of the gcneralizcd Tanaka-'VVcoster scalar curvature as
ddillcd by TUllno [22]. Now in dimension 3 we can combine this cOlluition with (3,G) to
gct 11.=0,

5. The A bhena-Thul'st.on manifold as a critica) point

In 107G W. Thurston [24] gave an example of a compa.ct symplectic manifold with
no Kil-blçr structure. \Ve wilI begin by discussing this manifold bridly and then turn t.o a
natura! RiernanIlian metric on this manifold introduced by E. Abbena [1]. For dctails of
t.he topological obstruc.tions to a IGihler structurc wc l'cfer to [24] or f1 ~ and simply remar1\.
hcrc that the first Betti number of this manifold is 3 whereas the oJcl-dimeHsiollal Detti
numbcrs of a compact Kiihler are even.

Let G be the closed conneeted subgroup or GL(4, C) defined by

{G
a13
a23

1
o JJ
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i.e. G is the product of the Heisenberg group and Si. Lct r L'C t.he discrete subgrnnp
of G with integer entries and ~\1 = Glf. Denote by x,y,z,t coordinates on G, say for
A E G, x(A) = al', y(A) = a23, z(A) = al3, trA) = a. If Ln is Ieft tralls!atioll by il E G,
Làdx = dr, LjJdy = dy, Lil(dz - xdy) = dz - xdy, Lùdt = dt. In particulllf thcse fonns
are invariaIlt under the action of r; let 1t' : G -----lo 1.1, thcn there cxist l·fonns 0'1, Cl: 2 ,

0'3, a.t on 1\1 such that dx = 7T·Qll dy = 71"·«2, dz - xdy = 11"*0'3, dt = 1I"*a4' Sctting
n = 0',1 /\ al + 0:2 /\ 0'3 wc see that il /\ n f- oaud dn = o on lÌ/[ giving 1\1 a :~'ymf!lcctic

strueturc.
The vedor fìclds

• a
el =-,ax

a a
el = -+xay az'

a
e3 = --,az

a.re dual to dx, dy, dz - xdy, dt a.nd are lcft invariant. 1'1oreover {ed is ortllOllormal with
rcspect to the Idt illvariant mctric on G giVCll by

d.' = dx' + dy' + (dz - xdy)' +dt'.

On Al the corresponding metric is 9 = L ai 0 (l'i. The Riemannian manifold (lH,g) IR

rdcred to as the A bbena-Tbul'ston manifold.
l"loreovc1' A1 carries an almost cornplex structurc defined by

Thcn noting thal !i(X, Y) = g(X, JY)l wc see that 9 is an associateci metrico
Thc curvature of 9 was computcd by E. Abbena in [I). \Vith rcsped to thc bo.si$ {ed

thc non-zero componellts of the curvature tcnsor are

1
= --

4

Thus thc Ricci opcrator Q is given by the matrix

o
1,
O
O

O
O

1-,
O

alld we note that Q2 is pnrallel with respect lo the Lcvi~Civitaconnection of 9 but that Q
is not parallcL

Thc following obscrvation stcms from convcrsatiolls betwccn vVon~Tae Oh :-md m)'sclf.

Propositioll 5.1 (Blair-Oh). The Abbcna-Tlwrston mrtJJifold is a critical paillt af thc
[ullctional

l(g) = r (~trQ3 - R)d\fgJM 3

011 ;\,1.
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Sketch of the proof. Cornputing thc criticaI point con<.Ìition far 1(9) 011 A1 iu g(mcral
wc fìnd tliat it is

m k 1 14 3
-2Rim R ,R j + :iR,,) + :i(3IrQ - R)gij = cg'j.

Now since Q2 is para.1ld and q3 = tQ on the Abuena-Thurston mallifokl wc scc that Lliis
mctric Oil thc undcrlying manj[oid AI = Gjr is a criticaI point of 1(9).

:Frorn thc exprcssion far Q it. is dear that (Al,g) j.~ llot Einstein noI' is QJ = Jq.
Thu!-> this lllctric is not a critical point for A(9) = J~1 RdVg considcrcd as a fUllctiolwl OH

.A/{ or on A or for I\(g) = f~J Il - R- dVg on A. In particular it docs not givc a negative
il.llSWCr t.o thc qncstion of wll(~thcr 01' not an aimost I\.i:ì.hIcr manifold f:'\tisfyii.1g ClJ = .lO
is l\:ahlcrian. On thc other hand (A1,9) is a criticaI point far I( in a different context; C .
.tvL \Voocl [25J showcd tilat the Abbena-Tllluston manifold is a criticlll poinL of I\T <Idinc'cl
with rcspcet Lo variations thwugh almost complex structures .l which preser\'c g. For this
probIem thc critica.l point cOlldition is

[J, V'VJI = O,

wÌlel'e \7·\7J is thc rongh Lapladan of Lhe mctl'ic in questiono

6. ProLlclllS involving other iHtegrands

Finally wc turn to a Ll'ief ùiscussion of some reIatcd problclllS. 111 t.he Hic1llcHlllian
g:coll1cLry of contact metl'ic munifoIds the tensor fic1ds l and 5 dcfincJ by IX = R(Xlf,)~

and S(X, Y) = R(X, y)~' pIay important roles. For cxample 011 a K-conf.a.et rnanifold l is
Llle idelltity anù on a. Sasakian manifoId S(X, Y) = 1](Y)X - 17(.'\ )Y. lvlol'c generalIy wc
have nc)teo (cquation (2.3)) tlmt

Thus il seelllS reasonablc to considcl' funetionals ddined by intcgrals slIelI as fl\1 111 2 d\i~

auel fAf 1512 d\/~. In tbc ca.c;c of the first of thcsc t-.1r. S. n.. Dcng compllted thc criticaI
point condition or J~l 111 2 dv~ as a functional OH A <md notcd the following.

Proposition 6.1 (Deng). Ld Al be a compact cOIltaet mnnifold alld A t.}w sct ofme/l'ics
flssocintc<! to thc COlltact lol'm. Thcn a. J(-cont<lct l1lefric is a crit.icnl .Doint af t.1JC funct.ionéli

ffld 111 2 dVg Oll A. lvIore generali)' if for a metric 9, Veh = O, thcl, !i is il. nit.ical poiJJt j{

and oniy if lt 3 - h = O.

Thc originai functionnls .4(g), B(g), C(g), D(g) OH A1 have bccu sludy fnrLhl'I' in thc
cOlltext of conlact geomctry by Muto [17J a.nd Yalllagl.lclli and ChD.man 12fJ: thc gel1C'ral
thrust. of their -"vol"k is lo snppose lliat a critinJ poiilt is a Sastlkinn mdl'ic. For cXl\.lJlplc
wc hayc the follO\vìng resuìts.
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Theorem 6.2 (Muto). If a critica! point 9 oE A(g), B(g), C(g) or D(g) is a Sa-,,,h,,,
metric, tl1en its scalar curvature is constal1t.

vVe remarked a.t the outset that Einstein rnetrics were critica! poids of E(g). Fl"OlI1
Thcorcm 6.2 and the criticaI point condition far ECg) "'ve ha.ve an immediate converse in
thc case of a Sasakian metrico

TheorelTl 6.3 (Yalnaguchi and Chillnan). Ili order far a Sas,1kian mdi'le to he <1

criUcaI point of B(g) it is necessary and sufficiellt Uw.t it be an Einstein metrico

Thc t\\iO papers [17] tuld [26} give many results and focus in particular on S:lsakìall
submcrsions, discussing relations bctween B(g), C(g) and D(g) c1cfincd relative to thc
bundlc space and thc base spa('r': of tlle subrnersion. There are other contexts wllCrc some
of these funetionals have becn discussed l but further disçussion wouIcI take us bcyond thc
scope of these Iectures.
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