CHAPTER 3

THE ORNSTEIN-UHLENBECK
SEMIGROUP

In this chapter we are concerned with the Ornstein-Uhlenbeck semigroup,
first on Cy(H), and finally on LP-spaces with invariant measure. The
Ornstein-Uhlenbeck semigroup is related to the solution of the following
linear stochastic differential equation

dX (t,z) = AX(t,z)dt + QzdW (t), >0
(SDE) { X(0,2) =z € H,

where Q € L(H) is selfadjoint and nonnegative and A generates a
Co-semigroup (e‘4);>o on H. The process W is a standard cylindrical
Wiener process on H. Under appropriate assumptions (see [12]) the
solution to (SDE) is a Gaussian and Markov process in H, called the
Ornstein-Uhlenbeck process. The associated Ornstein-Uhlenbeck semigroup
on By (H), the space of bounded and Borel functions from H into R, is given
by

Rip(x) :=E(p(X(t,2))), t>0,z€ H, p€ By(H).
This is the semigroup solution of the associated Kolmogorov equation

gy | srult2) = 5Te(QD%u(t, o) + (x, A*Du(t,z)), >0,z € H,
(KE) u(0,2) = p(x), x€H.

The basic assumption in this chapter is
¢
(H1) Q= / AQeH ds € LH(H), 1> 0.

Under (H1) and by the change of variables

v(t,etAx) =u(t,z), t>0,x€H,
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one can see (cf. [8], [4]) that v is the unique solution of the parabolic
equation

(PE) %v(t,x) =1Tr (etAQetA*DQU(t,x)) , t>0,z€H,
v(0,2) = p(z), x € H,

and is given by
v(t,x) = / o(x+y)N(0,Q:)(dy), =€ H, t>0,
H

where ¢ € BUC?(H). Therefore, if we suppose (H1) then the Ornstein-
Uhlenbeck semigroup is given by

Rip(z) = /H (e + N (0, Q) (dy), =€ H, 120,

for ¢ € By(H). Now, by Lemma 1.2.7, we have, for ¢ € By(H),

Ripl) = /H PN (A2, Q)(dy), =€ H, t>0.

3.1 THE ORNSTEIN-UHLENBECK SEMIGROUP ON
Cy(H)

The aim of this section is to study the global regularity of the Ornstein-
Uhlenbeck semigroup (R;):>0 on C,(H). Existence and uniqueness of a
classical solution for (KE) will be also considered.

In this section we assume the controllability condition (see [31])

(H2) ¢MA(H) C QF(H) forallt > 0.

If we suppose in addition that (e‘4);> is exponentially stable, that is, there
are constants M > 1 and w > 0 such that |[e!4| < Me~* for all t > 0, then
it follows from the strong continuity of the semigroup (e‘4);>( and Exercise

3.3.22 that, for any ¢ > 0, the subspace Qt% (H) is dense in H and so, by
Remark 1.3.2,
ker@Q; = {0} forall¢ > 0.

This will be needed for the application of the Cameron-Martin formula.
Regularity properties of the semigroup (R;):>o are given by the following
result.

Theorem 3.1.1 Suppose that (H1) and (H2) are satisfied and ker Q; = {0}
forallt > 0. Then, for any p € By(H) and t > 0, we have Ryp € BUC™(H)
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and in particular, for x,y,z € H,

(DRyp(z).y) = /H (e Q1 ) pleta + RIN(0, Q) (dh),

O Reptanz) = [ [0 Qb8 Qb0 — (i)
H
ez + v)N(0,Q;)(dv),
where A; .= Q;%e“‘, t > 0. Moreover,

IDRip()] < [[Adll[lelloos
ID*Rep(@)ll < V20l oo-

Furthermore, if for any t > 0, RyBy(H) C Cy(H), then (H2) holds.

1
Proof: Lett >0, ¢ € By(H) and x € H. Since, by (H2), ez € Q7 (H),
it follows from the Cameron-Martin formula (see Corollary 1.3.5) that

N(etAxv Qt) ~ N(O, Qt) and

dN(etAxa Qt)

dN(O7 Qt) (y) - oxPp (%|At$|2 + <At‘r7 Qt_%y>> .

Thus,
Rep(a) = [ ot e (= leal? + (e, ) ) (0. Q0

Therefore, by a change of variables (see Lemma 1.2.7), we obtain

(DRigp(x).y) = /H (e, @1 F (h = HAn)) (N (e, Q) (dh)

| (8 Q7 et + AT0.Quah).
H
So by Proposition 1.3.1 we have

[(DRup(),y)I* < H@Hoo/H|<Aty7Q§h>\2N(0,Qt)(dh)

= lellolAeyl?

for all y € H. Similarly one obtains the second derivative of R;p and the
estimate follows by a simple computation. Let now prove the last assertion.
Suppose that for any ¢ € B,(H), the function R;y(-) is continuous and

there is ©o € H such that 'z, ¢ Qt% (H). It follows from the Cameron-
Martin formula (Corollary 1.3.5) that, for any n € N, N(e4zg,Q,) L
N(0,Q;). This means that , for any n € N, there is I',, € B(H) with

I (%etmczt) (') = 0. and (0, Q1) (T,y) = 1.
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If we set I" := N enly, then
1
N (EetAx(), Qt) (F) =0 and ./\/(0, Qt)(F) =1.

Now, we consider the characteristic function ¢ := xr. Then, for any n € N,
we have

n

Rip(0) = N(0,Q)(I) = 1.

Rip (””0) = N <%et‘4x07 Qt> (I') = 0 and

Hence, the function R,y (-) is not continuous at zero. This end the proof of
the theorem. O

We show now that the Ornstein-Uhlenbeck semigroup (R;):>o solves the
Kolmogorov equation (KE) in the following sense.
We say that a function u(¢,x), t > 0,z € H, is a classical solution of (KE) if

(@ u:[0,00) x H— R is continuous and u(0, -) = ¢,

(b) u(t,-) € BUC?(H) for all t > 0, and QD?u(t, ) is a trace class oper-
atoron H forall z € H and ¢t > 0,

(c) Du(t,x) € D(A*)forallz € Handt >0,

(d) for any € H, u(-,z) is continuously differentiable on (0, c0) and
fulfills (KE)

Under appropriate conditions we show now the existence and the unique-
ness of a classical solution for (KE) (cf. [13, Theorem 6.2.4]).

Theorem 3.1.2 Suppose(H1), (H2) and ker Q; = {0} for all t > 0. If A;A
has a continuous extension A; A on H and AtQ% is a Hilbert-Schmidt operator
on H for every t > 0, then (KE) has a unique classical solution.

Proof: For ¢ € B,(H) we know, from Theorem 3.1.1, that, for any ¢t >
0, Ryp € BUC*(H) and

(DRyp(), Ay) = /H (A Ay, Q; Ry (e + IN(0, Q,) (dh)

fory € D(A), t > 0and x € H. So by Proposition 1.3.1, we obtain
[(DRyp(x), Ay)| < [lollollAeAlllyl,  Vy € D(A),

fort > 0and x € H. Hence, DR;p(x) € D(A*) forallz € H and ¢t > 0.
Again from Theorem 3.1.1 we deduce that

<D2Rt90(90)@%€j7 Q%6j> =
= Lo ((MQFe1, Q7% 0) — INQEes ) lez + )N (0, Q1) (dy)
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forx € H, t > 0 and j € N. It follows from Proposition 1.3.1 that
(D*Rep(@)Q%¢j, Q% e;)| < 2/A:Q%¢; |l

for z € H and t > 0. This implies that QD?R;(x) is a trace class operator
on H forallz € Hand t > 0.

For any « € H, the function ¢t — R;¢(x) fulfills (KE) follows from a straight-
forward computation and is left to the reader. The uniqueness follows
from the fact that Equation (PE) has a unique solution for an initial data
¢ € BUC%(H). O

If the semigroup (e*4);>¢ is exponentially stable then the assumption
“A,Q7 is a Hilbert-Schmidt operator on H” is automatically satisfied as the
following corollary shows.

Corollary 3.1.3 Assume (H1) and (H2). If AyA has a continuous extension
AA on H for every t > 0 and (e!?);> is exponentially stable then (KE) has
a unique classical solution.

Proof: It suffices to prove that the assumptions of Theorem 3.1.2 are
satisfied. Since

A= QP = (Q 2 Q) QT b Ned 4, >0,

it follows from Exercise 3.3.22 that A; is a trace class operator and hence
1. . .
A:Q7 is a Hilbert-Schmidt operator on H for every ¢ > 0. a

3.2 SOBOLEV SPACES WITH RESPECT TO
GAUSSIAN MEASURES ON H

In this section we propose to define and study the Sobolev spaces
WUY2(H, 1), Wy (H, ) and W>2(H, ), where p := N(0,B) and B €
LT (H). Without loss of generality we suppose that ker B = {0} and con-
sider an orthonormal system (e ) and positive numbers A\, with Bep = Ageg
for k € N.

Define the subspaces £(H) and £4(H) of BUC(H) by

E(H) := Span{e’™M.h e H}
EA(H) := Span{e!™M.h e D(A%)}.

In the sequel the following lemma will play a crucial role.

Lemma 3.2.1 Forany ¢ € BUC(H), there is a sequence (¢ k)n,ken C E(H)
with
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(@ limp— oo limy oo 0 k() = p(z), VYo e H,
®) llenklloc <ll@lloo;, Vn,keN.
Thus, £(H) (resp. E4(H)) is dense in L*(H, p).

Proof: Since D(A*) is dense in H and BUC(H) is dense in L?(H, ;1), and
by the dominated convergence theorem, it suffices to show the existence of
such a sequence.

To this purpose we assume first that dim H := d < oo and consider the
function ¢,, satisfying

(i) ¢y, is periodic with period n in all coordinate z, k = 1,...,d,

1

() ¢n(z) =¢(z), Vze|[-n—1in-—1i?

3

(i) [lonllso < llelloo-

Hence,
lim ¢,(x) = ¢(z), Vze H.

On the other hand, any function ¢,,, n € N, can be approximate, by using
Fourier series, by functions in £(H). This proves the lemma for finite di-
mensional Hilbert spaces.

In the general case, let ¢ € BUC(H). Take

Yp(x) = (a1, 29, ...,2,0,...), € H, keN.
Then it follows from the first step that there is (¢, i )n,keny C E(H) with
lim Cpn,k(x) = wk($)7 Vx € Ha

n—oo

‘|<Pn.,k||oo < klloo < Moo

N

Therefore, for any x € H,
lim lim ¢, (z) = o(x), Ve H.

k— o0 n—o0

For any k € N we define the partial derivative in the direction ej, by
1
Dro(x) == tlgr(l) ;((p(x +tey) —p(x)), z€H
for o € Ea(H) (or ¢ € E(H)). We note that for ¢(x) := e“®", we have

Dyp(z) = ihe'™M for x,h € H.
The following proposition gives an integration by part formula.

Proposition 3.2.2 For ¢, € £(H) and k € N the following holds

| Doerp@ntdn) = [ peDupantin) + 5 [ ople)p(on(da).

k
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Proof: For ¢, p € £(H) we have
/Dkgo yu(de) = /z’hke (wh) gia,h) wu(dx)
H
. / bR ()
H

— ihge 3(B(Fh)AER) anq
/HSO(QU)Dkﬂx)u(da:) —  ihpe 3{BUHR) )
On the other hand, we obtain
e /xkso Ypu(dx) =

1 d it(z,en) ilmhth)
T ndt ( /He c u(dz)

1 d ) 7
_ - i(x,tex+h+h) d
i dt (/H € m x)) .

1 d

1 . 5
= i [eXP (_§<B(t€}c +h+h)tey, +h+ h>)]

[t=0

[t=0

1 - 1 A
= — | =Xo(he +h ——<B(h+h),h+h>}
i { k(hi + hy)e™ 2
1

_ (hk+hk) —5(B(h+h),h+h)

This proves the integration by part formula. a

The following proposition permits us to define the first Sobolev space
with respect to the Gaussian measure .

Proposition 3.2.3 For any k € N, the operator Dy, with domain £(H) is
closable on L?(H, p).

Proof: Let (p,) C £(H) be such that lim,, - ¢, = 0 and lim,,—,oc Drp, =
v in L?(H, u). By Proposition 3.2.2 we have

/ Dign(@)p(@)u(de) + / on(@)Dip(a)p(de) = - /H Erpn (@) (@) pu(d).

By Holder’s inequality, one can estimate the right hand side of the above
equation and obtains

2
<

lim \ | sent@iptantia)

n—oo

< ([ putePutae)- [ atetarutan) o
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for ¢ € £(H). Hence,
| vlaeteutin) =0, Ve e e
Since £(H) is dense in L2(H, p), it follows that ¢ = 0. O

In the sequel we use the notation Dy, := Dy, for k € N.
Definition 3.2.4 The first order Sobolev space W2(H, 11) is defined by

W2(H, ) =
{o e L*(H,u): ¢ € D(Dy,), Yk € N, and i/H |Dro(x)|?u(dr) < oo}
k=1
For o € WY2(H, i), we denote by
Dple)i= 3 Duglw)en, € I,
k=1

the gradient of ¢ at x, which exists as a L?(H, u)-function and hence for
almost every x € H. It is clear that W?(H, 1) endowed with the inner
product

<90311[}>W1v2(H,;L) =
(0 6) oo + /H (Dg(x), D) p(dr), o1 € WY2(H, ),

is a Hilbert space.
Now, we show that Proposition 3.2.2 remains valid in W12(H, ). To
this purpose we need the following lemma.

Lemma 3.2.5 If ¢ € WY2(H, p), then, forany k € N, zxp € L*(H, p).
Proof: It is easy to see that Proposition 3.2.2 holds for all o € W12(H, i)

and ¢ € £(H). So if we apply Proposition 3.2.2 with ¢ = z;g and ¢ = g for
keNand g€ £(H), then
/ wig(x)?p(de) =
H
= /\k/ (9(x) + zx Drg(x))g(x)p(dx) + )\k/ 21,9(x) Drg(z) pu(dz)
H H
— [ g@Putdn) + 2 [ sug(o)Dugontae).
H H

So by Young’s inequality we obtain
| atot@utdn) <

< N[ o@Pntin)+ 5 [ atoPutdn) + 23 | Dugla)iutao).



3.2 Sobolev spaces with respect to Gaussian measures on H 53

Thus,

/H P2 g(x)u(de) < 2\ /H o) pu(dz) + 432 /H Dy () ().

This end the proof of the lemma. O
From the above lemma we obtain the following corollaries.

Corollary 3.2.6 If o € WY2(H, 1), then |z|¢ € L?(H, u) and the following
holds

|l et@iutdn) <208 [ p(wPutde) + 4B [ Do) a(da).
H

Corollary 3.2.7 For ¢, € WY2(H, 1) the following holds
1

| Dotortantan) + [ p@Divtentn) = 5 [ auptavnto),

By the same proof as for the first derivative one can see that, for any h, k € N
the operator Dy, Dy, : E(H) — L*(H, u) is closable on L?(H, 1) and as before
we use the notation Dy, D, := Dy, D;,.

Definition 3.2.8 The second order Sobolev space W22(H, i) is defined by

W22(H, ) :=
{pel*(Hp):pe () D(DuDy) and Z / Dy Dip(@)Pp(da) < oo}
h,keN h,k=1

If p € W22(H,p), then, for a.e. © € H one can define a Hilbert-Schmidt
operator Dp(x) (since Y, .oy [DnDrg()]* < oo for a.e. x € H) by

(D?p( : ZDthgo T)Ynzk, Y,2€ H,ae.xe€ H.
h,k=1

It is easy to see that W22(H, 1) endowed with the inner product
(o, Vywa2(m ) = (0, V) wrz () + Z / (DnDyp(x), DpDyip(x)) pu(dr)
h,k=1

is a Hilbert space.
In a similar way one can obtain the following useful result.
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Proposition 3.2.9 If ¢ € W?22(H,u), then |z|¢ € WY2A(H,p), |z[*¢ €
L?(H, 1) and the following estimates hold

/ (22D () Puldr) < 2 / () u(dr) + AT B / |Dp(a)|2 () +
H H H
8|3 / Te(D?p(x))*u(dr).

([ etorutan) + [ Dot Putao)

| latte@Putdn)
/ Tr(D%*p( (d:c)).

For the characterization of the generator of the Ornstein-Uhlenbeck semi-
group on L%(H, ;1) we need the notion of Malliavin derivatives.
We consider the operator Dp : £(H) — L?(H, u; H) defined by

IA

Dpyp:=B3Dy for g € E(H).
Here L?(H, u; H) denotes the space of all strongly measurable functions
® : H — H satisfying [, |®(x)[>u(dz) < oo

Proposition 3.2.10 The operator Dp with domain E(H) is closable in
L*(H,p; H).

Proof: Let (p,) C £(H)and F € L*(H, u; H) are such that lim, o ¢n = 0
in L?(H, p) and lim,, .o, Dy, = F in L?(H, p; H). This means that

tim [ |Dpien(x)  F (o) p(dr) =

n—oo

~ lm /H;\/Ykpk%(x)_Fk(x)m(dx):o.

n— oo

Since we have supposed that ker B = {0}, it follows that, for any k € N,

1
lim Dypp, = ——F), in L*(H, ).
lim - (H, )
So by Proposition 3.2.3 we have, for any k& € N, F;, = 0, which proves the
claim. a
As before we use the notation Dg := Dp and this will be called the
Malliavin derivative. In a similar way we define the following spaces
Wg*(H,p) = {e€L*(Hp): Dpp € L*(H, 1 H)},
Wy(H,p) = {peL*Hp): o€ (| D(DyDy)and

h,keEN

Z / Ak | D Dio(2) 2 p(da) < oo}

h,k=1
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3.3 THE ORNSTEIN-UHLENBECK SEMIGROUP ON
[P-SPACES WITH INVARIANT MEASURE

The aim of this section is to study the Ornstein-Uhlenbeck semigroup on
LP—spaces with respect to an invariant measure.
Under appropriate assumptions we prove the existence and uniqueness of
an invariant measure 4 for the Ornstein-Uhlenbeck semigroup (R;). This al-
lows us to extend (R;) to a Cy—semigroup on L?(H, p), 1 < p < co. We find
sufficient conditions for the existence and uniqueness of a classical solution
for (KE) on LP(H, ), 1 < p < oo and finally we characterize the domain of
the generator of the symmetric Ornstein-Uhlenbeck semigroup on L2(H, ).
In order to have an invariant measure for the Ornstein-Uhlenbeck semi-
group we suppose in this section the following assumptions

(H3) A: D(A) — H generates a Cy — semigoup (e!),> satisfying
et < Me! for some constants M > 1, w > 0.

(H4) Q € L(H) is a symmetric and positive operator and

t
Q: = / e AQe* ds e LT (H), t>0.
0

If we set Qoo := [° e*AQe*"" ds, x € H, then

Hence,
TrQo < MPTrQ1 ) e 2 < o0,
n=0

which implies that Q, € £ (H).
The following result shows the existence and uniqueness of invariant mea-
sure for the Ornstein-Uhlenbeck semigroup.

Proposition 3.3.1 Assume that (H3) and (H4) hold. Then the Gaussian
measure u = N(0,Q) is the unique invariant measure for the Ornstein-
Uhlenbeck semigroup (R;);>o. This means that, for all ¢ € BUC(H),

| Reptantdn) = [ otayn(da).

H

Moreover, for all ¢ € BUC(H) and x € H,

Jim Regla) = [ olopulde).
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Proof: It follows from Lemma 3.2.1 that it suffices to show the proposition
for ¢ € £4(H). For p,(z) := e*™®)  x h € H, we have

/ / e N0, Q1) (dy)u(de)
HJH

/ ei(efo,h)—%(ch,h>M(dx)
H
_%<ch7h>_%<QmetA*h,etA*h>
1
L

—1{(Qs+e Quoet™ )h,h)

- / on(@)p(dr),
H

/ Rypn () p(dz)
H

I
o o

where the last equality follows from the equation
Qi+ Qe = Qu, 20, 3.1

On the other hand, we obtain

tlim Riop(z) = tlim il h,a) =5 (Qrhh)
= 67%<roh»h>
= /(ph(x)u(dx).
H

For the uniqueness, we suppose that there is an invariant measure v for
(Ry). In particular v satisfies

| Reontawtiz) = [ onavias)
H H
for @y, () := €™z h € H. This implies that
e~ 2 QMR (A" h) = D(h).
So by letting ¢ — oo we obtain
D(h) = e~ (@M = fi(n)

and the uniqueness follows now from the characterization of Gaussian mea-
sures (see Theorem 1.2.5). |

Now, one can extend the semigroup (R;):;>o to a Cp-semigroup on
LP(H, ),
1<p<oo.
Theorem 3.3.2 Assume that (H3) and (H4) are satisfied. Then, for all t > 0,

R, can be extended to a bounded linear operator on LP(H,p) and (R)i>o0
defines a Cy—semigroup of contractions on L?(H, u) for 1 < p < oc.
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Proof: Lett > 0and ¢ € BUC(H). By Holder’s inequality we have
|Rep() [P < (Relol?) (), x € H.
Hence,
| Be@lun) < [ Rigl @)
H H
| le@Putao).
H

So, the first assertion follows from the density of BUC(H) in L?(H, y1) for
1 < p < oo and we have

HRtQOHLP(H,u) < HSOHLP(H,/L)a t> Oa pe LP(H’ /‘)'

Finally, the strong continuity follows from the dominated convergence the-
orem. 0

As in Section 3.1 we show that u(t,z) := (Ryp)(x), t > 0,2 € H, and
¢ € LP(H, ) is the unique classical solution of (KE), which means that

(a) w is continuous on [0,00) x H, u(t,-) € C*(H) for all t > 0,

(b) QD?u(t,x) is a trace class operator on H and Du(t,x) € D(A*) for
everyt>0and z € H,

(¢) A*Du and Tr(QD?u) are two continuous functions on (0, 00) x H and
u satisfies (KE) for all¢t > 0 and x € D(A).

This result can be found in [6, Theorem 5].
To this purpose we need the following lemmas (see [6, Proposition 2] and
[5, Proposition 1] or [13, Theorem 10.3.5]).

Lemma 3.3.3 Suppose (H2), (H3) and (H4). Then the following hold.

(1) The family Sy(t) := Q;,% etAQéo, t > 0, defines a Cy—semigroup of
contractions on H.

(ii) The operators Sy(t)Sg(t), t > 0, satisfy
[1S0(t)S5(8)[| < 1 and
AeAT(Qoc? ) (T = So(t) S5 (1) Qs e ).

(iii) For 0 < to < t3, the function [to,t1] > t — Ay € L(H) is bounded.



58 The Ornstein-Uhlenbeck semigroup

Lemma 3.3.4 Assume (H2), (H3) and (H4) and let p € LP(H,u), 1 < p <
oo. Then, for any t > 0, (Ryp)(:) € C*°(H) and

|D" Ryp(x)| < c(t,n, p, @) < 00

uniformly on bounded subsets of H for n =0, 1, ... and some constant
c(t,n,p, ) > 0.

Proof of Lemma 3.3.3: (i) It follows from (H2) and Exercise 3.3.22 that
So(t), t > 0, are bounded linear operators on H and

Sy(t) = QLetA Qu, >0,

which can be defined on H, since ker Q», = {0} and hence, Qi(H )=H
by Remark 1.3.2. Now, from (3.1), we obtain

0 < (Quz, 2) = (I — So(t)SE(1)Qz, QLa), >0,z € H.

Hence, ||S5(1) Q| < [Q&a|, t > 0,z € H. Since Q&(H) = H, we
deduce that

ISo(®ll <1, t=>0. (3.2)
The semigroup property can be easily verified. It suffices now to show that
So(+) is weakly continuous at zero. Let 2,y € H. Then,

lim (S (t)z, in = (z, Qéoy%

t—0t

and the weak continuity follows from (3.2) and the density of Qéo( H)in H.
(ii) From (3.1) and Exercise 3.3.22 it follows that

I=So(H)S;(1) = Q= Q1) (QFQx?), >0,

By Exercise 3.3.22 we have that Q;F Qf has a bounded inverse and so does
I —Sy(t)Sg(t) for t > 0. Since I — Sy(¢)Sg(¢) is selfadjoint and positive, we
deduce that

|So(t)S5(t)|| <1 forallt> 0.

On the other hand, by Exercise 3.3.22, we have
NA = (@) (@ e
= (@@L (@ RR)©Q
= (@) (T~ S(1)S5 (1) (@t ')

for every t > 0.
(iii) Take a > 0 such that

IS0 (t0)SG (to)]] < a < 1.
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Then,

[1S0(t)Sg (D)l = [1So(t — t0)So(to)Ss(to)Ss (t — to)|
50 (0) S5 (to) |l < @

A

for t € [to,t1]. Now, (iii) follows from the identity
ng% etA — (ng%etoA)e(t—to)A

fort e [to,tﬂ. O

Proof of Lemma 3.3.4: We fix t > 0 and ¢ € LP(H, ). Suppose without
loss of generality that

/ lp(eta + y)|PA(0,Qs)(dy) < 0o for z = 0. (3.3)

Let consider a sequence (y¢,) C By(H) with |p,(z)] < |¢(z)] and
lim,, 00 pn(z) = @(x) for p—a.a. z and hence, by Exercise 3.3.20, for
N(0,Q;)-a.a. z. So, by (3.3), ¢, converges also to ¢ in LP(H,N(0,Q;)).
On the other hand, we know from Theorem 3.1.1 that R,p,, € BUC®(H).

So, by the Cameron-Martin formula and Holder’s inequality, we obtain

|Rt90 Rt@n( >|
/ o€ + y) — (e + YN0, Q2 (dy)

IN

= [ e (=3l + (470 ) o) — 20 IV, Q)
H

( / exp (——|Atx + (A, Q; >)q/v<o,@t><dy>)q

([ 1) - entiieacco thdy));

for  + ¢ = 1. Thus, it follows from Proposition 1.3.3 that

IN

q
sup |Rep(@)— Regn ()] < sup exp(—mtxf) lo—nllir 000
[lz||<K lz||I<K

for ¢ > 0 and any constant K > 0. This implies that R, € C(H).
On the other hand, from Exercise 3.3.21 and the Cameron-Martin formula,
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we have

|<DRt<Pn(37) - DRt@m(m)v y>‘
/H (At @ 1) (pn(€ 0 + 1) — (!4 + B)IN(0, Q1)(dh)

IN

1

([ 1@ tnrwo.oan )

IN

T

(/H lon (e 4 h) — o (e z + h)|TN(0,Qt)(dh)>

1 -1
= et [ e (~glal + (i )
H

|on(h) = om(h)["N(0,Q¢)(dh))

ool [ exo (=G Ivaf 4 bl @, 2 ) 0. Quam) ) ™

IN

( [ lontt) - ¢m<h>w<o,@t><dh>)% ,

where 1 + L =1,r>1,and } +

1 + = 1. So, by Proposition 1.3.3, it follows
that

b—1
|DRipn(x)—DRyom ()] < c(t,p) exp <7|At9€|2> lon—mll Lr (2N (0,Q.))

for x € H. Thus, DR;p,, converges uniformly on bounded subsets of H to a
continuous function. Using Theorem 3.1.1 and by the same argument one
can show the result for arbitrary n. |

The following result shows the existence and uniqueness of the classical
solution for (KE), for any ¢ € LP(H, i), 1 < p < 0.

Theorem 3.3.5 Let (H2), (H3) and (H4) hold. If the operator A;A has a
continuous extension A;A on H then the function (t,x) — (Rip)(x) is the
unique classical solution for (KE) for any ¢ € LP(H,pu), 1 < p < o0.

Proof: As in Theorem 3.1.2 we prove first that, for every ¢ € LP(H, u),
andz € H,

DRyp(x) € D(A*) forallt > 0.

Lett > 0 and ¢ € LP(H,u) be fixed. We know from Theorem 3.1.1 and
Lemma 3.3.4 that, for y € D(A),

(DRyp(z), Ay) = /H (A Ay, Q) F ol + N0, Q0) (dh).



3.3 The Ornstein-Uhlenbeck semigroup on L?-spaces with invariant
measure 61

Thus, by Holder’s inequality and Exercise 3.3.21, we obtain
Rt anl < ([ 1nan @ mrvo.Qon)
([ et 4 npao.qoan)
H
er A Ay| (Rl ()" (3.4)
< cl[AdAlllyl (Rl (2))

IN

N

forze H, L +1=11<r<p, andally € D(A). Since |p|" € L*(H, p),
it follows from Lemma 3.3.4 that

o(r, @) i= e (Rilop|" () < oo
Hence, DR;¢(z) € D(A*) fort >0and z € H.

On the other hand, by Theorem 3.1.1 and Lemma 3.3.4, we have D?R;p(x)
exists for all z € H and

(D*Repta)es.e)) = [ [1(hies @0 F o) = 18ies ] olea+9) N (0. Q0) ).

Take 1 < r < p. Then, it follows from Holder’s inequality and Exercise
3.3.21 that

U=

R e < ([ [henQrtnk - ne ) vo.Q)@)’

r

( [ 1ottt 4y wm,Qt)(dm)
< erlAey? (Relgl(2)) (3.5)

forz € H,and L + 1 =1,1 < r < p. By the same argument as above and
Corollary 3.1.3 we have ¢(r, ¢, x) := ¢, (Rt\<p|’”(z))% < oo and

oo
Z|DRt(P( )€J,€]|<C’/’§07 Z|A€]| < 0.
Jj=1

This shows that D2R;p(z) is a trace class operator on H for z € H, t > 0
and ¢ € LP(H,u). From Corollary 3.1.3 we know that (KE) has a unique
classical solution u(t, ) := Rp(x) for ¢ € By(H). Now, for ¢ € LP(H, u),
there is a sequence (y,,) C By(H) with |, (2)| < |¢(z)] and lim,, e ¢n(z) =
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() for y—a.a. © € H. It follows from Exercise 3.3.23 that
|Repn(x) — Rep()] < 1
(/[ keamtutan)) " ow = el
det(I — So(t)S5 () =" det (I + (g — 1)So(t)S5 (1)) %
exp (15T + g = DSu(053(0) 10 10, @ )

IN

fort >0, z € H and %—i—% = 1. So, by Lemma 3.3.3(iii), R;¢,(7) — Rip(x)
uniformly in (¢,z) € [to,t1] x {z € H : || < K} for 0 < ¢y < ¢; and any
constant K > 0. Again by Exercise 3.3.23, we obtain

Rilel"(x) <

( / k(t,x,yw(dy))p -
= aet(T — S5 () T det(+ (£~ 1)Sy()5(0)H

IN

exp (P50 (2 = 0y(05(0) Qe e

fort >0,z € Hand 1 < r < p. So, by Lemma 3.3.3(iii), (3.4) and (3.5),
it follows that 2 R;p,, (z) converges uniformly in (¢,z) € [to,t1] x {z € H :
x| < K}. Hence the function (¢,z) — R:p(x) is a classical solution for
(KE). The uniqueness follows from Theorem 3.1.2. O

We propose now to characterize symmetric Ornstein-Uhlenbeck semi-
groups on L?(H, ). To this purpose we need the following lemma.

Lemma 3.3.6 Assume that (H3) and (H4) hold. Then the operator ) is the
only positive and symmetric solution of the following Lyapunov equation

(Quor, A%y) + QoA w,y) = —(Qu,y), @,y € D(A"). (3.6)

Proof: For x,y € D(A*), by using integration by part, we have
= <Q:v, y) — <Q00A*a:, Y)-

Suppose now that there is a positive and symmetric opertor R € L(H)
solution of the Lyapunov equation (3.6). Then we obtain
d

E(Rem*x,em*m) = —(Qe! x, e 1), xe D(AY).

<Qoox7A*y> SAQESA z, A* >d

e SA%) ds
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So by integrating between 0 and ¢ we obtain
(Re z, e 2) — (Ra,x) = —(Qux, ), =€ D(AY).
Now, by letting ¢t — oo we get
(Rx,z) = (Qoox,z) forallz € D(A").
This implies that R = Q. ad

Symmetric Ornstein-Uhlenbeck semigroups on L?(H, ) are character-
ized by the following result.

Proposition 3.3.7 Suppose (H3) and (H4) hold. Then the following assertion
are equivalent

(D) (Rt)i>o is symmetric in L*(H, ).
(i) Quoe!? = et Qu forallt > 0.
(iii) Qet” = etAQ forallt > 0.
If (Ry)i>0 is symmetric then Qo = —3 A1 Q.

Proof: For o(z) := e/@h) and 3(z) 1= e*@®") z h € H, we have

Rep(z) = el @m=3(Quhh) anq
Rig(z) = ei<€tA$7ﬁ>_%<Qtil7ﬁ>.
Thus,
/Rt‘P(Z‘)QZ(Z‘)M(d.r) = e_%<ch,h>/ ei<f’37’~1+c“‘*h>u(dx)
" H

- (ch,h)ei(Qm(ﬁ—&-em*h),fz+em*h)

1
2
3(Qite" Qoo k) o= § Qoo ) o —(Qooe® hi)

&
o
So by (3.1) we obtain
/Rt@(ﬂf)@(x)u(dm)e*%<Q°°h’h>*%<Q°°E’E>*<Q°°em*h*;‘>.
H
By the same computation we have
/ Ry p(2) () p(da)e 3 (@uhh) = 3(Quhh) =(Quoe™ hih)
H
Therefore,
/ Rip(x)p(x)p(dr) = / Rip(x)p(z)pu(dx) if and only if
H H

e (Quoe™ hR) o ~(Quee™ hh) i and only if

A* A
Qooet = ¢ Qoo
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Hence the equivalence (i) < (ii) follows from the density of £4(H) in
L?(H, 1) (see Lemma 3.2.1).

The implication (iii) = (ii) is trivial. It remains to prove (ii) = (iii). To this
purpose we consider x € D(A*). It follows from (ii) that Q..z € D(A) and

QocA"r = AQo.
So by Lemma 3.3.6 it follows that 24AQ ., = —@Q and hence

— 1 -1
Qe = —547'Q,

which proves the last assertion of the theorem. Again by Lemma 3.3.6 we
have

Qe z,y) = —(Quoe x, A"y) — (QuA%e 1, y)
= —(Quow, A" y) — (QuATz, e y).

On the other hand, it follows from Lemma 3.3.6 that
(€Qzy) = (Qu,ey)
Qoo A" y) — (QuoA"z, e y).
This implies that
Qe x,y) = (" Qu,y), w,y € D(A%),t>0,
which is equivalent to Qe!4” = ¢*4Q for all ¢t > 0. a

In the particular case where A is selfadjoint we have the following result.
Corollary 3.3.8 If the following assumptions are satisfied

1. A: D(A) — H is selfadjoint and there is w > 0 such that (Az,z) <
—wl|z|? for all z € D(A),

2. Qe = etQ forall t > 0,

3. QA € L(H) is a trace class operator,
then (R;):>o is symmetric on L*(H, p).
Proof: In this particular case we have

K 1
Qt:Q/ GQSAdS:§QA_1(€2tA—I), tZO
0

From the third assumption we have Tr@Q) < oo and the second assumption
is exactly the third assertion in Proposition 3.3.7. This end the proof of the

corollary. O

In the special case () = I we obtain
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Corollary 3.3.9 Assume that A : D(A) — H is selfadjoint, there is w > 0
such that (Az,z) < —wlz|? for all z € D(A), A~! is a trace class operator
and Q = I. Then (R;):>¢ is symmetric on L*(H, p).

We propose now to describe the generator L, of the Ornstein-Uhlenbeck
semigroup (R;):>o on LP(H, 1)1 < p < oo.
We set

Lop(x) = %Tr(QDzap(x)) + (x,A"Dp(z)), z€H, pes(H).

Proposition 3.3.10 If the assumptions (H3) and (H4) are satisfied, then
Ea(H) is a core for Ly,

Proof: For p(z) := ") h € D(A*), z € H, we have

Riple) = [ A0, Q0) ()
_ ei<em*h7w>—%(ch,h) c gA(H)

Hence,
RiEaA(H) CEA(H), Vt>0.

On the other hand we know that

lim %(thp —o)(z) = eitho (i(A*h,J;) - %(Qh,m)

t—0+

= Lop(x), x€H.

So by the dominated convergence theorem we obtain

=0.
LP(H,p)

lim
t—0t+

1
;(Rtw —¢) — Loy

Thus, £4(H) C D(L,) and the assertion follows from the density of £4(H)
in LP(H, i) (see Lemma 3.2.1) and Proposition A.2.5. ad

In the remaining part of this section we propose to describe exactly the
domain D(Ls) of the generator of the symmetric Ornstein-Uhlenbeck semi-
group on L%(H,u). To this purpose we need some auxiliary results. The
following result was proved independently in [3] and [17].

Proposition 3.3.11 Assume (H3) and (H4). Then the following hold
/ Lop(2)3(x)u(dr) = / (QooD3(z), A* Dip())u(de)
H H
1 1 1
[ Los@p@ntin) = ~5 [ (@*Dp(a), @} De(puldn)
H H

for o, ¢ € E4(H).
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Proof: For p(z) := ¢'"®) | 3(z) := ei™®) b h € D(A*), x € H, we have
| Bas@pteutan
— / pi(h) (¢<A*h,x> - %(Qh,h)) {52 1 ()
H
= 2/ <A*h7$>ei<h+;‘*x>,u(dx) _ %(Qh, h>e—%<Qm(h+ﬁ),h+ﬁ)
H
= % (/H €i<tA*h+h+}~z7z)u(d:L,))l ) _ %<Qh,h>6—%<Qx(h+iz),h+;}>
t=0
= - ((QooA*h, h+ fz> + %(Qm h}) o~ 3(Qoo (hth),hth)

Hence, it follows from Proposition 3.3.6 that

/ (QuoD@(), A*Dip(a))pu(dx) = —(A"h, Quoh)e™ 3 Q(hth)hth)
H

/H Lo ()@ () u(da).

In particular, and again by Proposition 3.3.6, we obtain

/ Lop(x)p(@)p(dz) = / (QuoDip(x), A" Dip()u(dr)
H H

~3 | (@Dota). Dpla) (da).

This end the proof of the proposition. O

Remark 3.3.12 If the Ornstein Uhlenbeck semigroup is symmetric, then it
follows from Proposition 3.3.7 that

5 1 5
| Los@paintdn) == [ (@Deta). Dp@)utan) @7
for ®, ¢ € 5A(I{)
For the proof of the next proposition we need the following lemma.

Lemma 3.3.13 Assume that ker Q = {0} and Qéo(H) C Q2 (H). Then the
operator

Dq : Ea(H) C L*(H,p) — L*(H, p; H); ¢ — Q2 Dp

is closable.
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Proof: From the closed graph theorem we have K := Q*%Qéo is a

1
bounded linear operator on H. Its adjoint is given by K* = QZ.Q~=.
Let (¢,) C Ea(H) and F € L?(H, pu; H) with lim,, lonllz2(m,u) = 0 and
lim, oo [ DQ@n — F|l £2(#,u;1) = 0. Hence,

QZLDyn = K*Q* Dy, — K*F

in L?(H,u; H) as n — oo. Now, it follows from Proposition 3.2.10 that
K*F = 0 and therefore FF = 0. This can be obtain by considering the
orthonormal basis of eigenfunctions e,, n € N, of Q. and the fact that

ker Qoo = {0}. O
As in Section 2 we define The spaces

W (H, i) :== D(Dgq) and

W5 (H, i) =

= (e Wy o e () DD, [ THQDYo()u(ds) < oo}
h,kEN H

In the following result we obtain that D((—Ly)2) = Wé’Q(H , ) for sym-
metric Ornstein-Uhlenbeck semigroups on L?(H, 1).

Proposition 3.3.14 Suppose (H3), (H4), ker Q = {0}, and QO%O(H) - Q% (H).

Then,
D(Ly) € W2 (H, ).

Moreover, for any ¢ € D(Ls),
| Dre@yptantdn) = 5 [ (@Do(e). Diolautie).
In the case where (R;);>o is symmetric, one has
D((~L2)¥) = Wy (H, p).

Proof: Let ¢ € D(Ls). It follows from Proposition 3.3.10 that there is
(pn) C Ea(H) with

nlLII;O H(pn — SDHLQ(H,;L) =0 and nhirolo ||L0g0n — LQCPHLZ(H7H) =0.
By Proposition 3.3.11, we have
1 1
| (@4D(en = 9@, @ Dl = ) @)itae)

- / Lo(@n — 9m) (@)(0n — om)(@)p(dz).
H
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Now, one can apply Lemma 3.3.13 and hence ¢ € Wé’Q(H , ) and

1
| Eretaetoutdn) - 5 [ (@Dele). Dofe)utan)
On the other hand the last assertion follows from

| l=rte@Putis) = [ 1Q3Dep(a)Putao).

Remark 3.3.15 The bilinear form
) = [ (QuDpla). A"Dopla))u(da). o, & € Eali)

is not always continuous on Wé’Q(H, 1) % Wclf(H, u) and therefore not in
general a Dirichlet form. The continuity of the bilinear form a can be proved
under some additional conditions (see [3] or [17]). In [9] it is proved that a
is a Dirichlet form provided that Q = I, which implies that AQ, € L(H).

Suppose now that the assumptions of Corollary 3.3.9 are satisfied. Then
Qoo = —%A‘l. Let consider an orthonormal system (e,,) C H and («a,,) C
(0, 00) such that

Ae, = —ape,, neN.

The following proposition is the main tool used for the characterization of
the domain of Ls.

Proposition 3.3.16 Suppose that the assumptions of Corollary 3.3.9 are sat-
isfied. Then,

3 || T (0@ )+ [ 1A Dp(@)Putdn) =2 [ (Lapla) *utie)

for o € E4(H).

Proof: For ¢ € £4(H) we have D;(Lsp) = LoDjo — a;D;p. Hence, by
Proposition 3.3.14,

/ Do) Dy (L) (e)u(de)
| Diele) (D) @n(an)  ay [ Do)l
H H

_%/IY{<DDj<‘0($)’DDj(p(x)>“(dx)_O‘j/H|Dj<P(JS)|2u(dx).
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Now, if we take the sum over j € N, we obtain

1 2
3 | (020 utdo) + [ (-4 Dp()Putds)
_ /H (D(x), D(Lag) () d).

Since Loy € WH2(H, ), it follows from Remark 3.3.12 that
/H (Dip(x), D(Log) ()ylda) = —2 /H | Lo () Pa(d).
Thus,

3 | T (@) )+ [ (A Dp@Pa) =2 [ |Lap(o)Putdo)

O

For the characterization of the domain of L, we need the following space

W) = (e e W2(H ¢ [ (-4 Dola)Pplde) =
3 / ap| Drp(@) Pu(da) < oo}
keN

Endowed with the inner product
(0 Bhwez, () = 0V L2 + /H ((=A)2 Dep(a), (—A)? D)) u(da),

W(lfA) (H, p) is Hilbert space.
Theorem 3.3.17 Assume that the assumptions of Corollary 3.3.9 hold. Then,

D(Ly) = W*2(H, p) N W2, (H, ).

Proof: Let o € D(Ls). By Proposition 3.3.10 there is (v,,) C E4(H) with
©n — @ and Low, — Lop in L2(H,u). For n,m € N, it follows from
Proposition 3.3.16 that

2 [ [La(on—gm)@)fuda) = 5 [ (D00~ ou)@))?) nlda) +
12D, = o) (@) Pt

Therefore (pn) is a Cauchy sequence in both spaces W22(H,u) and

W( A)(H ). This implies that

I\J\r—t

D(Ly) € W*2(H, p) N W2, (H, ).
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Now, if ¢ € W?22(H,pu) N W(lfA)(H, p) then one can find a sequence
(pn) C Ea(H) such that ¢, converges to ¢ in both spaces W22(H, 1) and
W(lfA) (H, ). The other inclusion follows now from Proposition 3.3.16. O

In the more general assumptions given in Corollary 3.3.8 one has to
prove the formula

3 | (@D e(@)?) nlda) + [ (=AQ)De(w). Dt =
—2 / (Lo (2))2u(dz). (3.8)
H

The proof of (3.8) is similar to that of Proposition 3.3.16. As in the proof of
Theorem 3.3.17, (3.8) implies the following general result.

Theorem 3.3.18 Suppose that the assumptions of Corollary 3.3.8 hold.
Then,

D(Ly) = {p € WS (H, ) : L((—AQ)D@(JGLDw(ﬂﬂ))u(dw) < oo}

Remark 3.3.19 Theorem 3.3.17 and 3.3.18 are due to Da Prato [10]. In the
finite dimensional case Lunardi [24] proved first that D(Ls) = W22(RN, 1),
by making heavy use of interpolation theory. A simpler proof of the same result
can be found in [11]. Recently, this result was extended to p € (1,0) (see [25]
or [26]).

Exercise 3.3.20 Assume (H1) and (H2). Prove that N'(0,Q;) is N(0, Qoo )-
absolutely continuous.

Exercise 3.3.21 Let 1 < p < oo, and B € L (H) with ker B = {0}. Show
that

[ 10BN, B) ) = i [ 1A 0, 1),
This generalizes the case p = 2 proved in Proposition 1.3.1.
Exercise 3.3.22 Assume (H1) and (H2). Show that
) Q7 (1) = QL(m)

(ii) For any t > 0, Sy(t) := Q;o%etAQéo is a Hilbert-Schmidt operator on
H.

(iii) Deduce that e** is a trace class operator on H for every t > 0.

Exercise 3.3.23 Assume (H2), (H3) and (H4).
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(a) Show that ) 1
Qr = Q3% (I — So(t)S5(1)Q%, t=0.

(b) By using the Cameron-Martin formula and the Feldman-Hajek theorem
(see Exercise 1.3.6) show that

Ripla) = [ Kt.o.o)ol)ntdy), n—aas e,
H
with
k(t,z,y) =
1 2 * -1 -3 -3

exp (= vl + (1 = So(0)55(0) " $o0Q=}2.Qln) )

det(I — So(t) S5 ()7 -

exp (=SO850~ 5o)550) Q<104 )
fort>0,and z,y € H.

(c) Show that, forany 1 < ¢ < oo,

/H k(ta x,y)qﬂ(dy) B
det (I — So(t)sg(t))l;fdet(l +(q— 1)50@)56‘(15))_%
exp ((1((124_1)«[—# (¢ — 1)50(;5)53(,5))1Q;%etAx,Q;%etAx>>

fort > 0and x € H, (see [6, Lemma 3]).

Exercise 3.3.24 Suppose (H2), (H3) and (H4). Use the formula
(DRipla).y) = [ (M @ hhgle e + A0, Q1) ah),
H

which, by Lemma 3.3.4, remains valid for t > 0 and ¢ € LP(H, 1) to prove
that
Ry LP(H, ;) C WYP(H, 1)

fort > 0and 1 < p < oo. Deduce from [7] that the Ornstein-Uhlenbeck
semigroup (R;) is immediately compact in LP(H, ).





