Appendix

A. Contract with two agents in the electoral period.

Problem of constrained optimization

The Lagrangian for this problem is
(Al) LGV =EU-uw)+Mgthgmt+tisgtisg
assuming:
gi=E(p|ep=1)-E(p| e, =0)= (T, —tp) [Pr(Bs | en=1) - Pr(Bs | e,=0) - Cy,
(A2) g@=E(p|er=1)=t,[1 -Pr(Bs|ep=1)]+ Ty Pr(Bs|e,=1)-C,
g3 =E(I; [ ¢, =0)- E(I, | ey = 1) = (T - ty) [Pr(Ps [ e;= 1) - Pr(Ps [ ¢, = 0)] + C;,
gs=E(,|ep=0)=t, Pr(Ps | e,=0)+ T, [1 - Pr(Ps | e,= 0)]
The first-order conditions are given by

(A3) oL/ot,=0 , oL/oT,=0 , oL/ot,=0 , OL/0T,=0

Mg =0
(Ad) hg=0
A g3=0
haga=0

(AS) 2120 2>0 g3=>0 g4=0

(A6) Ai>0

We express constraints g; through the probabilities introduced with (3). For this purpose, we see
that, as in E(U-u), in making his assessments each agent can be expected to think that the other
agent is almost sure to make the choice that is most advantageous for himself. For instance, BA will
think that, as it is an election period, CB will make no effort, while CB will be convinced that BA
will make an effort. In formulae this mean that conditions (13)-(16) become

(A7) E(p|ler=1Ne,=0)=Ey|e0) >E(p| er=0MN¢e,=0)=E(p | €0)

(A8) E(p|en)=>0

(A9) E(,|es=1Ne,=0)=E(,|en)>El,|es=1Ne,=1)=E(,|en)

(A10) E(I,|ei0)>0

and the g; will become
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g1 = (Tp — t)[Pr(Bs | €10) - Pr(Bs | €00)] - Co = (T — to ) (P1p— P3p) — Cop
2 =t, [1- Pr(Bs | e10)] + To Pr(Bs | e10) - Co =tp, (1 = P1p) + Tp P1p — Gy,
g3 = (Tp- tp)[Pr(Ps | e11) - Pr(Ps | e10)] + G,

g4 =1, Pr(Ps | ejo) + T, [1 - Pr(Ps | e10)]

(A11)

To express (A9) and (A10) we calculate the conditional probabilies of Ps with respect to ej;:
(A12) A =Pr(Ps | ejp) =Pr(Ps N Bs|ej) + Pr(Ps N -Bs|ej) =
=Pr(Bs | e10) Pr(Ps | Bs N ej9) + Pr(-Bs | e19) Pr(Ps | - Bs N ey0) =
=Py, P3, + (1 — Pyp) Py
Likewise:
(A13)  B=Pr(Ps|e;;)=Pr(PsN Bs|ej;)+Pr(Ps N -Bs|e)=
=Pr(Bs | e;;) Pr(Ps | Bs N ey;) + Pr(-Bs | e;1) Pr(Ps | - Bs N ey;)=
= Py P1p + (1- Pap) Pap.

(A14) C= PI‘(PS | em) = Pgyp, P]p + (1' POb) P2p

(A15) D =Pr(Ps|eqp)=Psp P3, + (1- P3) Pop
It should be noticed that if Pop < P3, then A <Ps;, and if P;, > P, then B > P,
With equal effort being made by the banking authority, prices have more probability of being stable
if there is an effort in this direction on the part of the agent of monetary policy. We therefore expect
A < B and D < C. Moreover, with equal effort being made by the authority in charge of monetary
policy, the probability of stable prices is greater if the banking system is stable (see (3”)) and
therefore we expect
D<C<B;A<B.
This results in:

g1 = (Tp = t) (P1b—P3p) = Gy

2=t (1 =P1p) + Tp P1p— Cy

g=(T-t) [B-A]+ G,

gi=t, A+ T, [l -A]

(A16)

The first-order conditions (A3) translate into:
-u’(ty) [Pop (1-P1p) + (1 - Pop) (1 - Pip)] - A1 (Pin- P3p) + A2 (1 - P1p) =0
-0’ (Ty) [P3p Prv + (1 - P3p) Pip] + A1 (P1p- P3p) + 22 P1 =0
W) A- A B-A)+AMA=0
W(T)(1-A)+ M B-A)+M(1-A)=0
or, if u’(t) is substituted with the value of the derivative of the utiltity function considered in point

(10), we have:
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ty|=[- M1 (P1o- P3p) + A2 (1= Piy)] / (1 - Pyp)

|Tb| = [M (Pro-P3p) + 22 Pip] / P

(A17)
to| =2 B-A)/ A+

\Tp\ =M B-A)/(1-A)+Ny
Therefore, provided 0 <Pjp,<land 0<A <1
[ty| =22 - A1 (Pro- Psv) / (1 - Pry)

|Tb| =M+ A1 (Pip-P3p) / P

(A18)
t,| =h-2 (B-A)/ A

To[=M+ 0 B-A)/(1-A)

Conditions (A4)-(A6) lead to the examination of various cases, simplified by the fact that the first
two of (A4) are related to t, and Ty, while the other two are related to t,and T,,. As we want to find
solutions that maximize E(U-u), since —u is decrescent, the solution to the problem will be the one
that makes u the lowest. Remember that u(t) is the cost incurred by the politician to pay the agents

of the two different authorities. When this cost is lower, the politician’s utility is greater.

Analysis of the cases that solve the optimization problem with two agents in the electoral period.

In examining the various cases that can eventuate, we must remember that considering A; = 0 simply
means ignoring the constraint g; > 0.

The cases we should examine to verify conditions (A4-A6) are:
I) M=0,22=0,g1>0

IT) M=0,g1=0,2>0

an 1 =0,%,=0

V) 2=0,2=0

V) AM=0,24=0,g3>0

V) M=0,23=0,24>0

VII) A=0,24=0

VI g3=0,g4=0

For) .1 =0,g,=0, g, >0 we have:
|tb| =M
|Tb| =%
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ty (1 = P1p) + T P1p — Cp=10
(Ty —to) (P1o—P3) —Cp >0
It follows that, if t, = T} , then for the fourth equation the result is -Cy, > 0, and therefore it can only
beC,=0and t, =T, = 0.
If, however, t, =- Ty, then, for the third equation, we have
(A19) -t,=Tp=Cp/ (2 P1p—1)
and it must be
(A20) P3p < 1/2 <Py
The first inequality derives from the fourth eqation.
For 1) 2, =0, g, =0 we have:
|t |= - A1 (P1o-P3p) / (1 - Pry)
| To | = X1 (P1o- P3p) / Py
(To—1to) (P1o—P3,) —Cp=0
ty (1 =Pp) + Tp P1p— Cp > 0.
The first equation can be verified only if A; = 0 or Py, = P3,, but in both cases there would be t, = Ty,
= (0 and then, for the third and fourth, there would be C, < 0 and therefore C, = 0.
1) & = 0, 2, = 0 would give, for (A18)
t,=T,=0
as in the previous case, provided C, = 0.
Lastly, 1IV) g1=0, g> = 0 gives the system:
(To—t») (P1y—P3p) = C, =0
ty (1 =P1p) + Ty P1p — Cp=0
whose solution is:
(A21) t,= —CpPsp/ (P1p—P3p)
Ty = Co(1 —P3p) / (P1p— P3p)
This solution is obtained from (A18) by saying:
M =CpPry (1 -Pip) (1-2P3p)/ (Prp- P3p)’
M= Co (P1p+P3p—2 P1y P3p ) / (P11, - P3p) -
For it to be A; > 0, it will have to be P3, < 1/2, as well as being P, > Py,
Let us examine the case V) A3 =0, g4 = 0.
From (A18) it is deduced that [t, |= |T,| and, from g4 = 0, it follows that either t,=T,= 0, or
t, = - Tp and, from g4 = 0, it follows that T, (1 - 2A) = 0. Therefore, either we return to case T, = 0
or A=1/2. In the latter case, the condition g3 > 0 translates into T, > - C,/(2(B - A)), that is, any

non-negative value of T}, is acceptable.
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Case VI) 4= 0, g3= 0 gives, for (A18):
[tp= - M (B=A)/A
[ Tyl= M (B=A)/(1-A)
(Tp—tp) [B~ A]+Cp=0
t, A+ T, [1-A]>0
The first can be satisfied only if t, = 0 and we have this if A3 = 0 or B = A. In both cases there would
be T, = 0 and from the third C, = 0, against the hypotheses. This case can therefore not be verified.
Case VII) A3=0,24 =0 gives
(A22) t,=T,=0
already seen in case V).
Finally, case VIII) g3 =0, g4 = 0 is equivalent to:
To-t,=-C,/ (B-A)
T,=A(Ty—t,)
This case is possible only if C, = 0 and if so the solution is
T,=t,=0

or if A > B and this goes against common sense.

B. Contract with two agents in the non-electoral period

Problem of constrained optimization

The constraints can be expressed in short form, by saying:

g1 =E(p|ep=1)-E(p| erb=0)=(Tp—tp) [Pr(Bs |en=1) - Pr(Bs | e = 0) - Cy,
B1) o=E(lp|epb=1)=1t,[1 -Pr(Bs|e,=1)] + Ty Pr(Bs | ep=1) - Cy,

g3 =E(lp| e, =1) - E(I | e = 0) = (Tp-tp) [Pr(Ps | ¢, = 1) - Pr(Ps | ,=0)] - G,

gs=E(,|ep=1)=t, [l —=Pr(Ps|e,=1)] + T, Pr(Ps | e,=1)-C,

and therefore constraints (23)-(26) can be written:
B2) g0 g>0 220 24> 0.
Proceeding as in the previous case, conditions of the Ist order are given by (A3)-(A6) and, for the
same reasons, we have
g1 = (Ty—ty) [Pr(Bs | e11) - Pr(Bs | eo1)] - Cp = (T — to) (P2n — Pop) — Cy
(B3) 2 =ty (1 —Pap) + Ty P2p — Gy
g3= (T~ t,) [Pr(Ps | enr) - Pr(Ps | e10)] - Cp = (Ty- t,) [B- A] - G,
ga=t,[1-Pr(Ps|e)]+ T, Pr(Ps|e)-Cp=t,[1 -B]+ T, B-C,

30



Conditions (A3) translate into :
-u’(tp) [P2p (1 - Pop) + (1 - Pap) (1 - Pap)] - A (Pop- Pop) + A2 (1 -Pap) =0
-0’ (Tp) [P1p Pap+ (1 - P1p) Pop] + Ay (P2 - Pob) + A2 P2y = 0
() (1-B)-3(B-A)+A(1-B)=0
w(Tp) B+ (B—A)+ 1B =0,
which gives:
| to | =A2- A1 (P2 - Poy) / (1 - Pay)
(B4) | To | =A2+ X1 (Pan- Pob) / P
[ty [=M -2 (B-A)/(1-B)
| Tp|=M+23(B-A)/B

C. Contract with a single agent in the elctoral period.

Problem of constrained optimization

Keeping in mind the conditional probabilities (4)'-(7)" the constraints become

g1= Tio [Pr(E; | €10) — Pr(E; | €00)] + T11 [Pr(Ez| €10) — Pr(Ez | €g0)] +
+ To1 [Pr(Es | e10) — Pr(Es | €00)] + Too [Pr(E4 | €10) — Pr(E4 | €00)] - (Cop — Cp) =
=Tio [P1o (1 = P3p) = P3p (1 = P3p)] + Tiy [P1p P3p— Pap P3p] +
+ Tor [(1 = P1p) Pop — (1 = P3p) Pop] + Too [(1 - P1u)(1 - Pop) — (1 - P3p)(1- Pop)] - (Cop— Cp ) =
= (P1o—P3p) [T10 (1 = P3p) + Ti1 P3p — Tor Pop — Too (1 —Pop)] = (Cop— Cp) 20

g =To [Pr(E; | €10) — Pr(E; | e11)] + T11 [Pr(Ez | €10) — Pr(E2| e11)] +
+ To1 [Pr(E; | e10) — Pr(Es | e1n)] + Too [PI‘(E4‘ €10) — PI‘(E4| e+ Cp =
= Tio [P1o (1 = P3p) — Pop (1 = P1p)] + T11 [Pry P3p — Pop Pyp] +

+ Tot [(1 = P1) Pop — (1 = Pav) Pap] + Too [(1 - P1p) (1 - Pop) — (1- Pap) (1 - P2)] + Cp >0
(Ch)

g3 = Tio [Pr(E; | €10) — Pr(E; | €o1)] + T11 [Pr(Ez| €10) — Pr(Ez | €o1)] +
+ To1 [Pr(Es| e10) — Pr(Es | €01)] + Too [Pr(E4| e10) — Pr(E4| eo1)] + (Cp— Cp) =
= Tio [P1p (1 = P3p) = Pop (1 = P1p)] + T11 [P1p P3p— Pop Pip] +
+ To1 [(1 = Pip) Pop — (1 = Pob) Pap] + Too [(1 - P1p)(1 - Pop) — (1 - Pop)(1 - P2p)] +
+(Cp-Cb)>0
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g4=Tio Pr(E1 | e10) + T11 Pr(Ez | e10) + To1 Pr(Es| €10) + Too Pr(E4| €10) — (Cop— Cp) =
=Tio [P1o (1 = P3p)] + T11 [Pio P3p] + Tor [(1 = Pip) Pop] +
+Too [(1 - P1v) (1 - Pop)] - (Cop— C) 0
Considering the Lagrangian (A1), the conditions of the 1st order are given (A3)-(A6) and in
particular (A3) translate into:

- (Ti0) (1 = Psp) Pip + A1 [(P1o— P3p) (1 = P3p)] + 22 [P1y (1 = P3p) — Pop (1 = Pip)] +
+ A3 [P1o (1 = P3p) = Pop (1 = Pip)] + Aa[P1p (1 = P3;)] =0
-u’(T11) P3p Piv + Ai [P1p Pap— Py P3p] + A2 [P1y P3p — Poy Pip] + A3 [Py P3p— Pop Pip] + Aa [P1p P3p] = 0
-u’(To1) Pop (1 = P1p) + Ai[(1 — P1p) Pop — (1 — P3p) Pop] + A2 [(1 — P1p) Pop — (1 — Pay) Pop] +
+ A3 [(1 = Pup) Pop — (1 = Pob) Pop] + Aa[(1 — P1p) Pop] =0
-u(Too) (1 = Pop) (1 = P1p) + A1 [(1 - P1p) (1 - Pop) — (1 - P3p) (1 - Pop)] +
+ 22 [(1 - Piv) (1 - Pop) — (1 - Pop) (1 - Pop)] + A3 [(1 - P1p) (1 - Pop) — (1 - Pop) (1 - Pop)] +
+ A4 [(1 -P1) (1 - Pop)] =0

which we can also write:

ITio|= M (1 =P3p/Pip) + 22 [1 = Pop (1 = Pip) / (P1p (1 —P3p))] +
+ 23 [1=Pop (1 =Pip) / (P1p (1 = P3p))] + 24

ITi1|= A1 (1 =P3p/ Pip) + Ao [1 —=PaPip/ (Pip P3p)] + A3 [1 — Pop Pip/ (P1v P3p)] + A4

(C2)

|Tor| =M [1—=(1—=Psp)/ (1 -Pip)] +2A2[1 — (1 —=Pa) Pop/ ((1 —P1p) Pop)] +
+ A3 [1 = (1 —Pop) Pap / (1 —Pip) Pop] + A4

Too| =1 [1 = (1 -Psp) /(1 -Pro) ]+ A2 [1 = (1 -Pap) (1 -Pop)/(1-Pup)(1-Pop)]+
+ 23 [1=(1-Pop) (1 -Pap) /(1 - Prp) (1 - Pop)] + A4

or in more explicit terms:

T, |2 I[I_Pr<EI|eOO)} |- PrE, |e“>} { Pr(E, |em)}+ A
Pr(E1|elo) L Pr(E1|elo) Pr(E1|elo)

T, | ll{l_Pr(EJeoo)} 2 Pr(E, fe,, } Pr(E, [e,) 9y
Pr(E2|elo) i Pr(E2|elo | Pr(E2|e1o)_

Ty =2 _Pr(E3|eOO)}+/1 2 _ Pr(Ejle, 1)} | Pr(E, €0 | "y
PT(E3|elo) L Pr(E |e10) i Pr(E, |e10)

T =2 Pr(E,[eq) 2 _ Pr(E, |e11 _ Pr(E, |e01) A
Pr(E,le;,) I "~ Pr(E, |e10 Pr(E, \em
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The solution to this problem is not easy, however it is less important to know the value of incentives
that maximize E (U — u | ejo), than to know if it is more advantageous to appoint two agents or a
single agent. To resolve the problem, we have to compare the utility expected by the politician with

a single a single agent, with the expected utility with two separate authorities.

D. Contract with a single agent in the non-electoral period.

Problem of constrained optimization

Keeping conditional probabilities (4)i-(7)i in mind the constraints become

g1=Ti 1 [Pr(E; | e11) — Pr(E; | €10)] + Tio [Pr(Ez | €11) — Pr(Ez | €10)] +
+ To1 [Pr(Es3| e11) — Pr(Es| e10)] + Too [Pr(E4| e11) — Pr(E4| €10)]- [Cop - (Cop — Cp)] =
= T11 [P P1p—P1v P3p] + T1o [Pov (1 - P1p) = Pin (1 - P3p)] +
+ Tor [(1 = Pap) Pap — (1 = Pip) Pop] + Too [(1 - Pav) (1 - P2p) — (1 - P1p) (1 - Pop)]- C, 20

g =T [Pr(E; | e11) — Pr(E; | €01)] + Tio [Pr(Ez | €11) — Pr(Ez | €01)] +
+ To; [Pr( Es| e11) — Pr(Es| €o1)] + Too [Pr(Es4| €11) — Pr(E4]| €01)] - Co =
= T11 [Pab Pip—Pob P1p] + T1o [Pab (1 - P1p) — Pob (1 - Prp)] +
+ Tor [(1 = Pay) P2p — (1 = Pov) P2p] + Too [(1 - P2p) (1 - P2p) = (1 - Pop) (1 - P2p)] - Cop=
= (Pap — Pop) [T11 P1p + Tio(1 — P1p) — To1 Pap — Too (1 = P2p)] - Cp >0
(D1)
g3="Ty [Pr(E; | e11) — Pr(E; | €00)] + T1o [Pr(Ez]| €11) — Pr(E2| €o0)] +
+ Toi [Pr(Es | e11) — Pr(Es | €00)] + Too [Pr(E4| €11) — Pr(E4| €00)] — Cop =
=Ty1 [P2y P1p—P3p P3p] + Tio [Pan (1 - P1p) = P3p(1 - P3p)] +
+ To1 [(1 — Pab) P2y — (1 = P3p) Pop] + Too [(1 -Pap) (1 - Pap) — (1 - P3p) (1 - Pop)] - Cop =0

84=T11 Pop Pip+ Ti0Pap (1 - Pip) + To1 (1 — Pap) Pop + Too (1 - Pop) (1 - Pap) - Copp =
=Py, [T11 Pip+ Tio (1 = Pip)] + (1 = Pap) [To1 Pop+ Too (1 - P2p)] = Cpp >0

Considering the Lagrangian (A1), the conditions of the 1st order are given (A3)-(A6) and in
particular (A3) translate into :
-w’(T11) Pap Pip + A1 [Pop Pip— Piv P3p] + A2 [Pop Pip — Pob Pip] + A3 [Pay Pip — P3p P3p] + A4 Py Pip =0
-u’(T10) Pap (1 - P1p) + Ay [Pap (1 - P1p) = Piu(1 - P3p)] + 22 [Pay (1 - P1p) — Pob (1 - Pyp)] +

+ A3 [Pop (1 - P1p) = P3p (1 - P3p)] + Aa Pop (1 -P1p) =0
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-u’(To1) (1 = Pab) Pap+ Ay [(1 = Pap) Pap — (1 = P1p) Pop] + A2 [(1 — Pap) Pop— (1 —Pop) Pop] +
+ 23 [(1 = Paw) Pap — (1 — P3p) Poy] + A4 (1 — Pay) P2y =0

- (Too) (1 - Pav) (1 - Pap) + Ay [(1-Pab) (1 - P2p) — (1 - Pip) (1 - Pop)] +
+ A2 [(1 - Pav) (1 - Pap) = (1 - Pob) (1 - Pap)] + A3 [(1 - Pap) (1 - Pap) — (1 -Psp) (1 - Pop)] +
+ 2 (1-Py) (1-Psy) =0

which we can also write:

IT11| = A1 [1 =PiwP3p / (PoyPip)] + 22 [1 —Poy Pry / (Pop P1p)] + A3 [1 —P3p Py / (Pop Prp)] + M4
ITio| = A1 [1 = Pin (1 - P3p) / (Pap (1 - P1p))] + A2 [1 — Pop (1 - Pip) / (Pap (1 - Pypp))] +
(D2) + A3 [1 = P3p (1 - Psp) / (Pap (1 - Pp))] + Ay
[Tor| = A1 [1 = (1 =Puv) Pop / (1 = Pap) Pop)] + A2 [1 = (1 = Pov) Pap / (1 — Pap) Pop)] +
+ 23 [1 = (1 —Psp) Pop / (1 = Pap )P2p)] + A4
|Too| = A1 [1 — (1 - Pip) (1 - Pop) / (1 - Pap) (1 - Pap))]+ 22 [1—(1-Pop) (1 -Pop)/
/(1= Pav) (1 - Pop))] + A3[1 = (1 - P3p) (1 - Pop) / (1 - Pav) (1 - Pop))] + M4

E. We prove some inequalities

Lo (-y)x-y(-x)
EDo s (x—y)

since 2x—1>0and 0 <x,y<1.

(E1) is equivalent to
(x=y) 2|1y x-y*(1-x)f2x-1)

X Hy = 2xy > [x+2y’x-2xy-y* ] (2x- 1)

X4y —2xy > 2K H4AXY -4 X7y - 2xy - X —2xy+ 2 Xy + ¥
4X2y+4xy2+X2 x2+4xzy2+4xy

4xy+4y2+12 x+4xy2+4y

dxy(l-y)+tl-x=> 4y(l-y)

l-x> 4y(l-y)(1l-x)
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1/4> y(1-y)
this last inequality being true, the first is true.
(E2)(1 -y x—y* (1-x)
can only be positive, if 0 <y < 1/2 and y < x.

(1-y)x-y (1-%) 20
equivalent to
(A=yly)y=1-x/x;
since if 0 <y < 1/2 then (1 —y )/y > 1, we get ( (1 —y)/y )*> (1 —y)/y and as funzion
fx)=(1-x)/x
is decrescent and y < x, we will have
((L=y)y )= (1 -y)ly =(1-x)x
the equality is valid only if
X =Y.
(E3) y/ 2x =9I <[(1 -y x=y* (1 = 0)V[2(x -y’ < 1/ [2(x - y)]
if 0 <y <1/2 and y < x for the first inequality and 0 <y < 1/2 <x for the second.
The first inequality is equivalent to

YE=-N<(1-y’x-y (1-x) & yx <(1-y) x+y'x

which means :
yx(1-<(l-yYxo y<(l-y)o y <12
The second inequality is equivalent to

I-y'x-y' (1-0<x-y& (1+y -2yx-y +y'x <x-y
which means :
2y x+y <y(2x+y) © 2yx+1<2x+y < 1-y <2x(1-y)
That is, x > 1/2.
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