Appendix: Tannery’s Limiting Theorem

In this monograph, we have frequently refered to the Tannery theorem.
This theorem deals with the limiting process on infinite series, which can
be reproduced as follows.

For a given infinite series {vg(n)}r>0, suppose that the series satisfies the
following conditions:

e For any fixed k, there holds lim vg(n) = wy;

n—oo

e For any k € Ny, we have |vg(n)| < My with M}, being independent of

o
n and the series E Mj, is convergent.
k=0

Then we have the following limit relation:

m(n)

lim Z vg(n) = iwk =W
T =0 k=0

where m(n) is an increasing integer valued function which tends steadily to
infinity as n does.

PROOF. For any given ¢ > 0, first choose a number ¢ = /(¢) such that

Z M), < e and then let n be taken large enough to make m(n) > ¢. This

k=¢
m(n) m(n)

leads us consequently to the following inequality: ‘ Z vk‘ < Z My < e.
k=t k=(
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oo o0
Noting also that ‘ Zwk‘ < Z M, < e, we can estimate the difference

k=t k=t
m(n) m(n) oo -1
ka(n)—W‘ < ‘ ka(n) + Zwk + Z{vk(n)—wk}
k=0 k=t k=t k=0
£—1
< 2+ Z{vk(n)—wk} :

k=0

Remember that so far n has only been restricted by the condition m(n) > ¢.
Since £ is independent of n, we can allow n to tend to infinity and obtain

-1
lim Z {v(n) —wr} = 0 for lim vg(n) =wy with k being fixed.
k=0

Hence we have found that for any ¢ > 0, there holds

m(n)
lim [ > vp(n) — W‘ < 2%
k=0

which implies the limit relation:

lim Z vg(n) = W = Zwk
"o k=0

as anticipated in the Tannery theorem. O



