CHAPTER 1

A SHORT INTRODUCTION TO
BANACH LATTICES AND
POSITIVE OPERATORS

In this chapter we give a brief introduction to Banach lattices and positive operators.
Most results of this chapter can be found, e.g., in [26], [1] or [21].

1.1 BANACH LATTICES

A non empty set M with a relation < is said to be an ordered set if the following
conditions are satisfied.

i) x<xforeveryxe M,
ii) x<yandy <ximpliesx=y, and
iii) x<yandy <zimpliesx < z.

Let A be a subset of an ordered set M. The element x € M (resp. z € M) is called
an upper bound (lower bound resp.) of Aify < x for all y € A (resp. z <y for all
y € A). Moreover, if there is an upper bound (resp. lower bound) of A, then A is
said bounded from above (bounded from below resp.). If A is bounded from above
and from below, then A is called order bounded. Let x,y € M such that x <y. We
denote by

[y :={zeM:x<z<y}

the order interval between x and y. It is obvious that a subset A is order bounded
if and only if it is contained in some order interval.
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Definition 1.1.1 A real vector space E which is ordered by some order relation
< is called a vector lattice if any two elements X,y € E have a least upper bound
denoted by xVy = sup(x,y) and a greatest lower bound denoted by x Ay = inf(x,y)
and the following properties are satisfied.

(L1) x <yimpliesx+z <y+zforallx,y,z € E,
(L2) 0<ximplies0<txforallxeE andt € R,.

Let E be a vector lattice. We denote by E := {x € E : 0 < x} the positive cone of
E. Forx € E let

Xt :=xVv0,x" :=(=x) V0, and |x| :==xV (—X)

be the positive part, the negative part, and the absolute value of x, respectively.
Two elements x,y € E are called orthogonal (or lattice disjoint) (denoted by x_Ly)
if x| Aly] =0.

For a vector lattice E we have the following properties (cf. [26, Proposition
11.1.4, Corollary 11.1.1 and 11.1.2] or [21, Theorem 1.1.1]).

Proposition 1.1.2 For all x,y,z € E and a € R the following assertions are satis-
fied.

(i) x+y=(xVy)+(xAy),
XVy:_(_X /\(_y)a
xvy)+z=(x+2)V(y+2),
and (XAY)+z=(X+2)A(y+2).

(i) x=xT—x".

(iii) [x| =x* +x7, |ax| = [a[|x|, and [x +y| < |x| + Y.

(iv) x*Lx~ and the decomposition of x into the difference of two orthogonal
positive elements in unique.

(v) x <y isequivalentto x™ <y*andy~ <x~.
(vi) xLyisequivalentto |x|V|y| = [x|+y|. Inthis case we have |x+y| = x| +y].
(vii) (xvy)Az=(xAzZ)V(yAz)and (XAY)VZ=(XVZ)A(YVZ).
(viii) Forall x,y,z € E4 we have (Xx+Y)Az< (XAzZ)+ (YAZ).
(%) [x—y| = (xVy) = (xAY), and [x—y| = |(xV2) = (yV2)| +|(xA2) = (yA2)].
A norm on a vector lattice E is called a lattice norm if
x| < [yl implies [Ix]] <[lyll ~forx,y € E.

Definition 1.1.3 A Banach lattice is a real Banach space E endowed with an or-
dering < such that (E, <) is a vector lattice and the norm on E is a lattice norm.
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For a Banach lattice E the following properties hold (cf. [26, Proposition 11.5.2]
or [21, Proposition 1.1.6]).

Proposition 1.1.4 Let E be a Banach lattice. Then,
(a) the lattice operations are continuous,
(b) the positive cone E is closed, and

(c) order intervals are closed and bounded.

o Sublattices, solids, bands and ideals

A vector subspace F of a vector lattice E is a vector sublattice if and only if the
following are satisfied.

(1) |x| eF forallxeF,
(2) xteForx  eFforallxeF.

A subset S of a vector lattice E is called solid if x € S, |y| < |x| impliesy € S.
Thus a norm on a vector lattice is a lattice norm if and only if its unit ball is solid. A
solid linear subspace is called an ideal. Ideals are automatically vector sublattices
since [xVy| < [x| +]y|. One can see that a subspace | of a Banach lattice E is an
ideal if and only if

x €l implies |[x| € land0 <y <x € | impliesy € I.

Consequently, a vector sublattice F is an ideal in E if x € F and 0 <y < x imply
y€eF. Asubspace BC E isabandinE if Bisan ideal in E and sup(M) is contained
in B whenever M is contained in B and has an upper bound (supremum) in E. Since
the notion of sublattice, ideal, band are invariant under the formation of arbitrary
intersections, there exists, for any subset M of E, a uniquely determined smallest
sublattice (ideal, band) of E containing M. This will be called the sublattice (ideal,
band) generated by M.

Next, we summarize all properties which we will need in the sequel (cf. [21,
Proposition 1.1.5, 1.2.3 and 1.2.5]).

Proposition 1.1.5 If E is a Banach lattice, then the following properties hold.

(i) If 1,15 are ideals of E, then I1 + 12 is an ideal and if furthermore 11 and I
are closed, then 11 + I, is also a closed ideal.

(ii) The closure of every solid subset of E is solid.
(iif) The closure of every sublattice of E is a sublattice.
(iv) The closure of every ideal of E is an ideal.

(v) Everyband in E is closed.
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(vi) For every non-empty subset A C E, the ideal generated by A is given by
IA) = J{n[-y.Y] i neN, y=[xa| V...V [Xe|, X1,..., X € A}.
(vii) For every x € E4, the ideal generated by {x} is
Ex = J{n[-x,X] :n e N}.

Example1.1.6 1. If E = LP(Q,u),1 < p < o, where [ is o-finite, then the
closed ideals in E are characterized as follows: A subspace | of E is a
closed ideal if and only if there exists a measurable subset Y of Q such that

I={YeE:YP(x)=0ae.xeY}.

2. If E =Cp(X), where X is a locally compact topological space, then a sub-
space J of E is a closed ideal if and only if there is a closed subset A of X
such that

J={dcE:p(x) =0forallx e A}.

Let E be a Banach lattice. If Eq = E holds for some e € E, then e is called an
order unit. If E = E, then e € E, is called a quasi interior point of E., .
It follows that e is an order unit of E if and only if e is an interior point of E..
Quasi interior points of the positive cone exist, for example, in every separable
Banach lattice.

Example1.1.7 1. If E = C(K), K compact, then the function constant 1lx
equal to 1 is an order unit. In fact, for every f € E, there is n € N such
that || f|| < n. Hence, |f(s)| < nllk(s) for all s € K. This implies f €
n[—lIK,llK].

2. If E = LP(p) with o-finite measure p and 1 < p < o, then the quasi interior
points of E coincide with the pu—a.e. strictly positive functions, while E_.
does not contain any interior point.

e Spaces with order continuous norm
If the norm on E satisfies

[Ix V[l = sup([[x[|, Iyll) forx,y € E+

then E is called an AM-space. The above condition implies that the dual norm
satisfies
Xyl = I+ Iy forx*,y* € EL.

Such spaces are called AL-spaces.

Definition 1.1.8 The norm of a Banach lattice E is called order continuous if
every monotone order bounded sequence of E is convergent.
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One can prove the following result (cf. [21, Theorem 2.4.2]).

Proposition 1.1.9 A Banach lattice E has order continuous norm if and only if
every order interval of E is weakly compact.

As a consequence one obtains the following examples.

Example 1.1.10 Every reflexive Banach lattice and every L*-space has order con-
tinuous norm.

The Banach space dual E* of a Banach lattice E is a Banach lattice with respect
to the ordering < defined by

0 < x*ifand only if (x,x*) > 0 forall x € E..

A linear form x* € E* is called strictly positive if (x,x*) > 0 (notation: x* > 0) for
all 0 S x (means 0 < x and x # 0). The absolute value of x* € E* being given by

(%, [x*[) = sup{(y,x") : |y| <x}, x€E;.

o Hahn-Banach’s theorem
The following results are consequences of the Hahn-Banach theorem.

Proposition 1.1.11 Let E be a Banach lattice . Then 0 < x is equivalentto (x,x*) >
Oforall x* € E}.

Proposition 1.1.12 Let E be a Banach lattice. For each 0 S x € E there exists
X* € E} such that [|x*[| = 1 and (x,x*) = [|x]|.

Proposition 1.1.13 In a Banach lattice E every weakly convergent increasing se-
quence (Xn) is norm-convergent.

Proof: LetA:={>{ jaixi:n€N, aj >0,a;+...+a,=1} be the convex hull of
{Xn : n € N}. By the Hahn-Banach theorem, the norm-closure of A coincide with
the weak closure. This implies that x € A, where x := weak — limp_« Xn. Thus, for
€ > 0 there exist

y=aiXx1+...+anXn € A,a1,...,ap >0,a1+...+a, =1,

such that |ly — x|| < €. Since xx <X, it follows that ||x — xk|| < ||[x —y|| < € for all
k>n. O

The following lemma will be useful in the proof of Proposition 2.5.3.

Lemma 1.1.14 Let E be a totally ordered (this means x € E = 0 < x or x < 0)
real Banach lattice. Then dimE < 1.
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Proof: Lete € E; and x € E. We consider the closed subsets C := {a € R:
oe>x}andC_:={aeR:ae<x}of R ItisobviousthatC. UC_ =R Since R
is connected, it follows that C.. NC_ # 0. Hence there is a € R such that x = ae.
O

e Complexification of real Banach lattices (cf. [26, 11.11])

It is often necessary to consider complex vector spaces (for instance in spectral
theory). Therefore, we introduce the concept of a complex Banach lattice.

The complexification of a real Banach lattice E is the complex Banach space
Ec whose elements are pairs (x,Y) € E x E, with addition and scalar multiplication
defined by (Xo,Yo) + (X1,¥1) := (Xo+X1,Yo+ Y1) and (a+ib)(x,y) := (ax—by,ay +
bx), and norm

N0 =1l sup (xsin6+ycos6)]|.
0<e<L2n
One can show that the above supremum exists in E (cf. [26], p. 134). By identify-
ing (x,0) € Ec with x € E, E is isometrically isomorphic to a real linear subspace
of Ec. We write 0 <x € Ec ifand only if x € E..

A complex Banach lattice is an ordered complex Banach space (E¢,<) that
arises as the complexification of a real Banach lattice E. The underlying real
Banach lattice E is called the real part of E¢ and is uniquely determined as the
closed linear span of all x € (E¢)+.

Instead of the notation (x,y) for elements of E¢, we usually write x + iy. The
complex conjugate of an element z = x+ iy € Ec is the element Z = x — iy. we use
also the notation 0(z) := x for z = x+ iy € Ec. The modulus | -| in E extends to
Ec by

[X+1iy|:= sup (xsin®+ycosB).
0<6<L2n
All concepts first introduced for real Banach lattices have a natural extension to
complex Banach lattices. A complex Banach lattice has order continuous norm if
its real part has.

1.2 POSITIVE OPERATORS

This section is concerned with positive operators and their properties. Let E,F be
two complex Banach lattices. A linear operator T from E into F is called positive
(notation: T > 0) if TE+ C F4, which is equivalent to

[Tx| <T|x| forallxeE.

Every positive linear operator T : E — F is continuous (cf. [21, Proposition 1.3.5]).
Furthermore,
(IT{] = sup{lITx|| : x € E4, [Ix]| < 1}.

We denote by £(E,F). the set of all positive linear operators from E into F. For
positive operators one can prove the following properties.



1.2 Positive operators 7

Proposition 1.2.1 Let T € L(E,F).. Then the following properties hold.
(i) (Tx)"™ <Tx*tand (Tx)~ < Tx™ for all x € Eg.

(i) If Se L(E,F) such that 0 < S < T (this means that 0 < Sx < Tx for all
x € E.), then [|S|| < [T

Let (A,D(A)) be a linear operator on a Banach lattice E. It is a resolvent positive
operator if there is w € R such that (w, o) C p(A) and 0 < R(A,A) for all A > w.
A Cp-semigroup on E is called positive if 0 < T (t) for all t > 0. Since

R(VA) = / eMT (t) dt for A > axo(A) and
0

—1im("R Ay
T(Ox= lim (GR(A)
forall x € E and t > 0 (cf. [2, Corollary 3.3.6]), it follows that a Co-semigroup
on a Banach lattice E is positive if and only if its generator is resolvent positive
operator.

For resolvent positive operators one has the following result (see [2, Theorem
3.11.8)).

Theorem 1.2.2 Let E be a Banach lattice with order continuous norm. If A is a

resolvent positive operator, then D(A) is an ideal in E.

Proof: Since E is the complexification of a real Banach lattice Er and R(A,A)Eg C
Egr, A > w, we have (z) € D(A) for z € D(A). Remark that if | is a closed ideal
of Eg, then I @il is a closed ideal of E. Therefore we can suppose, without loss
of generality, that E is a real Banach lattice. Moreover, we assume s(A) < 0, by
considering A — winstead of A otherwise.

a) Let 0 <y < R(0,A)x, x € E. We claim that y € D(A). In fact, for A > 0 we

have
0 <AR(AA)y < AR(MAA)R(0,A)x = R(0,A)x — R(A,A)x < R(0,A)x.

From Proposition 1.1.3 it follows that [0,R(0,A)x] is weakly compact. Hence,
there is z € E such that z = weak — limy_,., AR(A,A)y. In particular, z € D(A)

(because D(A) = D(A)Weak). Therefore,
weak—)!im (R(0,A)y—R(AA)y) = weak—)!im AR(A,A)R(0,A)y
—00 —00
= R(0,A)z
Since 0 <R(A,A)y < %R(O,A)x, we have R(0,A)y = R(0,A)z and hencey =z.
b) Lety € D(A). Then there is (yn) C D(A) such that limn_. yn =Y. Moreover,
there exists x, € E with y, = R(0,A)xn and then 0 < |yn| < R(0,A)|xn|. Now a)

implies that |yn| € D(A) and hence |y| € D(A).
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c)Let0 <y<xeD(A). Let (xn) € D(A) with limp_« Xn = X. From b) we have
[Xa| € D(A). On the other hand,

YA [Xn| < |Xn] = |R(0,A)Axn| < R(0,A)|Axn|

and a) implies that y A |xn| € D(A). Hence,

y = limyAfxn| € D(A).
O

Positive operators on C(K) with T 1lx = 1lk are contraction operators (cf. [22,
B.I1l. Lemma 2.1]).

Lemma 1.2.3 Suppose that K is compactand T : C(K) — C(K) is a linear oper-
ator satisfying T1lx = 1lk. Then 0 < T ifand only if || T|| < 1.

Proof: If0<T,then
ITH<TIH <T(Ifllollk) = [[ [l

Hence ||T|| < 1.
To prove the converse, we first observe that

U <f <l & ||f—irllk|lo <pri=V1+r2forallreR. (1.1)

Let f € C(K) with 0 < f < 21lk. Then —1lx < f — 1k < 1lk. By (1.1) we have
|| f— Uk —irllk|lo <prforallr e R Since TU, = Uk and ||T|| <1, ||Tf—1Ux —
irllg|l < pr forallr € R So by (1.1) we obtain —1lx < T f — 1l < 1lk. This
implies0 < T f < 21lk. O

e Lattice homomorphism and signum operators

Let E, F be two Banach lattices and T € L(E,F). It is called lattice homomor-
phism if one of the following equivalent conditions is satisfied (cf. [21, Proposition
1.3.11)).

(@ T(xvy)=TxvTyandT(xAy) =TxATyforall x,y € E.
(©) |Tx|=TIx|,x€E.
() TXTATXx" =0,xeE.

The following result, due to Kakutani, shows that for every e € E. the generated
ideal satisfies E, = C(K) for some compact K. Here, Ee is equipped with the norm
[[X||e := inf{A > 0:x € A\[—e, €]}, X € Ee (cf. [21, Theorem 2.1.3]).

Theorem 1.2.4 Let e € E; and take E. the ideal generated by e. Let B:= {x* €
(Ee)% : (e,x*) = 1} and K = ex(B) the set of all extreme points of B. Then K is
o(E*,E)-compact and the mapping Ue : Ec 3 X — fx € C(K); fx(X*) = (X,x*), x* €
K, is an isometric lattice isomorphism.
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If |h] is a quasi interior point of E., then Ep, is a dense subspace of E isomorphic
to a space C(K). Consider the lattice isomorphism U, from Kakutani’s theorem.

Let h := Uy h. Then, [h| = U}y |h| = Lik. Consider the operator
So:C(K) = C(K); f ~ (signh) f := — f = hf,

and putSy, ;= U|g|1§ou‘h‘. Then Sy, is a linear mapping from Ep, into itself satisfying
(i) Snh=1hl,
(ii) [Snx| < [x| for every x € Ey,
(iii) Spx =0 for every x € E | orthogonal to h.

Since (ii) implies the continuity of Sy for the norm induced by E and Ej, = E, Sp
can be uniquely extended to E. This extension will be also denoted by Sy, and is
called signum operator with respect to h.

We now give the following auxiliary result which we need in Section 2.5. See [22,
B.I1l. Lemma 2.3] for a similar result.

Lemma1.2.5 Let T,R € L(E) and assume that |h| is a quasi interior point of
E+. Suppose we have Rh =h, T|h| = |h|, and [Rx| < T|x| for all x € E. Then
T =S, RSh.

Proof: It follows from [Rx| < T|x|,x € E, that T is a positive operator. Slnce
T|h| = |h|, E}p is T-and R-invariant. Consider the operators T _U|h‘TU|h|

U‘h|RU|h| , and put hi= Ujnh. We then have

Rh=h, Tl = 1k, |Rf| < T|f| forall f € C(K). (1.2)

Define Ty := Mﬁ_lﬁMﬁ, where M is the multiplication operator byﬁ on C(K). By
(1.2) we have

Tyllk
[Ty f]

llk and
IM=IRM | = [RM f| < T|M f| = T|f]| (1.3)

for all f € C(K). Hence ||T1|| < ||T|| = [T 1lk||o = 1. So by Lemma 1.2.3, Ty
is a positive operator and (1. 3) implies that 0 < Ty < T. Therefore, ||T Tl =
(T = T1)1Uk||w = 0. Since |h| = |U|h|h| U Ih| = 1, it follows that So= M.
Thus, Sh = U "MpUn and Ty =T implies that T = S;*RSp, O



