CHAPTER 3

POSITIVE SEMIGROUPS FOR
TRANSPORT EQUATIONS

The time evolution describing the motion of neutrons in an absorbing and scattering
homogeneous medium is given by the following integrodifferential equation

au(t,x,v) = —v-Oku(t,x,V) —0(x,v)u(t,x,v)+/vK(x,v,v’)u(t,x,v’)dv’, (3.2)
where u(t,x,V) represents the density distribution of the neutrons in terms of the
variables of space x € D C R" and velocity v eV C R", at time t. Here D denotes
the set describing the interior of the vessel in which neutron transport takes place.
The medium D is to be thought surrounded by a total absorber (or by a vacuum if
D is convex), and neutrons migrate in this volume, are scattered and absorbed by
this material. We suppose that neutrons do not interact with each other.

The free streaming term —v - grad,u in (3.1) is responsible for the motion for the
particles between collisions with the background material. The second term of the
right-hand side of (3.1) corresponds to collisions including absorption, and the third
term to scattering of neutrons: particles at the position x with the incoming speed
V' generate particles at X with the outgoing speed Vv and the transition is governed
by a scattering kernel K(x,Vv,V').

The fact that u(t, -,-) should describe a density suggests to require that u(t,-,-) is
an element of Ll(D x V) for allt > 0. Following this line and introducing the vector-
valued function u(t) := u(t,-,-), (3.1) is equivalent to the following abstract Cauchy
problem

{ U'(t) = (A+ Kqu(t) := (Ao — Mg)u(t) + Ku(t), t>0,
u(0) € D(A+K)-

Here u(t),t > 0, is an element of L(D x V) and Ag denotes the free streaming
opertor —v-grad, on a suitable domain. We refer to [29, Theorem 1.11, p. 36] for a
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precise description of the domain of Ag. Moreover Mg is the multiplication operator
by 0 and is called the absorption operator. The scattering operator K is defined

by
(K F) (X,V) = / K(x,v,V)F(x,V)dV, (x,v)eDxV, felY(DxV).
v

For more details and information concerning the physical meaning of Equation (3.1)
we refer to [34, Chapter 8], (see also [5, Sect. 1.3], [19], [3], [4])-

By using the abstract results given in Section 2.5 we propose to study the
asymptotic behaviour of the solution of the transport equation (3.1) (cf. [9, VI.2],
[15], [16]). In the first section we present the one-dimensional case and in the
second the more general one.

3.1 THE ONE-DIMENSIONAL REACTOR PROBLEM

In this section we prove the existence of the semigroup solution of the following
transport equation

Sy (t,x,v) = —vE(t,x,v) — o(X,V)u(t,Xx,v)+
+fV K(X,V,V')U(t,X,V’) dV’;
(TE) t>0,(xV)€IxV,
u(t,0,v)=0ifv>0andu(t,1,v)=0ifv<0, t>0,
u(0,x,v) = f(x,v), (x,v) €JxV,

where 0 <o eL®(IxV),0<kelL®IxVxV),andJ:=[0,1],V :={veR:
Vmin < |V| < Vmax } for given constants 0 < Viin < Vmax < .
If we suppose that the scattering kernel k satisfies

K(x,v,v') >0 forall (x,v,v') €J xV xV, (3.2)

then one can apply Theorem 2.5.6 and deduce the asymptotic behaviour of the
semigroup solution of (TE).
To do so, we recall some results from perturbation theory of Cp—semigroups on
Banach spaces.

Let A with domain D(A) be the generator of a Co—semigroup T (-) on a Banach
space E and B € £(E). Then A+ B generates a (o—semigroup S(-) given by the
Dyson-Phillips expansion

00

S(t) = ;Sn(t), (3.3)

where
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The series converges in the operator norm uniformly on bounded intervals of R...
Some times it is also possible to express the perturbed semigroup S(-) by the Cher-
noff product formula

n
S(t)x= lim (T(%)e%B) X, t>0,x¢eE. (3.4)
For these results we refer to [7, 111.1], [23, I11], [14, 1.6] or [9, I11].

Recall that an operator B € L(E) is called strictly power compact if there is
n € N such that (BT)" is compact for all T € £(E). In particular, if E is an
L1-space, then every weakly compact operator is strictly power compact (cf. [8,
Corollary V1.8.13]). The following theorem gives the relationship between the
essential spectrum of the perturbed and the unperturbed semigroups (see [28] or
[9, Theorem 1V.4.4]).

Theorem 3.1.1 Let A be the generator of a Cp—semigroup T () on a Banach space
E and B € L(E). Let S(-) the Co—semigroup generated by A+ B. Assume that
there exists n € N and a sequence (tx) C Ry, tx — o, such that the remainder
Rn(tk) := 3 p=nSp(tk) of the Dyson-Phillips (3.3) at tx is strictly power compact
for all k € N. Then

Fess(S(t)) < ress(T (), t>0.

We now give a short description of a special class of regular operators. We
denote The center of E by

Z(E):={M € L(E) : MI C | for every closed ideal | CE},
where E is a Banach lattice. It is known that
M € Z(E) <= +M < ||M]|Id. (3.5)

From (3.5) one can see that (e*™)> is a positive Co—semigroup whenever M €
Z(E).

If (Q,Z,) is a o—finite measure space, then the center Z(LP(l)) is isomorphic
to L® () with the isomorphism

L*(W) 20— Tef =¢f.

To check the irreducibility of the solution semigroup of (TE) we need the fol-
lowing result.

Proposition 3.1.2 Let Ag with domain D(Ag) be the generator of a positive (o—
semigroup To(-) on a Banach lattice E and 0 <K € L(E). Assume that0 <M €
Z(E). Let S(-) (resp. T(-)) be the positive (p—semigroup generated by Ag — M +
K (resp. Ag—M). If I CE is a closed ideal, then the following assertion are
equivalent.

(@) 1isS(-)-invariant.
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(b) Iis invariant both under To(-) and K.

Proof: (a) = (b) Suppose that I is S(-)—invariant. Since 0 < T (t) < S(t),t >0,
it follows that | is T (-)—invariant. On the other hand the assumption on M, the
closedness of | and the formula e™ = 5% UM" imply that I is eM—invariant for
all t > 0. Now, from the product formula (3.4)

. t n
To(t)x = lim (T(ﬁ)e%"") , t>0,x€E,

n—oo

we obtain that | is To(-)—invariant. By (3.3) we have

lim % (S(x=T()x) = lim % /ot T (t— s)KS(s)xds = Kx

for x € E. Since | is closed and invariant both under S(-) and T (-), we obtain that
I is K—invariant.

(b) = (a) It is easy to see that 0 < T (t) < To(t),t > 0. Thus, I is also T(-)—
invariant. Now, by applying the product formulas (3.4) to T (t) and e'¥, t > 0, and
using the closedness of I, we obtain (a). O

We now return to the transport equation (TE) and define the free streaming
operator Ag by

(Aof)(x,v) = —v%(x,v) with

of f(O,v)=0 ifv>0
D(Ag) = {feLl(JxV):v&eLl(JxV), fElv%:O ifv<0}

the absorption operator
(Mo f)(x,v) == a(x,V)f(x,V), (x,v)e€IxV,felldxV),
and the scattering operator
(KeF)(%,V) ::/\/K(x,v,v’)f(x,v’)dv’, (V) €IxV, f € LXI xV).

Let us study first the free streaming operator. By an easy computation one can see
that (0,0) C p(Ao) and

“W00f (! vydx ifv>0,

y (36)
Jre= 0= f(x vydx ifv<O0, '

il

ROLA0) D) (v =3 ¥

v

for (x,v) € I xV and f € L1(J x V). Hence,

(0,) C p(Ag) and [|[R(A,Ag)|| < forall A > 0.

>
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Therefore, by the Hille-Yosida generation theorem (cf. [9, Theorem 11.3.5]), Ao
with domain D(Aq) generates a Co—semigroup To(+) of contractions on L*(J x V).
Moreover, To(-) is positive since R(A,Ag) > 0 for all A > 0. On the other hand, one
deduces that

ROAO)F) () = [~ Mo (x—w)F(x—vt) e

for (x,v) € IxV, f € L1 x V), where X;(x) = { (1) ::i;:]f

So, by the uniqueness of the Laplace transform, we obtain
(To(H)F) (%, V) = xa(x—tv) fF(x—tv,v), (x,v) €I xV, fell(dxV). (3.7)
Moreover, since the absorption operator Mg is bounded, it follows that
A= Ag— Mg with D(A) = D(A)
generates the positive Cp—semigroup T (-) given by
(T@)) (6,v) = e~ BT (To(t) ) (x,v), (3.8)

for (x,v) € IxV, f € LY(J x V). The boundedness and the positivity of the scat-
tering operator Ky implies that the transport operator A + K¢ with domain D(Ag)
generates the positive (p—semigroup S(-) given by the Dyson-Phillips expansion
(3.3). This semigroup will be called the transport semigroup and satisfies the fol-
lowing properties.

Proposition 3.1.3 The streaming semigroup T (-) and the transport semigroup
S(-) satisfy
0<T(t)<S(t) forallt>0and (3.9

wo(A+Ky) =s(A+Ky).

Proof: The first assertion follows from the positivity of K« and the Dyson-Phillips
expansion (3.3). The second is a consequence from Theorem 2.4.1.(ii). |

For the study of the asymptotic behaviour of the transport semigroup we need
some properties of weakly compact operators on L-spaces (see [15, Proposition
2.1] and the references therein).

Proposition 3.1.4 Let (Q,Z,u) be a o—finite, positive measure space and S, T be
two bounded linear operator on L(Q, ). Then the following assertions hold.

(a) The set of all weakly compact operators is a norm-closed subset of £(L(Q, p)).
(b) If T is weakly compactand 0 < S < T, then S is also weakly compact.

(c) IfSand T are weakly compact, then ST is compact.
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We now show the weak compactness of the remainder Rx(t) of the Dyson-Phillips
series (3.3) and the irreducibility of the transport semigroup S(-).

Lemma 3.1.5 For the transport semigroup S(-) defined above the following prop-
erties hold.

(i) The remainder Ra(t) := Y=y Sn(t), t > 0, of the Dyson-Phillips expansion
(3.3) is a weakly compact operator on L(J x V).

(if) If the scattering kernel satisfies (3.2), then the transport semigroup S(-) is
irreducible.

Proof: For0< felL(JxV)andt > 0we have

(KeTOKeF) (x,v) < (KeTo(t)Ki F) (x,V)

< ||K||°20//XJ(X—tVH)f(X—tV”,VI)dV”dVI
v v
< t—1||K||§,//f(x’,v’)dx’dv’.
vJs
Hence
B
KeT (K« < = (U@ ), (3.10)

where 1 ® 1l is the bounded linear operator defined by

(U l)f= (/J/\/f(x,v)dvdx) U, felldxV).

By using the definition of the terms Sy (t) in the Dyson-phillips series (3.3) one can
see that

[ee]

t
Rusa(t) = 3 Sk(t)z/T(t—s)KKRn(s)ds, t>0,neN
k=n+1 0

In particular, Ra(t) = J§ f5 2 T (51)K«T (52)KkS(t — 51 —S2) dsids, fort > 0. Take
t > &> 0 and consider

t pt—sSo
Roe(t) = / /O T (1) (KiT (s2)Ki) S(t — 51— 55) ds1ds.
€
Then it is easy to verify that
lim||R2e(t) —Ro(t)|| =0 forallt > 0.
£—=0

On the other hand, it follows from (3.10) that

t t—so 1
Ros(t) < ||K||§,/ /O ST(s1)o (U@WS(— 51— 7).
€



3.1 The one-dimensional reactor problem 41

From the definition of Tp(-) and since 0 < T (t) < To(t), one can see that T (t) o
(U ®11) < (U® 1) for the order in £L(LY(J xV)). Now, for 0 < f € L1(J x V),
and s1 +sp <t, we obtain

Ue)St—s—s)f = (/J/V(S(t—sl—sz)f)(x,v)dvdx> 1

Me®(t=s1-52) (// f(x,v)dvdx) u
I

= Me¥=17%2) (@ 1)f,

IA

where M > 1 and w € R are such that ||S(t)|| < Me®* for all t > 0. Consequently,

t t—s:
MK ( /s é /0 ze‘*’(“sl_SZ)dsldsz) (U e1)

M 2 t w(t—sz)_l
_ Milllz (/ ¢ d52> U 1I).
w € So

This implies that Ro¢(t) is dominated by a one-dimensional operator. So, by
Proposition 3.1.4, we obtain that Ra¢(t) is weakly compact and therefore Ro(t)
is weakly compact for all t > 0. This proves (i).

We recall that every closed ideal in L(J x V) has the form

Rz’g(t)

VA

I={fel'IxV): fvanishae. onQ}

for some measurable subset Q C J x V. We suppose that | is S(-)—invariant. Then,
by Proposition 3.1.2, I is K¢—invariant. Assume that Q # 0. Since Xj.v\q € I, we
obtain

(KKXJXV\Q) (xv) = /VK(X;VaV')XJxv\Q(X;V/)dV'
= / K(X,v,V)dv' =0
V\Qx

for (x,v) € Qand Qy:={veV :(x,v) € Q}. Since K is strictly positive, it follows
that Qx = V. Hence, Q =Y x V for some measurable subset Y of J.

On the other hand, again by Proposition 3.1.2, | is To(-)—invariant. Thus, I is
R(N,Ao)—invariant for all A > 0. Hence, (R(A,A0)Xsxv\a) (X,V) =0forae. (x,v) €
Q. So, by using (3.6), one can see that

X 1
/o)(J\Y(s)ds:Oand/X Xa\v (s)ds =0.

Therefore, foli\Y (s)ds = 0 and this implies that Y = J. Consequently, | = {0} or
I = L%(J x V) and (ii) is proved. ]

We can now describe the asymptotic behaviour of the transport semigroup.
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Theorem 3.1.6 Assume that K satisfies (3.2). Then the transport semigroup S(-)
has balanced exponential growth. More precisely, there are two strictly positive
functions ¢ € L1(J x V) and @ € L*(J x V) satisfying [;,., ®(X,V)W(x,v)dvdx = 1
such that

le™* A1) —w@ ¢l < Me™

for all t > 0 and some constants M > 0 and € > 0.
Proof: Since vpin > 0, it follows that T (-) is a nilpotent semigroup, i.e., there is

to > 0 such that
Tt)=0 forallt>to. (3.11)

Hence, r(T (t)) = ress(T (t)) =0 forall t > 0. So, by Lemma 3.1.5.(i) and Theorem
3.1.1, we have

Wess (A + K) = —oo.
On the other hand, it follows from (3.11) that

t
Sl(t):/T(s)KKT(t—s)ds:O forallt > 2t
0

and therefore
Ra(t) =S(t) forallt > 2to.

So, by Lemma 3.1.5.(ii), we obtain that Rx(t) is irreducible for all t > 2to. Now,
one can apply [27, Theorem A.(iii)] to obtain that r(S(t)) = r(Rx(t)) > 0 for all
t > 2tg. Therefore,

Then one can apply Theorem 2.5.6 to the transport semigroup S(-) and obtains the
assertions. m|

3.2 THE N-DIMENSIONAL REACTOR PROBLEM

The second example is concerned with the n-dimensional transport equation (see
[30] and [31])

%t—“u(t,x,v) = —v- Oxu(t,x,v) — o(x,v)u(t,x,v)+
+ + Jy KO,V )u(t, x, vy dv',
(nTE) t>0,(x,v) eDxV,
u(ta'a')|r7:0a t>0,
u(o,x,v) = f(x,v), (x,v)eDxV

onLY(D x V), where I _ := {(x,v) € D x V : v-n(x) < 0} and n(x) is the outward
normal at x € dD.
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We propose again to apply the theory developed in Section 2.5 to study the
asymptotic behaviour of the solution of the transport equation (nTE). Proving the
irreducibility of the transport semigroup in this case is not so easy.

We suppose that D is a smooth open subset of R" and V is an open subset of
R". The collision o and the scattering kernel k are nonnegative and measurable
functions satisfying

ocel®(DxV)and sup (/ K(x,v’,v)dv’> < oo, (3.12)
(x,v)eDxV \J/V

Condition (3.12) implies that the absorption operator Mg and the scattering opera-

tor Ky are both bounded on L(D x V, i), where p is the 2n-dimensional Lebesgue

measure. As in the previous section, we define the free streaming semigroup, the

absorption semigroup and the transport semigroup respectively by

(To(t) F)(x,v) = F(X—=tv,V)xi(x,V)
(TOHXV) = exp(—/oo(x+sv,v)ds) (To(t) F)(x,V)

—t

isnm,

1 ift_(x,v) >t
0 ift_(x,v) <t
D xV, Sp(t) =T(t) and

S(t)

where Xt (X,V) := { andt_(x,v):=inf{s>0:x—sv¢gD}, (x,v) €

t
Sn+a(t) :/0 T(t—s)K¢Sn(s)ds fort > 0and (x,v) € Dx V.

If we denote by Ag the generator of (To(t))t>0, then A = Ag — Mg and A + K are
the generator of T(-) and S(-) respectively. We note that those semigroups are
positive and strongly continuous on L1(D x V, ).

In order to illustrate the theory given in Section 2.5, let us consider the special case
where

{ D is bounded and connected and {ve R" : &1 < |v| < &2} =: Vo C

V CVii={veR":|v| > Vmin} (3.13)

for some constants Vimin > 0and 0 < &1 < & < o0,
Without loss of generality one can suppose that &, < co.
As in the previous section, the second order remainder

Ra(t) = isna), t>0,

of the Dyson-Phillips expansion (3.3) will be of particular importance. If we de-
note St := {(s1,S2) : 51,52 > 0 and s1 + 52 < t}, one can see that

Ro(t) = A T(s1)K T (52)KkS(t —s1—s2)ds1ds;
t
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holds for t > 0. In particular, we have
(T (s1)KkT (s2)Kk ) (%,V)
= csl(x,v)/K(x—slv,v,v”)oSz(x—slv,v”)
v
-/K(x—slv—szv”,v”,v’)f(x—slv—szv”,v’)dv’dv”
v

for f € L1(D x V), where
0

Os(X,V) := Xs(X, V) exp (_/

—S

o(X+1v,v) dr>
for (x,v) € D x V. By taking the new variable X’ := x — s3v — sov"’ we obtain

(T (Sl)KKT (SZ) KK f)(X, V) = / I251,52 (X7 v, XI7VI) f(xlavl) XmdVl7
DxV

where
~ /! /
Ksy 55 (% VX, V') (3.14)
X—X' —s1v
= 05, (X,V)s53"K X— SV, V,
S2
X=X —sv X=X —sv
O, ( X= 81V, ———— | K [ X, ————— V' ] . (3.15)
S2 S2

Here and in the sequel we use the convention that all functions defined on D x V
(D xV xV resp.) are extended by zero to R" x R" (resp. R" x R" x R"). If we
suppose that K satisfies the conditions

Iy e LYV)/k(x,v,V) < y(v) forall (x,v,v') e DxV xV (3.16)

and
Vo CV andk(+,-,-) >00n (DxVoxV)U(D xV x V), (3.17)

then we have the main result of this section.

Theorem 3.2.1 Suppose that (3.12) and (3.13) hold. If k satisfies the conditions
(3.16) and (3.17), then there exist 0 < ¢ € LY(D xV),0 < ¢ € L*(D x V) with
Jo Jy 9, V)Ww(x,v)dvdx = 1 such that

le=>A+8)s(t) — @ §|| < Me™
for all t > 0 and some constants M > 1 and € > 0.
The proof is split into two lemmas.

Lemma 3.2.2 Suppose that D is bounded and (3.12), (3.16) are satisfied. Then
the second order remainder Rx(t) is weakly compact for all t > 0. Therefore,

Fess(S(t)) < ress(T(t) fort>0.
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Proof: Since

Rao(t) = A T (s1)KkT (s2)KiS(t —s1—s2) dsydsp
t

and by [32, Theorem 1.3], it suffices to show that the operators
T(s1)KkT (s2)Kk are weakly compact for all (s1,52) € St with s, > 0. Let us note
that we have

(T (s1)KkT (s2)K ) (%, V) :/ Ksys, %V, X V) £ (X, V) dX dV!
DxV

with Ks, s, from (3.14). It follows from the Dunford-Pettis theorem (cf. [8, Theo-
rem 10, p. 507]) that it suffices to prove that the set

M := {Ks, 5,(-,X,V); (X,V) €D x V}
is contained in a weakly compact subset of L*(D x V, j1). We note that the function
D3X —g(x) e LYDxV,p)
defined by

X=X —sqv
S2

g (xv) = sz"v(v)v( ) . (V) eDxV,

is continuous. This statement follows from a simple estimate by approximating
y € L1(V) by continuous functions with compact support. So, since D is bounded,
it follows that the set

M:= {sg”y(v)y(w> :x' €D}

S2

is relatively compact in L1(D x V, ). By (3.16) we now have

X—x' —sv
0< Kslsz(x VX V) <52 V( )V(Tl>

for (x,v,x',v') € (D xV) x (D x V). Therefore, the Dunford-Pettis theorem (cf. [21,
Theorem 2.5.4.(iv)]) implies that M is relatively weakly compact in L*(D x V p)
The last assertion follows from Theorem 3.1.1.

Lemma 3.2.3 Assume that D is connected and (3.12) is satisfied. Let Vg be the set
given in (3.13). If (3.17) holds, then (S(t))t>o is irreducible.

Proof: 1. Let us prove first that, for xo € D and r > 0 such that

B(xo,3r) :={x€R" : [xo—x| < 3r} C D,
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we have for each 0 < f € LY(D x V, ) with f|gx,r)xv #0

(s%) f) (V) > 0 for ae. (x,v) € B(Xo,r) x V. (3.18)

To this purpose let us consider the second order term Sx(-) of the Dyson-Phillips
series (3.3) and put tg := %—; Then by a simple calculation one can see that

(S2(to) ) (x,v)

( T (s1)KkT (to — 51— 52)Kk T (s2) f d51d82> (x,V)
StO

B(x,v,x' V) f(x',v)dx'dV,
DxV

where

B(Xﬂ v’ XI’VI)

-

O, (X' + 52V, V) (to — 51 — 52) T"K (x —S1V,V,

X—81V—=X —sov/
to—S1—952

Os,; (X,V)Otg—s; s, (x —S1V,
to

x—slv—x’—szv’)

to—S1—952
X —5v—X —sov
KX +sov, ——————= V'] dspdsy,
to—s1—52
X—51V—=X —sov/
= Os, (X,V) Ot —ss—s, | X— SV, ————————=—
Lt Sl( ) ) 0—S1 Sz( I tO_Sl_SZ

0
O, (X' +52V/,V) (to— 51— 52) ™"
X—51v—=X —sov

B (x—slv,x’+52v’,v, ,v’) dsads;,

to—S1—52
withfS:DxDxV xV xV — [0,) given by

B(X7 Xl7v7vl7V”) : K(X7 v,VI)K(XI,VI,V”).

Now, for a.e. (x,v,x',V') € B(Xo,r) XV x B(xo,r) x V, it follows from Exercise
3.2.4 below that B(x,v,x’,v") > 0. Therefore, since 0 < Sy(to) < S(to), we obtain
the first assertion.

2. The claim given in (3.18) holds for all t > to. In fact, choose m € N such that

% < tp and instead of r we take r' := % (<r). Then, (3.18) can be applied

m times to each ball B(xo,r’) contained in B(xo,r) and we obtain

t—1to

5000 =5 (122 50N ) >0

fora.e. (x,v) € B(Xo,r') xV and forall 0 < f € LY(D x V, ) such that flBxo,r)xv 7
0. Consequently, (S(t) f)(x,v) > 0 for a.e. (x,v) € B(Xo,r) x V.
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3. Finally we show that (S(t))>o is irreducible. Let 0 £ f € LY(D x V,p).
Then there is xo € D such that for all € > 0 with B(xo,€) C D and f[g(x, ¢)xv 7# O-
Let t > 0 and consider x' € D such that there exists a polygonal path C of length
< &t connecting xo with x'. There exists a covering of C by balls (B(xi, ri))io,...m
such that xm = X', B(Xj, i) N B(Xj_1,ri—1) Z 0 fori=1,...,m, B(xj,3r;) C D for
i=0,...,mand 23" yri < &t. If we repeat this procedure we have

(S(t)f) (x,v) >0 forae. (x,v) € B(X,rm) xV,
and the lemma is proved. m|
Proof of Theorem 3.2.1 From (3.13) we have in particular
V CcVi:i={veR";|v| > Vnin}.

This and the boundedness of D imply that there is to > 0 such that To(t) =T (t) =0
for all t > tp and therefore, wp(Ao) = wp(A) = —o. Thus

t
/ T({t—s)KcT(s)ds=0 forallt> 2to.
0
This implies,

S(t) =Ry(t) forallt> 2tp.

So, by Lemma 3.2.2 and Lemma 3.2.3, (S(t))t>0 is irreducible and consists of
weakly compact operators for all t > 2tg. Hence, it follows from [27, Theorem A]
that wo(A + Ky) > wess(A+ Ki) (= —). Now, the result follows from Theorem
2.5.6. O

Exercise 3.2.4 Use the notation from the proof of Lemma 3.2.3 and define the
functiona : D xV x D xV x S, — R,

X—51v—=X —sov
!\, . / ] /
a(x,v,X',v',s1,52) i= (x—slv,x +sv, v, ———— =

to—S1—952
Show that, for a.e. (x,v,x’,v') € B(xo,r) x V x B(Xo,r) x V, the set
{(51752) € SIQ;G(XJVaXIJVIJSLSZ) € B(X0;3r) X B(X073r) xV x VO X V}

is open and nonempty.



