Appendix A

Maximum principles

In this appendix we state and prove the maximum principles used in the previous chapters.
They are not classical, since the coefficients of the involved operator are unbounded. More
precisely, let us consider

N N
(A.0.1) A= q;Dij+> FiD; -V,
i=1

ij=1

with ¢;; = g4, F3, V continuous real-valued functions in RY, satisfying

N
V >0, Z ¢ (2)&&5 > wolél?, vo > 0.

i,j=1
To overcome the unboundedness of the coefficients, we make the following assumption

(H) there exists a positive function ¢ € C2(RN), such that limy,— 4. ¢(z) = +o0 and Ap —
Ao <0, for some Ay > 0.

@ is called a Liapunov function. Clearly, assumption (H) gives growth bounds on the coefficients
of A. If for instance ¢(x) = 1 + |x|2, then (H) is satisfied if there exists A9 > 0 such that

Tr Q(z) + (F(x), ) < Xo(1 + |zf*).

It can be assumed that supgn(A@ — Aop) < +oo. This does not make any difference since
replacing ¢ with ¢ + C for a suitable constant C, we return exactly to (H). Moreover, when
one deals with parabolic problems, it is possible to consider ¢ dependent also on time and to
require that ¢ € C2([0,T] x RY), ¢ > 0, lim|y|— 400 ¢(t,#) = +oo uniformly in [0,7] and
(Dt — A+ M) > 0. Since we are concerned both with parabolic and elliptic problems and since
the coefficients of A do not depend on ¢, we keep assumption (H) throughout the manuscript.

We start by proving maximum principles for parabolic and elliptic problems in a regular,
(possibly) unbounded open set Q of RY with Neumann boundary conditions. Such results have
been used in Chapter 2. In this case it is sufficient for ¢ to be defined in €, but we have to
require an additional condition concerning its normal derivatives on 0€2. The proof is similar to
[34, Proposition 2.1].

Proposition A.0.5 Let §) be an open set in RN with C' boundary. Assume (H) and in addition
0
suppose that 8—('0 > 0 on 0N, where n is the outward unit normal vector to 9Q. Let z € C([0,T] x
n
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Q)N CH0,T) x Q)N CY2(]0,T] x Q) be a bounded function satisfying

zi(t, ) — Az(t,x) <0, 0<t<T, €,
0

a—;(t,x)go, 0<t<T, zcdf,
z(0,2) <0 x e Q.

Then z < 0.

PROOF. Set v(t,z) = e~ *'2(t, x); we prove that v < 0, then the statement follows. We consider
the sequence

1
vp(t,x) =v(t,z) — —p(x), 0<t<T, z€Q,
n

and we observe that

Doy (t, ) — (A — Ao)up(t,z) <0, 0<t<T, z€Q,

dvp

ai(m«)go, 0<t<T, zedQ,
n _

'Un(O,I) S 07 €T € Q

For every n € N the function v, attains its maximum in [0,7] x Q at some point (t,,z,). If
t, >0 and x, € Q then

Dtvn(tnavn) >0, Avn(tnvxn) + V(xn)vn(tnaxn) <0,
and consequently, using the equation
()‘0 + V(xn))vn(tn, xn) < ()‘0 + Dt - A)Un(tnvl'n) <0.

Since \g > 0 this implies that vy, (¢, z,) < 0.

If t,, = 0 we immediately have v, (t,,2,) < 0. Finally, it is not possible that ¢, > 0 and
Zn € 02, without any interior maximum point because of the strong maximum principle (24,
Theorem 2.14]).

Therefore we have proved that v(t,z) < n~lp(x) for all 0 <t < T and x € Q. Thus letting
n — +oo we conclude that v < 0, as claimed. O

A similar maximum principle holds in the elliptic case. However, we point out that the
involved solutions are only of class W?2P and not C? in general. To prove such a result we need
a maximum principle for operators with bounded coefficients, which is due to Bony (see [9]).

Lemma A.0.6 Let Q be an open subset of RN and let F : Q — RN be a function of class WP,
with p > N. Then the image through F of a set with measure zero has still measure zero.

PROOF. Let @Q; be a unitary cube of RY. By Morrey’s inequality (see [10, Teorema IX.12]), if
(RS Wl’p(Ql) then

1
P
9

T,y € Qh

(A.02) |¢@—¢@n<0x—mkﬁ(490ﬂﬂ

where C is a positive constant depending on p and N. In the sequel, we keep the same notation to
denote a constant which has such a dependence. If @, is a cube with side [, and % is a function
in WHP(Q,), then ¢(z) = ¥(l,x) belongs to WP(Q;) and (A.0.2) applied to ¢ yields

|wmmw@w>scum“5(/zszm@pw)7 1€ 0.

1
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By changing variables in the integral we get

(laz) — v(lay)| < c|:cy|1—if( /Q Z§N|Dw<z>|pdz)p

= czi‘w—mlg(/@ |Dw<z>|pdz>p

czﬂ(/ |Dw<z>|pdz)p, 2.y € Q1.

IN

Therefore

(A.0.3) ¢<s>w<n>sczi’5< / |D¢<:c>|pdx>p, e Q.

o

Let M be a subset of Q with |M| = 0, where | - | denotes the Lebesgue measure. Then, for every
€ > 0 there exists a family {Qq}» of disjoint cubes such that M C U,Q, € Q2 and > N <e,
where [, denotes the side of Q. By applying (A.0.3) to the scalar components F1, ..., Fiy of the
function F', we obtain for every « and every z,y € Q,

[F(x) ~ F(y)] < Z\F |<czl’5i</ IDFy( >|pdz>“
< Cla 7 </ Z|DF|)p);::)\a.

o q5=1

This means that F(Q,) is contained in the cube @a with side \,. It follows that
Fn) € F(|JQo) € UF(@a) €U

and consequently

M1 16 = =N ([ (ZDF|)) ]

Qa 7,7=1
Applying Holder’s inequality with exponents 7 = p/N and 7’ = (1 — N/p)~!, we get
1—7 » %
pan < e (xw) (X ( |DjFi|))
a 7,75=1
< czvglf:(/ ( Z ID;F) >
1,7=1
Since € was arbitrary, the thesis follows. O

Proposition A.0.7 Let ) be a bounded open set of RN with C! boundary and let u € W2P (1),
with p > N. Assume that u attains its mazimum M at xo € Q and that u(x) < M, for every
x € Q\ {zo}. Then, for each closed neighborhood V of xq there exists E C V with |E| > 0, such
that for almost all x € E the Hessian matriz of u, (D*u(z)), is nonpositive, i.e. (D*u(z)¢,€) <0,
for all ¢ € RV,
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PROOF. Let S be the hypersurface of RV*! given by the equation y = u(z), € Q,y € R.
Since p > N, by the Sobolev embeddings the function u belongs to C1(£2), hence S is of class
C'. This ensures that the tangent hyperplane is well defined at each point of S. Let V be a
closed neighborhood of zy contained in 2 and let us denote by E the set of points z in V' with
the property that S lies locally under the tangent hyperplane at (x,u(x)). We observe that E
is nonempty since it contains xg. Now, we claim that E has positive measure. Let us first show
that there exists § > 0 such that if h € RY and |h| < 4, then there are a point £ € E and a
real number « such that the hyperplane of equation y = (h,x) + « is tangent to S at the point
(& u(€)). To this aim, we observe that infg, (M —u(z)) > 0. Otherwise, there exists a sequence
(r,) € Q\ V such that u(z,) converges to M. By compactness, we can find y € Q\ {z}
and a subsequence (zp, ) such that z,, — y and therefore, by continuity, u(z,,) — u(y) = M.
But this is impossible since zy was, by the assumption, the unique maximum point of u in .
Now consider A = inf (M — u(x))(sup |z — x0|> ' > 0 and choose 0 < § < A. Then, for every
oV o\v
h € RY with |h| < § and every z € Q\ V we have

w(z) — M — (h,x —x9) < u(xz)— M+ inf (M—u(x))(ﬁup |x_x0|)_1|$—$0

Vv Q\v
< inf (M = u(w)) — (M — u(z)) <0,
Q\v
hence
(A.0.4) u(z) < (h,z) + M — (h, x0), forallz € Q\ V.

Since V is compact and u(z) — (h,x) is a continuous function in V, there exists £ € V such that

max(u(e) - (h,)) = u() - (h,€) = a.

zeV

In particular, o > u(zg) — (h, o) = M — (h,x0) and therefore from (A.0.4) it follows that
u(z) < (h,z) + a, for all z € Q\ V.
On the other hand, by construction,
u(z) < (h,z) + a, forall z € V,

then u(z) < (h,x) + a, for every z € Q. Since u(§) = (h,£) + a, we deduce also that Du(§) = h
and therefore the hyperplane y = (h,z) + « is in fact the tangent hyperplane to S at (&, u(€)).
Since it lies over S, we have that £ € E. Now, define F : Q — R as F(x) = Du(z). From the
previous step, if h € RV and |h| < 4, then there exists £ € E such that h = Du(¢) = F(€). This
means that B; C F(E) and, as a consequence, |F(E)| > 0. Since F is of class WP(Q), from the
previous lemma it follows that E has positive measure, too.

Now, the regularity of u implies that u is almost everywhere twice differentiable in the classical
sense. Let x € E be such that u is twice differentiable at x in the classical sense and assume,
by contradiction, that there exists y € RY such that Zﬁrj:l D;ju(x) y;y; > 0. Without loss
of generality we can suppose that |y| = 1. Set f(t) = u(zx + ty) — t(Du(x),y), for [t| < ¢, for
some £ > 0. Then f is differentiable in (—e,e) with f/(0) = 0 and f” exists at ¢ = 0 with
1) = zgj:l D;;ju(x) y;y; > 0. This implies that ¢ = 0 is a strict relative minimum point
for f, hence f(t) > f(0) for t € (—¢,¢) \ {0}, which means u(z + ty) > u(x) + t(Du(z),y), for
t € (—e,¢e) \ {0}. On the other hand, since z € E, for every z sufficiently close to x we have

u(z) < u(z) + (Du(z), z — ).
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Choosing z = x + ty we find
u(e + ty) < u(@) + {Du(x), y),

which is a contradiction. Thus, we have established that at each point z € E where u is twice
differentiable in the classical sense, (D?u(x)) is nonpositive. This concludes the proof. ]

At this point, we are ready to prove the announced maximum principle for W?2? functions
involving operators with bounded coefficients. More precisely, let

N N
L= Z OzijDij+ZﬁiDi+7~

ij=1 i=1
Assume that all the coefficients are real-valued functions in L>°({2) and that the matrix (ay;) is

symmetric and nonnegative and that v < 0.

Theorem A.0.8 Let Q be a bounded open set with C' boundary and let u € W?P(Q), with
p > N. Assume that u attains a nonnegative mazimum at o € Q). Then

lim inf ess (Lu)(z) <0,

r—X

where liminf ess (Lu)(xz) = sup  inf ess Lu(x).
T—To p>0 z€B,(x0)

PROOF. Let € > 0 and set v(z) = u(z) — |z — zo|?. It is readily seen that v € W2P(Q2) and that
To is a strict maximum point for v. Then, from Proposition A.0.7 for each p > 0, there exists
a set E, C B,(xo) such that |E,| > 0 and (D?v(z)) is nonpositive for almost all x € E,. Since
(cvi;) is nonnegative a.e., we deduce that

N
Z a;;(xz)Dijv(x) <0, for almost all z € E,,.
ij=1
On the other hand, since v € C1(Q), we have that lim D;v(z) = D;v(zo) = 0 and hence, using

r—x
the boundedness of 3;
N
li i () D; =0.
Jig, 2 Bilx) Div()

Finally, since y(z) < 0 and v(zg) = u(zg) > 0 we have that lim,_,,, v(x)v(z) = 0, if v(xg) = 0.
If v(zo) > 0 then, by continuity, v(z) > 0 for = close to zg, hence y(x)v(z) < 0. Therefore we
have

liminfess (Lv)(z) = sup inf ess(Lv)(z)
T—To p>0 zeB,(x0)
N
< sup inf ess x)Djv(x) + i
< sup infe (z_j ; Zﬂ (@) +2()(o))
< 0

Thus we have established that lim inf ess (Lv)(z) < 0. Since

T—T0

Lv(z) =L —25204“ —262@ (z; — xb) — ey(z) |z — 0],

we obtain that

N
lim inf ess Lu(z) < 252 lleviill oo -

Tr—T0

Letting € — 0, we get the statement. ]
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In the sequel, we use the previous result to derive an elliptic maximum principle for the
operator A defined in (A.0.1). First we state an easy corollary of Theorem A.0.8, which is more
useful for our aims.

Corollary A.0.9 Let u belong to VVi’Cp(RN) for any p < oo and suppose that Au € C(RN). Ifu
has a relative nonnegative maximum at the point xq, then Au(zg) < 0.

Proposition A.0.10 Let Q be an open set in RN with C? boundary. Let u € Cy(Q) NW2P(Q2N
Br) for all R > 0 and p < oo, such that Au € Cy(Q) and

Au(z) — Au(z) <0, €9,

for some A > 0. Let xg € 0 such that u(zg) > 0 and u(x) < u(xo) for all x € Q. Then

du

(A.0.5) o

(x()) > 0.

ProOOF. We follow the proof of the classical Hopf maximum principle (see e.g. [26, Lemma
3.4]). By the regularity assumption on 9, we can consider a ball B(y,r) C € such that B(y,r)N
00 = {xo}. Assume that u > 0in B(y,r). It is readily seen that there exists a > 0 such that the
function z(z) = e~l*=vI" — ¢=or* gatisfies Az > 0 in D = B(y,r) \ B(y,7/2). Set w = u + ez,
where € > 0 is chosen in such a way that w(z) < u(zo) for all x € dB(y,r/2). Then w(z) < u(xo)
in 0D and

(A.0.6) Aw(z) = Au(z) + eAz(x) > Mu(z) >0, x€D.

Let Z € D the maximum point of w in D. It is not possible that € D, otherwise from Corollary
A.0.9 we should have Aw(Z) < 0, which is in contradiction with (A.0.6). Then T € 9D and
necessarily T = xg. It follows that

ow Ju 0z
= — >
on € an (o) + an (z0) =0
Since 9z/9n(xg) < 0, this implies (A.0.5). U

Proposition A.0.11 Let ) be an open set in RN with C? boundary. Assume (H) and in addition

0
suppose that 6—S0 >0 on 09, where n is the outward unit normal vector to 0. Let u € Cp(£2) N
n —
W2P(Q N Bg) for all R > 0 and p < 0o, such that Au € Cy(Q) and

Au(x) — Au(z) <0, x € Q,
(A.0.7) ou

—(z) < Q

an () <0, x € 01,

for some A > \g. Then u < 0.

PROOF. As in Proposition A.0.5, we introduce the sequence

up () = u(z) — %gp(m), reN

and we note that

Mg (x) — Aup(z) <0, x €,
(A.0.8)
%Lnn(a:) <0, x € 0.
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We prove that u,, <0, for all n € N; then the conclusion follows letting n — oco. Each u,, has a
maximum point z,, € Q. If z,, € Q then uy,(x,) < 0. Indeed, if u,(z,) > 0, then from Corollary
A.0.9 it follows that Au,(z,) < 0 and, using (A.0.8), un,(z,) < 0, which is a contradiction.
Now assume that z,, € 9Q and u,(z) < un(z,) for all x € Q (otherwise there would exist an
interior maximum point and we could apply the previous step). Then from Proposition A.0.10
and (A.0.8) it follows that u,(z,) < 0 and this completes the proof. O

Next, we deal with Dirichlet parabolic problems. We skip the proof of the following proposi-
tion, since it is exactly the same as that of Proposition A.0.5.

Proposition A.0.12 Let Q be an open set of RN and assume hypothesis (H). Let u € C([0,T] x
Q)N CH2(J0, T[xQ) be a bounded function satisfying

ue(t, ) < Ault, z), 0<t<T, z€q,
(A.0.9) u(t,z) <0, 0<t<T, ze€dQ,
u(0,2) <0 x € 9,

Then v < 0.

Now we present a maximum principle for discontinuous solutions to the Dirichlet parabolic
problem (A.0.9). The result is suggested in [29] and involves special domains.

Theorem A.0.13 Assume hypothesis (H). Let 2 be an open subset of RN, g; : Q@ — R, i =
1,...,n, be C%-functions. Suppose that

Q={z:9;(x) >0, i=1,...,n}, |Dgi|>1onT; =00nN{g; =0}.

Define Q = (0,T) x Q, &Q = (0,T) x 92 U {0} x Q and 8:.Q = {0} x Q. Let u € C13(Q), u
continuous on Q \ 01, Q, bounded on Q. If uy < Au in Q and u < 0 in 0'Q\ 0.Q, then u <0 in
Q.

Finally, if uy = Au, |u(t, )| < K fort >0, € 0Q and |u(0,z)| < K, x € Q, then ||ul|e < K.

PROOF. The proof is given into two steps.
Step 1. We assume in addition that Q is bounded.

In this case the functions g; are bounded in §2 together with their derivatives up to the second
order. A long but straightforward computation shows that the functions

(A.0.10) Yilt,x) = t%” exp ()\t — sgi(x))

verify, for £ > 0 small enough and A large enough, (D; — A)y; >0,i=1,...,n,in (0,00) x Q.
Let M =supu = sup u > 0 (otherwise the proof is finished). Let v > 0 and define
Q Q\0:Q

n

uy(t, ) = u(t, ) — M~ Z
i=1

where ¢ and X are given in (A.0.10). Clearly (D; — A)u, < 0. Take n > 0 such that Ay — 877’ >0
and consider

egi ()
e (- T,

I,={ze€Q: Ji=i(x)=1,....,n : gi(z) <n}.
For each x € I,), one has

~ 1 egi (x) en
SV pe exp <)«y — Zy) > exp <)\7 - 7) > 1.

i=1
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By continuity, there exists 6 > 0 such that for any (¢,z) € [0, 4] x I,,,

. 1 69-2(96))
wNT__ — exp(ANt+A) - 2L >,
¥ > T p< (t+7) I

?

It follows that u, < M — M =01in ([0,4] x I,;) \ 01 Q.

Since u(0,z) <0, x € Q\ I,,, we have u,(0,2) <0, z € Q\ I,, as well. Because € is bounded,
by continuity we obtain u(t,z) <0, (t,z) € [0,0] x Q\ I, for some ¢ > 0.

We have obtained that u, < 0in ([0, 6] x Q) \ 9:.Q. Applying the classical maximum principle
in [6,T] x Q, we get that u, <0 in ([0,7] x Q) \ 9;.Q. Letting v — 0T, we infer the claim.

Step 2. We consider a possibly unbounded 2.
Here we will use the Lyapunov function ¢. Set v = e~*°*y and observe that v; — Av+ \gv < 0.
We prove that v < 0 in Q. Fix R > 1 and consider

QR:QQBR:{QZ‘>0}Q{R2—‘J}|2>O}, QRZ(O,T)XQR.

Note that Qg satisfies the same geometric assumptions of €2 if one adds to the set {g1,...,9n}
the function go(x) = R? — |z|?. Let Cr = aénfﬂ ¢. Remark that Cr — 0o as R — oo. Define
RN

x
onlt, ) = vlt,2) ~ ol 5 (1,2) € Q.
R
It is easy to see that (D; — A+ A\g)vg < 0 in Qr. Moreover vg(0,2) <0, x € Qg.
If t € (0,T), then vg(t,x) < 0 for z € 9Br N Q, since & > 1. Moreover vg(t,x) < 0 for
x €090, t € (0,T). This shows that vg < 0 on the parabolic boundary of Qg.

Applying Step 1 to the operator A = A — )\ in Qp, we get v < 0, in Qp, that is

p(x)
u(t,z) < ||”||0007R'
Letting R — oo, we get the claim.
The last statement easily follows considering the functions +u — K. ]

Observe that the above theorem covers also the case of certain non smooth domains, whose
boundaries can be described by a finite number of functions g; as in the statement, see e.g.
Example 3.6.1.

Let us show that uniformly C? domains are covered by Theorem A.0.13.

Corollary A.0.14 . Theorem A.0.138 holds for uniformly C?-domains.

ProOF. It suffices to show that there exists a C?-function g : @ — R such that g > 0 in Q,
|Dg| > 1in 992 = {g = 0}. Let r be the distance function from 9. Then r € C%(Qs) for some
§ >0 and |Dr| =1 on 9. Let moreover § be a smooth function such that 0 <6 < 1,6 =1 in
Q5/2, 0 = 0 outside 5. It is easy to check that g = 6r + 1 — 0 satisfies the claim. O
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