Appendix A

Embedding Theorems and
Solvability of Cauchy
problems

In this appendix we only state some results about embeddings of parabolic
Sobolev spaces and solvability of Cauchy problems in the same spaces useful to
prove integrability and regularity of kernels in Section 2.1.2.

For their proofs we refer to [23, Lemma I1.3.3, Theorem I'V.9.1] and [20, Theorem
9.2.3].

According to notation used in [23], we introduce the norm
17175, = sup £l (qr)
qar

where the supremum is taken over all the cylinders ¢gr = w x (0,7T), the bases
w of which are some domain of unit measure, for exam}gles cubes of RV. We
consider the elliptic operator A given by Au(z,t) = a;j(z)Diju(z,t) +
Zf.vzl Fi(z)Diu(x,t) — V(z)u(z,t) with V positive.

4,J=1

We recall that the parabolic distance between the points X7 = (x1,¢1) and
Xo = (x2,t2) is defined as

d(X1, X5) = max{|z’ —2i|, 1 <i <N, [t—to|2}.
If u is a function defined on RN+, given § € (0,1), we denote

[u(X1) — u(Xs)|

ulss., = sup T A
[uls,5:0r CixoNcor (X1, Xs)?
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[uls 3.0, = sup [ullco.or + [Uls 3., -

By C%3(Q7) we denote the space of the functions u for which |u|6,%;QT is finite.
If u is a function depending only on the space variable we use the analogous
notation for the classical Holder spaces.

Theorem A.0.8. Let ¢ > 1. Suppose that the coefficients a;; of the operator A
are bounded continuous functions in Qr, while the coefficients F; and V have
Jfinite norms || F||2¢ - and ||V||%0¢  with
| max(¢,N+2) for ¢g#N+2
"T1I N+2+4¢ for g=N+2.°

S_{ max(q, %52) for q# 5%
b )
and e arbitrarily small positive number. Suppose moreover that the quantities

||Fl-|lr‘7’(‘;(tyt+7) and ||V||ls‘7’g(tyt+7) tend to zero for T — 0. Then, for any f €

_2
LiQr), ¢ € Wq2 “(RN), the problem

Oiu—Au=f in Qp
u(z,0) = ¢

has a unique solution u € Wq?’l(QT). It satisfies the estimate

Iz o) < OO lsacn + W0l ooz )

Theorem A.0.9. For any function uw € W2 (Qr) the inequality

H(?ZD;M p,QT < Cl(Hatu”q,QT + ”Dgu”q,QT) + C2||u||Q>QT

1s valid under the condition p > q, 2—2r—s— (% - %) (N+2) > 0 and for some

constants C1, Cy depending onr, s, N, q, p. In addition, if2—2r—s—¥ > 0,

thenforany0§5<2—2r—s—¥

0 Diuls,or < Cs(l0vullg.or + [1D3ullg0r) + Callullg.qr
for some constants Cs, Cy depending on r, s, N, q, p.

Finally we state a solvability result in spaces of Holder functions used in
Section 2.1.2. Tt can be found in [20, Theorem 9.2.3].

Theorem A.0.10. Let A be the second order elliptic operator above defined
and suppose that a, F, V are Hélder continuous for some § € (0,1) and with
|a|5;]RN7 |F|5,RN7 |V|5,]RN < K. Then, fOT any f € Cé%(QT): ¢ € C2+5(RN)7
the problem
Ou—Au=f in Qr
{ u(z,0) = ¢
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has a unique solution u € C2+5’1+%(QT). It satisfies the estimate

|U|2+5,1+%;QT < C(|f|6,%;QT + [Blogsimy

for some positive constant C depending on N, 9§, K, \ and the ellipticity constant
of A.



98



