Chapter 5

Invariant measures: main
properties and some applications

In this last chapter we collect some known facts concerning invariant measures, most of which
have been already used. Here we provide the relative proofs and we also show some other results
which complete the exposition and make it clearer. Even though the subject has a certain
relevance from a probabilistic point of view and can be treated by making use of probabilistic
tools, our approach is purely analytic.

We start by introducing Feller semigroups in C,(R”Y). These are semigroups of positive
contractions that are not strongly continuous in general, but continuous only with respect to
the pointwise convergence. In our framework, we also assume that each operator of a Feller
semigroup admits an integral representation and that it can be extended to the bounded Borel
functions in RY. Then we give the definition of an invariant measure p for a Feller semigroup
(P;). If one considers the underlying stochastic process {{:}, 1+ can be interpreted as a stationary
distribution for {&:}. A quite general result concerning existence of invariant measures is given by
Krylov and Bogoliubov (see Theorem 5.1.6). The main tool to prove it is a weak® compactness
result for probability measures, which is due to Prokhorov. As a consequence, we infer that the
semigroup (P;) extends to a strongly continuous contractions semigroup in LP(RY, p), for all
1 < p < 400. In order to deal with uniqueness, we have to require some regularity properties
to (P;), namely irreducibility and strong Feller property. Under these further assumptions, if
an invariant measure exists, it is unique. To prove such a result we make use of some known
facts concerning ergodic means of linear operators in Hilbert spaces and in particular the Von
Neumann Theorem. Ergodicity of invariant measures concludes the first section.

In the second section we show how Feller semigroups arise naturally when one deals with a
second order partial differential operator in R of the form

N N
=1

4,j=1

The absence of a zero order term is a necessary condition for the existence of an invariant measure
for the associated semigroup T'(¢) (see Remark 5.2.12). The construction of T'(t) is based on an
approximation argument which consists of finding a bounded classical solution u to the Cauchy
problem
uy—Au=0  in (0,00) x RV
{ u(0,z) = f(z) zeRN

as limit of solutions of parabolic problems in cylinders (0,00) x B,. The main tools to carry
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out this procedure are the classical maximum principle and interior Schauder estimates. Then
one sets u(t,z) = T(t)f(z). It turns out that T(¢) is a Feller semigroup in C,(R”), which is
represented by a strictly positive integral kernel. Even though T'(¢) is not strongly continuous
we can associate a “weak” generator, which enjoys several classical properties of generators of
strongly continuous semigroups. We show that assuming the existence of a Liapunov function, the
weak generator coincides with the operator A endowed with the maximal domain in Cj,(RY) (see
Proposition 5.2.3). Under the same assumption the semigroup 7'(t) yields the unique bounded
classical solution to the problem above. Concerning invariant measures, we establish two existence
criteria, whose assumptions are expressed in terms of the coefficients of the operator A. The
first is due to Khas’minskii and uses the existence of suitable supersolutions of the equation
Au— Au = 0 to apply the Krylov-Bogoliubov Theorem. The second is due to Varadhan and show
directly the existence of an invariant measure for an operator of the form A — (D®+ G, D), given
by p(dz) = e~ ?dz.

The last section is devoted to the characterization of the domain of a class of elliptic oper-
ators in LP(R™, u). The main tools are the results of Chapter 1, where the same problem has
been studied for differential operators in LP(RY). In fact, we show that the given operator on
LP(RY | 1) is similar to an operator in the unweighted space LP(R”) which satisfy the generation
results of Chapter 1 that provide also an explicit description of the domain.

5.1 Existence and uniqueness of invariant measures for Feller
semigroups
Throughout this section (P;);>o is a family of linear operators in C,(R”), the space of all

continuous and bounded functions in RY, satisfying the following properties:

(i) Ph=1,P s = PP, forallt,s > 0;

(ii) P,f >0forallt >0 and f € Cp(RY) with f > 0;

(iii) limg_o Pif(z) = f(x), for all z € RN and f € Cy(RY);

(iv) P1=1, for all t > 0,

where 1 denotes the function with constant value 1. From (i¢) and (iv) it follows that each
operator P, is a contraction. Indeed, for all f € C,(RY) and z € RY

[Pof ()] < Bl fl(@) < ([ flloo Pl = [| flloo>

hence ||Pif|looc < ||flloc- Under a probabilistic point of view (P;) is a Feller semigroup and

condition (i7i) represents the stochastic continuity of (P;).
It is useful to make the following additional assumption:

(I) forallt > 0and x € RY there exists a positive Borel measure p;(z, -) such that p,(z, RY) =1
and

(5.1.1) (P = [ fame.dy).

for all f € Cp(RY).

We set po(z,-) = J;, the Dirac measure concentrated at x.
We note that (5.1.1) makes sense also for bounded Borel functions. In particular, if " is a
Borel set of RV and xr is the corresponding characteristic function, then

(5.1.2) (Pixr)(z) = pe(z,T), reRN, t>0.
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Then we also assume that

(II) for every bounded Borel function f and for every ¢ > 0 the function P;f is still Borel
measurable.

In general such a semigroup is not strongly continuous in Cy(RY), a simple counterexample
being the heat semigroup.

Definition 5.1.1 A probability Borel measure u is said to be invariant for (P;) if

(513) (Pt = [ @

RN
for allt > 0 and for every bounded Borel function f.

It is readily seen that p is invariant if and only if

(5,14 u(0) = [l D)

for any borelian set I'. Indeed, if (5.1.3) holds, then (5.1.4) easily follows by taking f = xr.
Conversely, assume that (5.1.4) is true. This means that (5.1.3) is satisfied by any characteristic
function. By linearity, one has the same formula also for simple functions. If f is a bounded
nonnegative Borel function, then let (s, ) be an increasing sequence of simple functions such that
sp(x) converges to f(x), for every x € RY. Writing (5.1.3) for each s,, and letting n — oo,
by monotone convergence we get the identity for f. In the general case, it is sufficient to write
f=fr—f.

From a probabilistic point of view, let us consider the stochastic process {¢;} having p;(z,T) as
transition functions. This means that p;(z, ) represents the probability that the process reaches
I" at the time ¢ starting from = at t = 0. In order to determine completely the process, that is
the probability that the process is in I' at the time ¢, for any I and ¢ > 0, it is sufficient to know
the law p;(z,T") and the initial distribution o, since, applying the formula of total probability, it
holds

P& cT) = /R pu(e. D)o (de).

In this context, an invariant measure is a stationary distribution for the process, since

PleeT) = | (e Dulde) = u(l) = (& €T)

for all t > 0.
A first basic result is the following.

Proposition 5.1.2 Assume that p is an invariant measure for (P;). Then for all p € [1,+00],
(P;) can be extended uniquely to a strongly continuous contractions semigroup in LP(R™N, ), still
denoted by (P;). Moreover, if (Ap, D(A,)) is the generator of such a semigroup, then (5.1.8) is
equivalent to have [ (Apf)(x)u(dx) =0, for all f € D(Ap).

PROOF. Let € Cp(RY). From (5.1.1) and Hélder’s inequality it follows that

Pe@P < [ 1e)Ppi(a.dy) = Pllel) o)

Integrating with respect to u, we get

| Pet@putin) < [ Pem@ptdn) = [ le@Putis)
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Since Cy(RY) is dense in LP(RY, u), P; has a unique continuous extension to LP(RY, u), still
denoted by P,, such that || P;|| < 1. The strong continuity of P;f in LP(RN, p) for f € Cy(RY)
follows easily from property (iii) of (P;) and the dominated convergence theorem. The general
case can be treated by a standard density argument.

Let us prove the last assertion. If f € D(A,) then P,f € D(A,), the map t — P, f is of
class C1([0, +oo[; LP(RM, 1)) and %Ptf = A,P,f = P,A,f. Differentiating with respect to t the
identity (5.1.3) we have

& et = [ Len@un = [ PG

dt Jan ~ dt
/ (A, f) () uld).
RN

Conversely, if [ (Apf)(x)u(dz) =0, for all f € D(A,), then

%/RN(PJ)(x)u(dx) = /RN A (Pof) (@) u(dz) = 0

and (5.1.3) holds in D(A,). Since D(A,) is dense in LP(RY, ), (5.1.3) is also true for f €
LP(RYN, ). [

0

Now, our aim is to prove a quite general result on existence of invariant measures due to
Krylov and Bogoliubov. Before stating it, we need to introduce some basic notions from measure
theory.

We denote by M(RY) the set of all Borel probability measures on RY.

Definition 5.1.3 A subset A of M(RY) is said to be relatively weakly compact if for any se-
quence (py) in A there exist a subsequence (py,) and p € M(RY) such that [gx f(x)pn, (dz)
— fon f(@)p(dz), for all f € Cy(RN). In this case, we say that p,, weakly converges to fu.

The set A is said to be tight if for all € > 0 there is a compact set K. such that u(K.;) > 1—e¢,
for all p e A.

The Prokhorov theorem, proved below, shows that in fact the previous two notions are equiv-
alent. Even though it holds in a general separable complete metric space, we state and prove it
in RV, since this case is closer to our interests. We first need a lemma.

Lemma 5.1.4 Let p,,pu € M(RYN) be such that p, converges weakly to u. Then one has
lim supp, (F) < u(F), for every closed set F' of RN or, equivalently, liminf u, (G) > u(G), for

n—oo

every open set G of RN,

PROOF. Let F be a closed set and consider Fs = {x € RY | dist(z,F) < d§}. Since Fjs is
decreasing with respect to § and NssoFs = F', we have that lims_,o pu(F5) = p(F). Therefore,
given a positive € there exists 6 > 0 such that u(Fs) < pu(F) + €. Let

1 if t<o,
et)=4 1—t if 0<t<]1,
0 it ot>1,

and define f(z) = ¢(6 dist(x, F)). Since f is nonnegative and assumes the value 1 on F, we
have

in(F) = /F F(@)pn(dz) < / f@)pnd).

Since f vanishes outside Fs and never exceeds 1
f@)p(de) = [ f(z)uldz) < pu(Fs).
RN Fs
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Finally, since p,, converges weakly to u and f € Cy(RY) we deduce

limsup pin (F) < lim [ f(z)pn(de) = |  f(z)p(dr) < p(Fs) < p(F) +e.
n—oo n—oo JpN RN

Since € was arbitrary, the thesis follows. A simple complementation argument proves the last

assertion. ]

Theorem 5.1.5 (Prokhorov) A subset A in M(RY) is relatively weakly compact if and only
if it is tight.

PROOF. Let B,, be the closed ball in RN with radius n € N and centered at zero. Assume
first that A is tight and consider a sequence (py) in A. We have to show that it is possible
to extract a weakly convergent subsequence. Consider the restrictions (“’f@l)' Since C(B) is
separable, the weak® topology of the unit ball of the dual space (of all finite Borel measures) is
metrizable. Hence, there exists a subsequence of ('uk\?l) which converges weakly in C(B;)*. By
a diagonal procedure, since (B,,) is increasing, we can construct a subsequence (i, ) such that
fgﬂ f (@) pin, (dx) converges to f§n f(x)u(dx) for all f € C(B,), and n € N and for some positive
Borel measure p with u(RY) < 1. Now, let € > 0 be fixed. Since A is tight, there exists r € N
such that j,, (RN \ B,) <¢, forallk € N. If n > r, let g € C(RY) besuch that 0 < g < 1,g=1
in B, \ Byy1 and supp g C Bpy1 \ B, C Buy1. Then

w(By \ Bry1) < / g(x)p(dx) = lim 9(2) pin,, (dx) < limsup g, (Bny1 \ By) < e.
RN k—+oo JrN k—+o0

Letting n — +oo we find that u(R™ \ B,;1) <e. Now, we can conclude. Indeed, if f € C,(RY)
then

<

@ptda) = [ @, (i)

RN

L st~ [ s

oy HEIn@)

Loy @)

If ¢ > 0 is given, we first choose r € N sufficiently large in such a way that p(RY\ B, 41), pin, (RY\

B,11) < e for all k € N. Then we choose k € N large enough to make the first term in the right
hand side smaller than . At the end we find

< e+ 2 flleo

[ @) = [ @, ()

for k£ large. Thus the statement follows. In particular, taking f = 1, we have that p is a
probability measure, i.e. 4 € M(RY).

Conversely, let us show that a relatively weakly compact set A must be tight. Consider the
open ball B,, of RY centered at zero and with radius n € N. For each £ > 0, there exists n € N
such that v(B,) > 1 —¢ for all v € A. Otherwise, for each n we have v,(B,) < 1 — ¢, for some
v, € A. By weakly compactness, there exist a subsequence (v,,,) and vy € M(RY) such that

Up, converges to vy weakly. From Lemma 5.1.4 it follows that vo(By,) < liminfy_ o Vs, (Bn) <
liminfy o0 vp, (Bn,) < 1 — ¢, which is impossible, since B,, T RY. Thus, the closure of B, is a
compact set of RY such that v(B,,) > 1 —¢, for all v € A. U
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Now, we are ready to prove the announced result of existence of an invariant measure for the
semigroup (P).

Theorem 5.1.6 (Krylov-Bogoliubov) Assume that for some Ty > 0 and x9 € RN the set
{ur}r>T,, Where

1 /7
= — " dt7
HT =7 /0 pe(zo,°)
is tight. Then there is an invariant measure p for (Py).

PROOF. From Theorem 5.1.5 it follows that there exist a sequence (T;,) going to +oco and a
probability measure y such that limy, oo [on f(@)pr, (dz) = [on f(2)p(dz), for all f e Cy(RY).
Taking into account (5.1.1), this is equivalent to

Tn
(5.1.5) lim /0 (Pt = [ peuts).

n—oo Lp

Setting f = P,g we have

1
tim 7 [ (P @it = [ (Pg)@uda),
for all g € Cy(RY). Now, we show that the limit at the left hand side above is equal to
Ja~ 9(x)pu(dx). We have in fact

1 Tn 1 Tn+s

— Py dt = — P, dt

= | Peoena = & [T Ro@)
I

Thn+s
= 7 (Ptg)(xo)dt—F;n/Tn (Prg)(xo)dt

1 S
-7 / (Pyg) (o).

Since the last two terms above are infinitesimal and condition (5.1.5) holds, we find that (5.1.3)
holds for g € Cy(RY). If g is a bounded Borel function in RY, then g € L*(R™, i), hence, by
density, there exists a sequence (g,,) in Cy(RY) converging to g in L*(RY, u1). By continuity, P;g,
converges to Pig in L'(R™, u) as well. Now, the thesis follows easily writing (5.1.3) for g,, and
letting n — oo . ]

In the next section we will see an application of this general result in the case of semigroups
associated with differential operators.

Once that an invariant measure exists, one can ask whether it is unique or not. Such a
problem requires more attention and suitable regularity properties for the semigroup (P;) that
we introduce below.

Definition 5.1.7 - (Py) is irreducible if for any ball B(z,€) one has P;Xp(..)(x) > 0 or,
equivalently, p;(z, B(z,€)) > 0 for allt >0 and z € RV.

- (P;) has the strong Feller property if for any bounded Borel function f and t > 0 we have
P.f € Cy(RY).

- P, is called regular if all the probabilities p;(x,-), t > 0,2 € RN are equivalent, i.e. they
are mutually absolutely continuous.
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It is clear that if (P;) is irreducible, then it is positivity improving, in the sense that given a
bounded Borel nonnegative function ¢ on RY such that ¢ is strictly positive on some ball, then
Pyo(z) > 0, for all t > 0 and z € RY. In this way, irreducibility says that a strong maximum
principle holds. From a probabilistic point of view, this means that the underlying Markov
process diffuses with infinite speed.

The main result concerning uniqueness is the following.

Theorem 5.1.8 If (P;) is reqular then it has at most one invariant measure p. Moreover, u is
equivalent to py(x,-), for allt > 0,z € RV,

Before proving the above theorem, we show an important tool to have regularity due to
Khas’'minskii.

Proposition 5.1.9 If (P;) is strong Feller and irreducible, then it is regular.

PROOF. It is sufficient to prove that all the probabilities p;(z,-), t > 0,z € R, have the same
null sets. This means that if " is a Borel set, then

(i) either pi(z,T) =0, for all t > 0,7 € RV,
(ii) or p(x,T) >0, for all t > 0,z € RN,

Assume that (i) does not hold. Then, there exist o € RY and to > 0 such that Py, xr(zo) > 0.
By the strong Feller property, P, xr € Cy(RY), hence P;,xr(z) > 0 for € B(zg,d). From the
irreducibility and the semigroup law it follows Pyxr(z) > 0 for all # € RN, t > t(, respectively.
We claim that this holds for ¢ < to, too. If t; < t < to then there exists z; € RY such that
P;, xr(x1) > 0 (otherwise Py, xr would be identically zero). By the same argument as before, we
have Pyxr(z) > 0 for all z € RY and the proof is concluded. O

In order to prove Theorem 5.1.8, we need some results about ergodic means of linear operators,
in particular the Von Neumann Theorem. Let T be a linear bounded operator on a Hilbert space
H and set

n—1
1
M,==> T N.
”,;J n e

Proposition 5.1.10 Assume that there is a positive constant K such that ||T"| < K, for all
n € N. Then, the limit

(5.1.6) lim M,z = Mz

n—oo

exists for every x € H. Moreover, M2 = M, M (H) = ker(I —T), that is My, is a projection
on ker(I —T).

PROOF. The stated limit trivially exists when x € ker(I —T') or z € (I — T)(H). Indeed, in the
first case we have TFz = x for all k € N, hence M,z = z for all n € N. In the second case, if
x = (I —T)y, for some y € H, taking into account the identity

1
(5.1.7) Moy(I-T)=(I—T)M, = —(I —T"),
n
we have ) )
Ml = [ = 70| < 2ahol + K
and consequently lim,, o, M,x = 0. Since |M,z|| < K||z||, it follows that

(5.1.8) lim M,z =0, ze(I—T)H).

n—oo
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Now, let € H be fixed. Then, there exist y € H and a subsequence M, z weakly convergent to
y. Since T is bounded, T'M,,, x converges weakly to T'y. On the other hand, from (5.1.7) it follows
that TM,x = M,x — %l‘ + %T”x, hence T'M,, x converges weakly also to y. By uniqueness,
Ty =y, ie. y € ker(I —T). Now we claim that M,z converges to y. Since y € ker(I —T), we
have M,y = y and consequently

Mpx = Mpy + Mp(v —y) =y + Mu(z —y),

so that it is sufficient to show that M, (z — y) converges to zero. To this aim, recalling (5.1.8),
we prove that x —y € (I — T)(H). We have in fact © — M,z € (I —T)(H), because

1 ng—1 ] 1 nir—1 -
x—Mnkx:n—kZO(I—TJ)x:;k(I—T)ZO(I+T+...+TJ )a
j= =

and © — M,, x converges weakly to x — y. Since (I — T)(H) is convex, its strong and weak
closures coincide, hence x —y € (I — T)(H). Therefore (5.1.6) is proved. As far as the last part

of the statement is concerned, since (I — T)M,, = M, (I — T) converges to zero in the strong
topology, we have M., = T M, and therefore M., = T*M_,, for every k € N. This implies that
My, = M, M, which yields, as n — 0o, My, = M2, as required. ]

Now we use this general result in our framework. More precisely, let i be an invariant measure
for the semigroup (P;) and consider the Hilbert space L?(R™, ). Proposition 5.1.2 ensures that
each P, extends to a linear bounded operator in L?(R™, 1) with ||P;|| < 1. Consider the ergodic
mean

1 T
(5.1.9) M(T)p = T/ P.pds, e L*(RN pu), T > 0.
0

Clearly, M(T) is a linear operator and, by the Minkowski inequality, it is bounded in L?(RY, u1):

1 T
M@l < 7 [ IPelliaen,ds < el

Theorem 5.1.11 (Von Neumann) For every ¢ € L?(RN | p), the limit

lim M(T)p =: My

T—o0
exists in L2(RN, ). Moreover My, = M2, and Moo (L*(RY, 1)) = X, where X is the set of all
the stationary points of (P;), i.e.
(5.1.10) Y={pe L) RN, n) | Pbo=, pae., Vt>0}.
Finally

[ Map@ntdn) = [ olntda),
RN RN

PrROOF. For all T > 0, let np € NU {0} and rr € [0, 1] be the integer and fractional part of T,
respectively. If ¢ € L2(RY, 1), then

nr—1 k41 nr—1

1 1 T 1 1
MT)y = T Z /k Pspds + T/ Pspds = T Z /O Py yrpds
k=0 nr k=0

1 [T
+ T / P, pds
0
’I’LTfl

= I3 Pf(M(1)<p)+%TP{‘T(M(TT)<p)~
=0
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Since

letting 7' — oo and recalling Proposition 5.1.10, we get that M (T )¢ has limit in L2(RY, ), say
M. Let us prove that

(5.1.11) Mo P, = P,M. = M.

Given ¢t > 0 we have

1 T 1 t+T
MaPip = Jim g [ Pospte= i 7 [ P
1 T t+T t
= lim —( Pspds +/ Pspds —/ <pds) = My p.
T—o0 T 0 T 0

In a similar way, one can check that P,M.¢ = My, so (5.1.11) is completely proved.

For all ¢ € L2(R™, p1), (5.1.11) implies that My, € 3. Conversely, if p € 3, then M(T)p = ¢
and consequently, taking the limit as T — 0o, My = @ € My (L*(RN, u)). Since P,M,, =
My P; = M, it follows that M M (T) = M(T)My, = M, that yields M., = M2, letting
T — co. Finally, integrating (5.1.9) with respect to p, we obtain

F L[ e - [ [ o
/R pla)u(da).

Letting T' — oo we conclude the proof. O

| @) @)

Remark 5.1.12 The Von Neumann Theorem gives information on the asymptotic behaviour of
the semigroup (P;), as t — oo. We note that, in general, the limit of P;p(x) as t — oo does not
exist, if ¢ ¢ 3. For example in R? consider the Cauchy problem

§'(t) = —n(t)
n'(t) = &(1)

£(0) = 21, n(0) = z2

Then (£(t,z),n(t,z)) = (z1cost — xgsint, zysint + xgcost), t > 0, z € R2. The semigroup
Pro(x) = p(&(t, x),n(t, ) is such that lim;_, o Pro(x) exists only if z = 0.

If (P) is regular, then it can be proved that limy . (Pyp)(z) = [ @(y)u(dy), for all ¢ €
L?(RY, i) and x € RY. This results, which is due to Doob, means that the underlying stochastic
process is stable and [,y (y)u(dy) is the equilibrium.

The next proposition contains the main properties of the subspace 3. In particular it shows
that ¥ is a lattice. We remark that if (Az, D(A3)) is the generator of (P;) in L2(R™, ), then
Y. = ker As.

Proposition 5.1.13 Let ¢,1 € X. Then the following assertions hold
(1) el € %,
(i) ¢*, ¢ €X,

(iii) pV i, p NP €,
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(iv) for all X € R, the characteristic function of the set {x € RN | p(x) > A} belongs to 3.

PROOF. Let us prove (i). By the positivity of (P;) we infer |p(z)| = |Prp(x)| < Pilp|(z). Assume,
by contradiction, that there exists a Borel set T such that u(T') > 0 and |p(z)| < Plp|(z), for
x € I". Then

[ Je@lutdn) < [ P,

which contradicts the invariance of .
Assertions (i7) and (iii) follow easily from the identities

1 1
w+:§w+wm v =5l = e,

eV =(e—P)t+v, orv=—(p—¢)" +o.

In order to prove (iv), it is sufficient to take A = 0. Consider ¢, (z) := (np* A 1)(x). Then
lim,, .00 () = X{p>0} () and , € ¥, by (i) and (ii7). By dominated convergence, X 1,01 (%)=
lim,, .00 @n(2) = limy, .o Pron(7) = PiX{p>01(7). Hence the thesis follows. O

Now, we devote our attention to the case where the limit M., provided by the Von Neumann
Theorem is of a particular form.

Definition 5.1.14 Let u be an invariant measure for the semigroup (P;). We say that p is
ergodic if

1 T
lim — Ppdt =9
i 7 [ Pt =5

in L2(RN7M); where Y= f]RN @(x)/’(‘(dl‘)

Proposition 5.1.15 p is ergodic if and only if the dimension of ¥, defined in (5.1.10), is equal
to omne.

PROOF. Assume that p is ergodic. Then, from the Von Neumann Theorem it follows that
My =, for all ¢ € L2(RY, ). Since M, is a projection on ¥, it turns out that ¥ is one
dimensional.

Conversely, assume that the dimension of ¥ is one. Then, there exists a linear continuous
functional f on L?(RY, i) such that My = f(¢)1 = f(p), for all p € L*(RY, ). Moreover, the
Riesz-Frechet Theorem yields a function o € L2(R™, p) satisfying f(p) = [pn ¢(z)@o(z)p(dz).
Integrating this identity with respect to p and recalling the invariance of My, (see Theorem
5.1.11) we find

Mep(ulds) = [

RN

(@) () = / (@) go(x)dx),

RN RN

for all ¢ € L2(RY, 11). This leads to ¢y = 1 and consequently Mo = f(p) = B. ]
Let p be an invariant measure for (P;). A Borel set T is said to be invariant for the semigroup,
if its characteristic function yr belongs to X. T'is said to be trivial if u(T') is equal to 0 or 1.

The next result is a characterization of the ergodicity of an invariant measure in terms of
invariant sets.

Proposition 5.1.16 Let u be an invariant measure for (P;). Then p is ergodic if and only if
each invariant set s trivial.
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PROOF. Assume that p is ergodic and let I' be an invariant set. Then xr must be p-a.e. constant
in order to keep X one dimensional.

Conversely, suppose that all the invariant sets are trivial and, by contradiction, that p is not
ergodic. Then there exists a nonconstant function ¢ € ¥. Therefore, for some A € R the set
{¢© > A}, which is invariant by Proposition 5.1.13, is not trivial. ]

An interesting relationship between uniqueness and ergodicity of an invariant measure is
contained in the next proposition.

Proposition 5.1.17 Suppose that there exists a unique invariant measure p for (P;). Then it
is ergodic.

PROOF. Assume by contradiction that p is not ergodic. Then there exists a non trivial invariant
set I'. Define (ANT)
nw(AN
pr(A) = ———,
()
for any A Borel set. Since T is not trivial, ur(T") # p(T'), hence p and pr are distinet. We claim
that pr is an invariant measure for (P;). To this aim, it is sufficient to show that

pe(4) = [ ilo Aperda),

for any Borel set A (see (5.1.4)) or, equivalently, that

WANT) = / pi(, A)p(de).

Since T is invariant, for all ¢ > 0 we have Pyxr = xr p-a.e. Then pi(z,T) = xr(z) p-a.e. and,
as a consequence, pi(x, ANT) = 0, p-a.e. in T since pi(z, ANT) < pi(z,T). Analogously,
Pixre = xre pra.e., because P;1 = 1. Then p:(z,I'°) = xpe(x) and therefore p;(z, ANT°) =0,
p-a.e. in I'. So we have

[ e Autan) = [ AnDu@) + [ ple A0 )utdn)

— /Fpt(:c,AﬂF)u(dCU)Z/RNpt(vaﬁF)ﬂ(dx)
= wu(ANT).

Thus, we have established that pp is an invariant measure for (P;) and this clearly contradicts
the uniqueness of . ]

Lemma 5.1.18 Let u,v be two ergodic invariant measures of (P;), with u # v. Then u and v
are singular.

PROOF. Let I' be a Borel set such that u(T") # v(T'). From the Von Neumann Theorem 5.1.11, it
follows that lim7_, .o % fOT P,pds = My in L? (]RN, 1). In particular, choosing ¢ = xr, we find
that there exist a sequence T,, — oo and a Borel set M such that p(M) =1 and

Ty

1
lim — Psxr(x)ds = Mooxr(z), VYo e M.
n Jo

Since p is ergodic, Mo xr = p(I"), hence



Analogously, one can check that there exist a Borel set N with v(/N) = 1 such that

(without loss of generality we assume that the sequence T;, is the same for v). Since u(T") # v(T),
we have that M N N = (), hence p and v are singular. ]

Finally, we are ready to prove Theorem 5.1.8.

Proof of Theorem 5.1.8. Let y be an invariant measure for the semigroup (P;). First we
show that p is equivalent to ps(z,-), for all £ > 0 and = € RV, Let to > 0 and z9 € RV be fixed.
By identity (5.1.4) we have

(5.1.12) u(0) = [ e Dpulie),

for any Borel set I'. Let I' be such that py, (2o, ') = 0. Then, since (P;) is regular, p;(z,T') = 0, for
all t > 0 and # € RY. From the integral representation above it follows that u(I') = 0. Therefore
1 << piy(xo,-). Conversely, assume that p(I') = 0. Then, again from (5.1.12) p(z,T") = 0 for
some x, hence for every x by the regularity of (P;). As a consequence, pt, (o, ) << p.

Let us prove that p is ergodic. Using Proposition 5.1.16, we show that every invariant set
is trivial. Let T' be a Borel set such that Pixr = xr, p-a.e. Then pi(z,T) = xr(z), p-a.e. The
regularity of (P;) implies that either p;(z,T') = 0 p-a.e. or pi(x,T') = 1 p-a.e. From (5.1.12) it
follows that p(T") is either 0 or 1, as claimed.

If v is another invariant measure, then the argument above proves that v is equivalent to
pe(x,-), for all t > 0, z € RV and that v is ergodic. It turns out that y and v are equivalent. If
they were different, then Proposition 5.1.18 would imply that @ and v are singular, which is a
contradiction. We conclude that p = v, as stated. ]

5.2 Feller semigroups and differential operators

Feller semigroups naturally arise when one deal with second order elliptic operators in spaces
of continuous functions. Suppose we are given a second order partial differential operator

N N
i,j=1 i=1

whose coefficients are locally a-Hdlder continuous in RV, 0 < o < 1, and satisfy

N
G = qjin Y ¢ (@)&& > v(@)|E?,  for all 2,6 € RY,

4,J=1

with inf g v(z) > 0, for any compact set K of RY. Under these assumptions it is always possible
to associate with A a semigroup 7'(¢) in Cy,(RY), which yields a bounded classical solution to the
parabolic problem

— Au = : N
(5.2.2) { u—Au=0 in (0,00) x R

u(0,z) = f(z) zeRN

for every f € Cy(RY). The construction of such a semigroup is based on an approximation
procedure which consists of finding a solution to problem (5.2.2) as limit of solutions of parabolic
problems in cylinders (0,00) x B,, where A is uniformly elliptic. We have already used this
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construction in Chapters 2, 3 to solve parabolic problems with Neumann or Dirichlet bound-
ary conditions. Here the situation is easier, since we do not have to take any boundary into
consideration.

For the sake of completeness, we briefly recall the construction of T'(¢). Then we give sufficient
conditions for the existence of an invariant measure p for (T'(¢)). We will see also that u is unique
and absolutely continuous with respect to the Lebesgue measure.

5.2.1 Preliminary results

We refer to [38] and the references therein for more details on this argument and the proofs
of the results that we are going to show.
Let us fix a ball B, and consider the domain

(5.2.3) D,(A) = {u € C(B,) NW?P(B,) for all p < 0o | ujgp, =0 and Au € C(B,)}.

Then the operator (A, D,(A)) generates an analytic semigroup (T,(t)) of positive contractions
in the space C(B,) (see [32, Corollary 3.1.21]) and, for every f € C(B,) the function u,(t,z) =
T,(t) f(x) satisfies

Dyu,(t,z) — Auy(t,z) =0 in (0,00) X B,
(5.2.4) u,(0,2) = f(x) r € B,
u,(t,z) =0 in (0,00) x 0B,.

Since the domain D,(A) is not dense in C(B,), strong continuity at 0 fails: in fact, T,(¢)f
converges uniformly to f in B, as t — 0, if and only if f vanishes on dB,. However, T,(t)f
converges to f uniformly in Ep/, as t — 0, for every p’ < p, hence pointwise in B,,. For all p > 0,
there exists a kernel p,(t,z,y) that represents the semigroup (7),(t)):

Tp(t)f(x)=/ po(t,z,y) f(y)dy,

B,

for all f € C(B,). Moreover, p,(t,z,y) > 0 for t > 0,z,y € B,, p,(t,z,y) = 0 for t > 0,z €
OB,,y € B, and for every y € B,, 0 < € < 7 it belongs to C**%/22+¢((¢, 1) x B,) as function of
(t,x), and satisfies Dyp,—Ap, = 0. If f is positive then T),(¢) f is positive and || T, (¢) fllco < || f]loo-
For all the properties of p, we refer to [24, Chapter 3, Section 7).

An argument based on the classical maximum principle shows that for every f € C,(RY)
the limit lim, . 7},(¢) f exists uniformly on compact sets in R™ and defines a semigroup (7(t))
of positive contractions in Cy(RY). The main properties of (T'(t)) are listed in the proposition
below.

Proposition 5.2.1 For every f € C,(RY), the function u(t,z) = T(t) f(x) belongs to Cllota/z’era
((0,00) x RN) and satisfies the equation

Diu — Au = 0.

Moreover, T(t)f can be represented in the form

(5.2.5) T(t)f(z) = - Fp(t, z,y)dy,

where p is a positive function. For almost all y € RN, p(t,x,y), as function of (t,x), belongs

to C1+a/2’2+a((0,oo) x RN) and solves Dyp = Ap. Finally, T(t)f converges to f uniformly on

loc

compact sets of RN, as t — 0, hence u belongs to C([0, +oo[xRY) and solves (5.2.2).
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We note that the previous proposition establishes, in particular, an integral representation
for the semigroup T'(¢) similar to (5.1.1). Here we get more, since all the measures are absolutely
continuous with respect to the Lebesgue measure.

We note also that, since (T'(t)) is contractive, we have T'(t)1 = [~ p(t,z,y)dy < 1 and there
are cases where the strict inequality holds. We will see later a necessary and sufficient condition
to have T'(t)1 = 1 (see Proposition 5.2.7). Finally we observe that, as in the general setting,
formula (5.2.5) makes sense also for bounded Borel functions.

As a consequence of the results above, we can prove that (T'(t)) is irreducible and has the
strong Feller property (see Definition 5.1.7).

Proposition 5.2.2 The semigroup T'(t) is irreducible and has the strong Feller property.

PROOF. The irreducibility of T'(¢) is a consequence of the integral representation (5.2.5) and
the positivity of the kernel p. Concerning the strong Feller property, let f be a Borel function
and consider a bounded sequence (f,,) in Cp(RY) such that f,(z) converges to f(z), for almost
all z € RY. From (5.2.5) and the dominated convergence theorem it follows that T'(t)f,(x)
converges to T'(t)f(z) for all x € RN, ¢ > 0. Using the interior Schauder estimates (see [30,
Theorem IV.10.1]), it turns out that for every fixed t > 0, p > 0 and for all n € N

||T(t)fn||cl(§p) < C”T(t)fn”C(Ezp) <Ol fallo < c’,

with €/ > 0 independent of n. This implies, by a compactness argument, that there exists a
subsequence of T'(t) f,, which converges to T'(t)f uniformly on compact sets. Therefore T'(t)f €
Cp(RN). ([

Even though (T'(t)) is not strongly continuous one can define its generator following the
approach of [48]. More precisely, let us introduce the operator

D = {fECb(RN): sup w<oo and 3g € C,(RY) such that
te(0,1) t
iy CODW 1) _ -, )
i@ - 0D I p g

(A, D) is called the weak generator of (T(t)). It enjoys several properties which are well-known
for generators of strongly continuous semigroups. In particular, if f € ZA), then T'(t)f € D and
AT(t)f = T(t)Af, for all t > 0. Moreover, the map ¢t — T(t) f(x) is continuously differentiable in
[0, 00[ for all z € RN and D,T(t) f(z) = T(t)Af(z). Besides, one can prove that (0, 400) C p(A),
|R(A, A)|| < 1/X and

-~

+oo
(5.2.6) (RO, A) f)(z) = /0 eI (@) dt,  feCyRY), xRV,

The notion of weak generator is quite general and it allows to study a large class of semigroups
on Cy(FE) (the so called m-semigroups), for some separable metric space E. In our situation, since
the semigroup (7T'(t)) has been constructed starting from a differential operator, it is interesting
to point out the relationship existing between A and our operator A. In fact, it can be proved
that A is a restriction of A, in the sense specified by the following proposition.

Proposition 5.2.3 Let Dy,ax(A) be the mazimal domain of A in Cp(RN):
(5.2.7) Duax(A) = {u € Cy(RY) n W2P(RN) for all p < oo | Au € Cp(RN)}.
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Then D C Dinax(A) and A\f = Af, for f € D. The equality D= Dinax(A) holds if and only if
A — A is injective on Dpax(A) for some (hence for all) X > 0.

PROOF. Let A > 0 be fixed. If u € D, then there exists a unique f € Cy(RY) such that

u= R(\ A)f. We claim that u belongs to Dpax(A) and solves the equation Au — Au = f. From
identity (5.2.6) and the construction of the semigroup 7'(t), it follows that for every z € RV

+o0 +oo
u(x):/o e lim (T,(t)f)(x)dt = lim e M(T, (1) f)()dt,

p—-+o0 p—-+o00 0

where the last equality follows from the dominated convergence theorem. For each p > 0 we have

+oo
(5.2.8) / T, (0)f) (@)dt = (RO A f) () = (),

where A, means the operator A endowed with the domain D,(A) defined in (5.2.3). Therefore
the function u, € D,(A) satisfies

Aup, — Au, = f in By,
u, =0 on 0B,.

Since T),(t) is contractive, we have

(5.2.9) luplloo < m
A

Hence, by difference, we obtain

(5.2.10) [ Auplloo < 2[| flloo-

For every R > 0, the classical interior LP estimates (see [26, Theorem 9.11]) yield a constant
C > 0 depending on p, R, N and the operator A such that

(5.2.11) [wollw2r(r) < C[AU || Lo (Bor) + 1upllLr(821)):

for all p > 2R. From (5.2.9) and (5.2.10) it follows that

(5.2.12) [upllw2r(Br) < Coll flloos

with Cy depending on R, p, N, A, the operator A but independent of p. Choosing p > N, (5.2.12)
gives a uniform estimate of (u,) in C*(Bg) which allows to apply Ascoli’s Theorem and to deduce
that a subsequence (u,, ) of (u,) converges uniformly to u on compact subsets of RY. From the
equation Au,, — Au,, = f it follows that Au, converges uniformly on compact sets as well.
Therefore, applying (5.2.11) to the difference w,, — u,,,, we find that u,, converges to u in
Wli’Cp(RN ), hence u € Wi’f(RN ). Taking the limit in the equation satisfied by u,, we deduce
that Au — Au = f and, as a consequence, u € Dpyax(A). Since A\u — Au = f = \u — A\u, we
have Au = Au and the first assertion is proved. As regards the second statement, clearly A — A
is bijective from D onto Cyp(RN). Assume that it is injective also in Dpay(A). If u € Dpax(A),
there exists v € D such that Ao — Av = \u — Au. Therefore u — v belongs to Dyax(A4) and
Au —v) — A(u — v) = 0. From the injectivity of A — A on Dpax(A) we deduce that u = v and,
consequently, D= Dinax(A). O

As a consequence of Proposition 5.2.3, we can write R(\, A) instead of R(\, A\) (keeping the
fact that R(\, A) maps C,(RY) onto D and not onto Dyax(A), in general). It is worth stating
explicitly a result included in the proof of the above proposition.
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Corollary 5.2.4 For all A > 0 and f € C,(RY), there exists u belonging to Diax(A) such that
Au— Au= f and ||ullco < 5[ fllcc. Moreover, u >0 if f > 0.

Remark 5.2.5 Let us consider f € C,(RY), f > 0. Then R(X A)f is a positive solution in
Dinax(A) of the equation Au — Au = f, not unique, in general. In any case, it is the minimal
among all the positive solutions of the same equation in Dy,ax(A). Indeed, let w € Dpyax(A) be
positive and such that Aw — Aw = f. The function u, —w € W?P(B,) N C(B,), with u, given
by (5.2.8), is such that A(u, —w) € C(B,) and satisfies

Aup, —w) — A(up, —w) =0 in B,
u, —w <0 on 0B,,.

We claim that u, —w < 0 in B,. Since u, —w € C(B,), there exists a maximum point zy € B,.
Assume by contradiction that u,(zo) — w(xzg) > 0. Then zy € B,. From Corollary A.0.9 we
deduce that A(u, — w)(z¢) < 0 and therefore

0= Mu, —w)(z0) — Alu, — w)(x0) > Alu, — w)(x) > 0,

which is impossible. Hence u,(z) —w(x) < u,(zo) —w(zo) < 0 for every x € B,. Letting p — +00
and recalling that lim,_, . u, = R(X, A)f, we have R(A\, A)f < w, as claimed.

A sufficient condition for the injectivity of A — A on Dy (A) is the existence of a Liapunov
function, i.e. a function V € C?(RY), such that lim|, 4o V(2) = 400 and AV — AV > 0.
This assumption leads to growth conditions on the coefficients of A. Indeed, in order to find a
Liapunov function, one often considers some simple function V' which goes to +o0o as || — 400,
plugs it into A\ — A and imposes that AV — AV > 0. By taking for example V(z) = 1 + |z|2, one

requires that
N

N
> gil@) + ) Fi(w)z < AL+ [2?), zeRY.
=1 i=1

If A — A is injective on Diax(A) then the semigroup T'(¢) yields the unique bounded classical
solution to problem (5.2.2).

Proposition 5.2.6 Suppose that X\ — A is injective on Dyax(A) for some A > 0 and let w €
CH2(()0,7] x RY) N C([0,7] x RY) be a bounded solution of problem (5.2.2). Then w(t,x) =

T(t)f(x).

PROOF. By linearity, it is sufficient to prove the statement in the case where w solves problem
(5.2.2) with f =0. For 0 <e <t <7 and z € R" we have

(5.2.13) w(t, z) — w(e, 7) :/: ;sw(s,x)dSZ/: Aw(s,x)ds:A/:w(s,x)ds.

Since (A, Dmax(A)) is the weak generator of T'(t) (see Proposition 5.2.3), from [48, Proposition
3.4] it follows that it is closed with respect to the m-convergence, defined as

fo==f = fale) = f@) and [|ful <C.

Since w € C([0, 7] x RY), we have that f: w(s, x)ds converges to fot w(s,x)ds as e — 0, for every

x € RY. Moreover f; w(s, .)dSHoo < ||wl|sot, which implies that

¢ t
/ w(s,)ds / w(s,-)ds, ase— 0.
€ 0
1
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From (5.2.13) we infer that Af; w(s, z)ds converges to w(t,z) when € goes to zero, for every

z € RN, and
t
HA/ w(s,-)ds

ie. Af; w(s, )ds — w(t,-). The closedness of (A, Dyax(A)) yields

= [lw(t, ) —w(e,)lloo < 2fwllo,

(5.2.14) /0 w($,-)ds € Dpax(A) and w(t,z) = A/o w(s, x)ds,

for t < 7. Setting w(r + s,2) = T(s)w(r,)(x) we obtain a bounded function w which belongs
to C([0, +0o[xR¥) and such that (5.2.14) holds for every ¢t > 0. Indeed, it is clear that the
extended function is bounded in [0, co[xRY. As regards the continuity, by the semigroup law, it
is sufficient to show that if s,, — 0 and z,, — z then w(7 + sy, x,) — w(r,z). To this aim we
observe that

T (sn)w(r, ) (2n) — w(T, )|
T(sn)w (T, ) (@n) = w(r, 2n)| + [w(7, 2n) — w(r, )]

sup [T'(sn)w(7,-)(y) — w(7,y)| + [w(7, 20) — w(T, 2)],
yeK

Iw(T + 8p, Tp) — w(T, 7|

IA A

where K is a compact subset of R such that x, € K for all n € N. Since the semigroup T'(t)
is strongly continuous with respect to the uniform convergence on compact sets (see Proposition
5.2.1), the first term tends to zero as n — oo. The second one is infinitesimal, too, by the
continuity of w. Now, we claim that (5.2.14) is true for every ¢ > 7. Since

/0 w(s,x)dSZ/O w(s,z)der/o (T'(o)w(r,-))(x)do
the claim is proved, because [ w(s,-)ds € Dmax(A) by (5.2.14) and fg_T(T(U)w(T7~))(£L’)d0’

€ Dmax(A) by [48, Proposition 3.4].
Using again the closedness of (A, Dyax(A) with respect to the m-convergence and Fubini’s

Theorem we obtain
+oo t
A(/ e_M/ w(s, z)ds dt)
0 0

+oo
/ e Mw(t, x)dt
0
+oo +oo
= A(/ w(s,x)/ e_’\tdtds>
0 s
1 e
= A(/ e/\sw(s,ac)ds>.
A \Jo

It follows that the function v(x) = f0+oo e~ Mw(s, x)ds belong to Diax(A) and satisfies A\v — Av =
0. Since A— A is injective on Dyax(A) we infer that v = 0. This means that the Laplace transform
of w(-, x) is identically zero, hence w = 0. O

Moreover, the following result can be proved.
Proposition 5.2.7 X\ — A is injective on Duax(A) if and only if T(£)1 =1, for all t > 0.

PROOF. If A — A is injective on Dp,ax(A), then from Proposition 5.2.6 it follows that the
semigroup 7'(t) yields the unique bounded classical solution to problem (5.2.2). Since 1 is in fact

a bounded classical solution of problem (5.2.2) with initial datum f = 1, by uniqueness it turns
out that T'(¢t)1 = 1.
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Conversely, if T'(t)1 = 1 for all ¢ > 0, then R(1,A)1 =1 (see (5.2.6)). Let u € Dyyax(A) be
such that u — Au = 0 and |[uljoc < 1. The function v = 1 — u € Dyax(A) is nonnegative and
satisfies v — Av = 1. On the other hand, by Remark 5.2.5, R(1, A)1 = 1 is the minimal positive
solution of w — Aw = 1, hence 1 < 1—wu, i.e. u < 0. The same argument applied to —u proves
that w > 0 and therefore u = 0. O

If T(t)1 = 1 then, collecting all the results so far, we have that (7'(¢)) is a Feller semigroup,
according to the terminology introduced in the previous section.

5.2.2 Invariant measures

Our aim is to establish now some criteria for the existence of an invariant measure for T'(¢)
in terms of the coefficients of the operator A. Since T'(t) is irreducible and has the strong Feller
property (see Proposition 5.2.2) we already know that if an invariant measure exists, then it is
unique and ergodic (see Theorem 5.1.8). Therefore, we limit our study to the existence part.

We start by a preliminary lemma which is similar to Proposition 5.1.2. We note, however,
that here the semigroup is not strongly continuous and A is only its weak generator. For the
proof see [38].

Lemma 5.2.8 Assume that A — A is injective on Dyax(A). Then a probability measure u is
invariant for (T(t)) if and only if [, Afp(dz) =0, for all f € Dyax(A).

PROOF. Since (A, Dnax(A)) is the weak generator of T'(t), if u € Dpax(A), we have that T'(¢t)u €
Dpax(A) and £T(t)u(z) = (AT (t)u)(z) = (T(t)Au)(x). Therefore H%T(t)uHoO < || Au||oo and
by dominated convergence

9 Tyt = [ AT@u()u(dn).
RN RN

This shows that p is an invariant measure for the restriction of T'(t) to Dpax(A) if and only
if [on Aup(dz) = 0, for every u € Diax(A). If this is the case and f € Cy(RY), then f, =
nfol/n T(s) fds belongs to Dy (A) and satisfies || fnlloo < || floos fn(x) — f(2), for every x € RN
(see [48, Proposition 3.4]). It follows that T'(t) f,(x) converges to T'(t) f(z) (see [38, Proposition
4.6]) and [|T'(t) fulloo < [Ifnlloc < ||flloc- Since

| rOs@ntin) = [ fu@nto),

RN
by dominated convergence we have
| TOs@utdn) = [ fouis)
RN RN
and the proof is complete. ]

The following result is due to Khas’minskii.

Theorem 5.2.9 (Khas’minskii) Assume that there exists a function V€ C?(RN) such that
| ‘lim V(z) = +o0 and ‘ ‘hm AV (z) = —oo. Then there is an invariant measure p for (T(t)).
| —+00 x|——4o0

PROOF. We observe preliminarily that the existence of a function V satisfying the stated prop-
erties implies that A — A is injective on Dpax(A), hence T'(t)1 = 1 (see Proposition 5.2.7) and
(A, Dpmax(A)) is the generator of T'(t) (see Proposition 5.2.3). Without loss of generality, we can
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assume that V' > 0 (otherwise we consider V +c instead of V, for a suitable constant ¢). Recalling
Theorem 5.1.6, it is sufficient to prove that the family of measures

1 T
(5.2.15) T/ plt,zo,-)dt, T >Tp
0

is tight for some zop € RY and Ty > 0. Let M > 0 be such that AV (z) < M for all z € RV,
Consider ¢, € C*(R) such that 1,(t) = t for t < n, 9, is constant in [n + 1,+o0[ and
Pl > 0,4 < 0. It is easily seen that 1, o V belongs to Dpax(A4). Indeed, ¥, o V is obviously
continuous in RY and sup,cpn [¢0n (V(2))| < supysq¥n(t) < +oo. It is also clear that 1, 0V and
its first and second order derivatives -

Di(¢n o V)(x) = ¢, (V () DV (),
Dij(¢n 0 V() = ¢ (V(2)) DiV (2) D;V () + by, (V () D V ()

are locally p-summable, for every p < oo. It remains to show that A(), o V) is bounded in R¥.
To this aim, we observe that, by the assumption, there exists R > 0 such that V(z) > n + 1 if
|z| > R. It follows that ¢} (V(z)) = ¢(V(x)) =0, if |z] > R and therefore

sup [A(¢fn o V)(z)] = sup |4, (V(2))AV () + ¢ (V Z aij(x x)D;V (x)
zeRN z€RN i,j=1
= sup (¢, (V(2)AV(2) + ¢ (V Z qij (@ ) D,V (x)
"ngR 7] 1
< +00.

Hence we deduce that u,(t,) = T(t)(¢¥n 0 V)(-) € Dmax(A) and

Du(t.a) = TWAWoV)(a) = [ plt..9) Al o V)(0)dy

[ vt (v navi) DS 4l VDY) )y

1,j=1

Integrating this identity and recalling that ¢!/ < 0 we have

wla) = V@) < [ [ ptage vV
T
= [ [sttamuiveaveaya

+/0 /RN\EP(@ 2, y)Pn (V () AV (y)dy dt,

where E = {y € RN | 0 < AV(y) < M}. In the first integral we can use dominated convergence
since p(t,z, y)., (V(y))AV(y) < p(t,z,y)M. In the second one, where AV is unbounded but
negative, we use monotone convergence because v¥;, < ¢, ;. Letting n — oo we deduce that

/ (T2, y)V(y)dy — V(z / / p(t, z,y)AV (y)dy dt.
RN RN
Let €, p > 0 be such that AV (y) < —1/e if |y| > p. It follows that

1 [T 1 [T

f/ / p(t,z,y) AV (y)dy dt < ——/ / p(t, @, y)dy dt

T 0 RN eT 0 RN\B,
1 /T 1 [T

+—/ / p(t,z,y)AV (y)dy dt < ——/ / p(t, z,y)dy dt + M
T Jo B, eT Jo RN\ B,
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hence -

1 Vix)

= t, e, RN\ B))dt <e | M+ ——=

T() p(azr \ p) —€< + T >7
where we have set p(t,z,RV \ B,) = f]RN\Bp p(t,x,y)dy. Therefore, we have established that the
set of the measures (5.2.15) is tight for every fixed zo € RY and Ty > 0 and this completes the
proof. ]

Khas’minkii’s Theorem relies upon the existence of suitable supersolutions of the equation
Au — Au = 0. Next, we give a different criterion, due to Varadhan, to establish the existence of
an invariant measure for a special class of operators (see [40, Proposition 2.1]).

Theorem 5.2.10 Consider the operator
A=A—-(D®+G,D),

where ® € CL(RY) and G € CLRY;RY). Assume that e=® € LY(RY) and |G| € L*(RY, ),
with p(dz) = ae=*@dz, a = ||e=®|| . Suppose also that

(5.2.16) divG = (G, D®),

i.e. div(Ge™®) = 0. If (T(t)) denotes the semigroup associated with A, then (T(t)) is generated
by (A, Dmax(A)) and p is its unique invariant measure.

PROOF. Uniqueness follows immediately from the irreducibility and the strong Feller property
(see Proposition 5.2.2 and Theorem 5.1.8). For the existence part, we split the proof in two steps.
Stepl. The closure (B, D(B)) of (A,C°(RY)) generates a strongly continuous semigroup
(S(t)) in L} (RY, p).
Let us prove that (A4, C°(RY)) is dissipative in LY(RY, ). Let A > 0 and u € C°(RY) be
fixed. Multiplying the equation Au — Au = f by signu and integrating on R with respect to p
we obtain

)\/ |u|e_¢’dac—/ (Au—(D@,Du>)signue_q>dx+/ (G, Du) signu e~ *dx
RN RN RN

= fsignue ®dz.
RN

Since Au — (D®, Du) = e®div(e~®Du) and (Du)signu = D|u| we get

A \u|e_<bdx—/ div(e_q)Du)signudx—l—/ (G,D|u|>e_q>dx:/ fsignue *dz.
RN RN RN RN

We claim that [,y div(e™®Du)signudz < 0. Let ¢, € C*(R) be such that |¢,| < 1, ¢}, > 0 and
©n(t) — signt for all ¢ # 0. Then, by dominated convergence, we have

/ div(e"®Du)signudz = lim div(e=® Du) g, (u)dz
RN

n—oo [pN

= — lim e~ ®|Dul?¢!, (u)dx < 0,

n—oo JpN

as claimed. Integrating by parts and taking (5.2.16) into account we deduce that

/ (G, Dl|ulye™®dz = 0.
RN

)\/ |u|e_¢’d:£§/ |fle”®dz,
RN RN
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which means A|ul| 1wy ) < ([ A — Aull i@y -
Next we show that (I — A)C2°(RY) is dense in L'(RY, u). Let g € L>(RY) be such that

(5.2.17) / (u — Au)ge~®dx = 0, YV u € CP(RY).
RN

2
loc

solutions of elliptic equations (see [1] for p = 2 and [2] for general p and also [5]) it follows that

Since, in particular, ge=® € L2 (R™), from a classical result of local regularity for distributional

ge~® € HL _(RY), if A is sufficiently large and, as a consequence, g € H (R™). This leads to
(5.2.18) / uge Pdx Jr/ (Du, Dg)e~*dx + / (G, Du)ge ®dx =0
RN RN RN

for every u € H*(RY) with compact support. Indeed, if u is such a function, set u,, = g, *u, where
0n is a standard sequence of mollifiers. Then u,, € C2°(RY) and u,, converges to u in H'(RY),
as n — 0o. Moreover, we can find R > 0 sufficiently large in such a way that supp u,, and supp u
are contained in Bpg, for every n € N. Now, each u,, satisfies (5.2.17), hence, integrating by parts,
we have

/ ungeféda:—&—/ <Dun,Dg>67¢dx+/ (G,Duy)ge ®dx =0
RN RN RN

Letting n — oo, we obtain (5.2.18). Let 1 be in C°(RY) such that n=1in B;,0<n < 1,7 =0
in RV \ By and set n,,(z) = n(£). Plugging gn?2 into (5.2.18) we find

n
(5.2.19) / @nle ®dr + / n,2L|Dg\2e_<Dda:+2/ (D1, Dg)nng e 2 da
RN RN RN
N

+ / <G,Dg>gnie‘¢daﬁ + 2/ (G,Dnn>92nne_<bdx =0.
RN R

Integrating by parts and recalling (5.2.16) it follows that

/ (G,Dg)gnpe Pdx = —/ (G, Dnn)g*nne*da,
RN RN

therefore from (5.2.19) we deduce

/anie‘q’der/ np|Dgl*e”* dw
RN RN

—2/ (Dnn,DgMnge_q’dx
RN
—/ (G, Dnn)g*nne ®da
RN
2¢ _ c _
= [ mllIDgle tdo+ £ [ JgP|Gle?d
n Jrn n Jrn

C _ C _
¢ / i Dgl2e i + < g% / i
RN n RN

IN

IA

n
c 2 —®
+E gl / Gle~®dz.
n RN

For n large 1 — = > 0, hence

_ C _ C _
/ Pr2evdz < S|gl2 / e+ g2 / Gle®de.
RN n RN n RN

Letting n — oo and using monotone convergence, we find that g = 0, which implies that I — A
has dense range.

Since C2°(RY) is dense in L*(RY, 1), from the Lumer-Phillips Theorem (see e.g. [21, Theorem
11.3.15]) Stepl follows. We observe that, by construction, C°(R¥) is a core for B. Then u is
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an invariant measure for the generated semigroup (S(t)), since, integrating by parts we have
Jan Aup(dz) =0, for all u € C°(RY) (see Proposition 5.1.2).

Step2. The semigroups (7'(t)) and (S(t)) coincide on Cy(RY).

Let first f € C°(RY), f > 0. By construction, u(t,z) = T(t) f(z) is the limit of u,(t, x), as
p — +oo, where u, solves (5.2.4). Since f is positive, the classical maximum principle implies
that the sequence (u,) increases with p. Moreover, if suppf C Bg, then ug € C12([0,T] x BR).
Integrating the equation Dyugp = Augr on Br with respect to p and using (5.2.16), we find

Dt/B ur(t,x)pu(dx) = /BAuR(t,x)u(dx):a/B div(e”* Dug)dx

—a / (G, Dug)e”®dx
Br

— a/ %(t7 .’L‘)e_(I)O'(de') + a/ divG UR €_q>d$
oBp OV Br

—a/ (G, D®)up e_@dx—a/ (G, v)yuge *dx
Br 8Br

auR —d
= a —(t,z)e” “o(dx
|, Gttt

where o is the surface measure on dBg and v the outward unit normal vector to Bg. Since ugp > 0
in Br and ur = 0 on OBg, it follows that aaif(t,m) < 0, hence the map t — fBR ug(t, x)p(dr)
is decreasing. This yields

/ unlt, Dp(de) < [ f@)u(de), £ 0

Br Br

and, by monotone convergence, ||T(t)f|lr @~ ) < [[flloi@y - I f € Cp(RN) and f > 0, let
fn € C(RYN) be such that f, > 0, [[falloo < [|[flle and fn(z) — f(z), for every z € RYN.
Then T(¢t) fn(z) — T(t)f(x) and the same estimate holds by dominated convergence. Finally,
since T'(t) is positive, we have [T'(t) f| < T'(t)|f|, for every f € Cy(RY), hence [|T(t) f| 11 @y ) <
Ilfll1 &~ - Tt follows that (7(t)) can be extended to a strongly continuous semigroup of positive
contractions on L' (RN, 11), denoted by (T'(t )) with generator (A, D(A)).

Let f € C°(RY). Then f belongs to D where D is the domain of A as weak generator of
(T'(t)). This means that sup, M is finite and lim;_, M = Af(x), for every
z € RYN. By dominated convergence the above equality is also true in Ll(RN ,it). Therefore
feD(A) and Af = Af = Bf. Hence, C°(RY) is contained in D(A) and A coincide with B on
C>(RN). If f € D(B), since C°(RY) is a core of B, we can find a sequence (f,) in C>(RY)
such that f, — f and gfn = Bf, — Bf in LY(RN, ). Since (A, D(A) is closed in L'(RN, p)
it turns out that f € D(A) and A f = Bf. Thus we have established that A is an extension
of B. Since they are both generators, they must coincide, hence T(t) = S(t) on L*(RN, z). In
particular T'(t) = S(t) on Cy(RY), as claimed Concerning the last assertion, we observe that
T(t)1 =1, since T(t)1 < 1and [pn (T(£)1— 1)e~*dx = 0. Proposition 5.2.7 concludes the proof.

([

Let us consider again A as in (5.2.1). Our next result shows that the invariant measure of
T'(t), when exists, is absolutely continuous with respect to the Lebesgue measure |-|. In this way,
we extend the situation of Theorem 5.2.10 to the general case, even though it is not possible any
more to know the density explicitly.

Proposition 5.2.11 Assume that p is the invariant measure of T'(t). Then u is absolutely
continuous with respect to | - | and its density o(x) is strictly positive | - | almost everywhere.
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PROOF. Since (T'(t)) is regular (see Propositions 5.2.2 and 5.1.9) all the probability measures
p(t,x,-) are equivalent. Moreover, p is equivalent to p(t,z,-) for all ¢ > 0 and z € RY (see
Theorem 5.1.8). Since p(t, z, -) is absolutely continuous with respect to the Lebesgue measure |- |
(see (5.2.5)), it follows that u is absolutely continuous with respect to | - |, too. Let o € L*(RY)
be its density. It is clear that ¢ > 0. We prove that g is strictly positive |- |-a.e. If I is a Borel set
such that |T'| > 0, then fr o(x)dx = u(T') = Pixr = fF p(t,x,y)dy > 0 since p is positive. Since
I" was arbitrary the thesis follows. ]

Remark 5.2.12 As a consequence of the above proposition, we have that if an invariant measure
of (T'(t)) exists, then T'(¢)1 = 1 and therefore T'(t) is generated by (A, Dax(A)) (see Propositions
5.2.3 and 5.2.7). Indeed, one has T'(t)1 < 1 and [, (T(t)1—1)o(z)dz = 0, with o(z) > 0 |- |-a.e.
from Proposition 5.2.11.

Moreover, recalling Proposition 5.1.2, we have that (T'(t)) extends to a strongly continuous
semigroup in LP(R™, ), for every 1 < p < oco. Here we have more information, since we can
identify the generator (A,, D(A,)), relating it to the original operator A.

Proposition 5.2.13 Assume that p is an invariant measure of (T'(t)). Then Dmax(A) is a core
of (Ay, D(Ap)) in LP(RN 1), hence (A,, D(A,)) is the closure of (A, Dimax(A)) in LP(RY, ).

PRrROOF. We continue to denote by (T'(t)) the extended semigroup in LP(RY, ). In order to
prove that Dpax(A) is a core of (Ap, D(A,)), it is sufficient to show that

(i) Dmax(A) C D(A;D)§
(ii) Dmax(A) is dense in LP (RN u);
(iil) Dmax(A) is invariant under the semigroup.

Let f € Dmax(A). Then sup,.q w is finite and lim;_.o w = Af(x), for every
2 € RY. By dominated convergence, we have easily that

[Fr=s

P — 0, ast—0.

LP(RN,p)

Therefore f € D(A,) and A, f = Af. Concerning (i), we show that C2°(R"), which is contained
in Dpax(A), is dense in LP(RN, u). Let first u € C.(RY). If (p,) is a standard sequence of
mollifiers, then o, * u € C°(RY) converges uniformly to u as n — oo. Since

[ Jewsuta) — u@)Pe(w)de < g+l
R

it follows that o, * u converges to u in LP(R™ u), too. This proves that C2°(RY) is dense in
C.(RY) with respect to the norm of LP(R™, p). Since C.(RY) is dense in LP(RY u) (see [51,
Theorem II1.3.14)), assertion (i7) follows.

Finally, taking into account the fact that (A, Dyax(A)) generates (T'(t)) in Cy(RY), (i44) is
clear. At this point, [21, Proposition I1.1.7] leads to the conclusion. ]

5.3 Characterization of the domain of a class of elliptic
operators in LP(RY, )

The aim of the present section is to study the following class of operators

B = div(¢D) — (¢D®, D) + (G, D)
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in the space LP(R™, 1), 1 < p < oo, where du = e~®dx. In particular, our purpose is to provide
an explicit description of the domain under which B generates a strongly continuous semigroup
in LP (RN , ). Our main tools are the results of Chapter 1, where the same problem has been
studied for differential operators in LP(RY). In fact, via the transformation v = efgu, the
operator B on LP(RY | y) is similar to an operator A of the form (1.0.1) in the unweighted space
LP(RY). Suitable assumptions on the coefficients ¢, ®, G allow to apply the generation results
of Chapter 1 to the transformed operator so that, via the inverse transformation, we can deduce
that B, endowed with the domain

(5.3.1) D, = {uc W*P(RY 1) | (G, Du) € LP(RY, 1)}

generates a strongly continuous semigroup (7'(t)) on LP(RY, ). We note that, in particular, the
measure p can be the invariant measure of (T'(t)). This is the case if an additional condition is
satisfied (see (A4’) below). By W*P(RY 1) we mean the weighted Sobolev space

WEPRN, 1) = {u e WEP(RY) | D € LP(RY, 1), |a] < k.

loc

In order to prove that (B,D,) is a generator, we make the following assumptions on the coeffi-
cients:

(A1) ¢ = (g;) is a symmetric matrix, with ¢;; € C}(RY) and there exists v > 0 such that
(46.€) = S0y i (2)€i€; > V€], for all 7,6 € RV,

(A2) ® € C*(RY), G € CY(RY;RY) and [pn e *@da < oo,

(A3) for all € > 0 there exists c. > 0 such that |G| + |DG| + |D?®|? < ¢|D®|? + .,
(Ad) [divG — (G, D®)| < e|DP|? + c.,

(A4’) div G = (G, D®).

Since |divG| < v/N|DG| and (A3) holds, (A4) actually says that |(G, D®)| < ¢|D®|? + c.. Here
and in the sequel, c. denotes a nonnegative constant which may go to infinity when ¢ goes to
zero. It may change from line to line, but this is irrelevant to our interests.

We observe that the condition on @ included in (A3) is satisfied by any polynomial whose
homogeneous part of maximal degree is positive definite. However, it fails in R? for the function
x?y?. Moreover, we note that it implies the weaker condition |D?®| < ¢|D®|? + ¢., which is
assumed in [41] together with a more restrictive assumption on G. If ¢;; = §;; and ® = |z|*/2
then we obtain the Ornstein Uhlenbeck operator perturbed with a non symmetric drift G:

A— <$aD> + <G7D>
If G is such that (G(x),z) = 0 for every € R, then assumption (A3) is verified if
|G ()| + |DG(2)| < ela]” + e,

i.e. if G and its derivatives grow a little bit less than quadratically. Since (G(x),z) = 0, this
implies automatically (A4). For example, in R? one can consider G(z1, 22) = (—2, 1) xh(x1, 2),
where h € C'(R?). Since |G| = |z||h], and |DG|?> = |z|?|Dh|? + 2h? + 2h(z, Dh), the function
h has to satisfy the condition |h(x)| < e|z| + ¢, for every € > 0. Then a possible choice is
h(x) = (|z|? +1)*/2, with 0 < a < 1. This situation is excluded in [41].

Replacing (A4) with (A4’) we obtain that p is the invariant measure for the generated semi-
group, as we will see in Proposition 5.3.4.
We first need some technical lemmas. These results are completely similar to those of [41] and
we give the proof for the sake of completeness. It is useful to observe that one can easily check,
as in Lemma 1.3.1, that C>°(R") is dense in W*? (RN ).
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Lemma 5.3.1 Let 1 < p < oo and assume that ® € C*(RYN) with fRN e~ ®@dy < co. If for
some € < 1 there exists c. > 0 such that

(5.3.2) AD + (p—2)(1 + |DP|*)"YD?*®DP, DP) < £|DP|? + c.

then the map u — u|D®| is bounded from WLP (RN ) to LP(RY, 1) and the map u — |Du| |D®|
is bounded from W2P(RN 1) to LP(RN u). Therefore, the operator B is bounded from D, in
LP(RY, ).

PROOF. Let 1 < p < oo be fixed. Since C°(RY) is dense in W1P(RYN 1), it is sufficient to prove
that
ul DO || Loy ) < e(llull e @y ) + 1Dl Lo @y ),

for u € C°(RY) and for some constant ¢ > 0. Since t? < a(1 +#2)5 =142 + b for all ¢ > 0 and for
some suitable constants a,b > 0, we have only to estimate [y (1 + [D®[?)2 | D®[2|uPe~®dz.
Integrating by parts and using (5.3.2) we obtain

/]RN(l +|D®?) 5 DO |uPe™ P da = — /RN(1 +|D®%) 5~ (D®, De™®)|u|Pdx =
(p—2) /RN \u|p(1+|D<I>|2)%*2<D2<I>D<I>,D<I>>e*q’dx+/RN(l+|D<I>|2)%*1A<I>\u|pe*q’dx
+p/RN lulP~2u(1 + |D® %)% 1 (D®, Du)e™da < E/RNQ +|D®?) %7 D®|?|ulP du +
. / 1+ DO E T ul? d ot p / a1+ DO E DB [ Dl
Applying the inequality (1 + )5~ < 5(1 + )52 + ¢,, which holds for all 5 > 0, we deduce
(5.3.3) (1—¢) /RN(H|D<1>|2)%—1\Dq>\2|u|pe—®dx gcgn/RN(l-i- |D®|?) 2 D®|?|ulPdp +
Ce Cp /RN |u\pd,u+p/RN <|u|p_1(1 + |D<I>|2)g_1|D<I>|) | Du|d .

Choosing n = % and using Young’s inequality to estimate the last term in (5.3.3), we find that
for all 6 >0

1—¢

/ (14 [D®)5 1D |uPePdx < c. cn/ lulPdu
RN RN
+5/ |u|p(1+\D<I>\2)(%*1)p'|D<I>|p/d,u+05/ | DulPdp,
RN RN

where p' is the conjugate exponent of p. Now, the inequality (1 +t2)(%71)p/t1’/ <k (14227124
ko, which holds for certain constants k1, ko > 0, and a suitable choice of ¢ conclude the proof. []

Lemma 5.3.2 Let 1 < p < oo and assume that ® € C*(RN) with [,y e~*@dz < co and such
that for all € > 0 there exists c. with the following property

(5.3.4) |D?®| < e|DOJ? + c..

Then the map u — u|D®|? is bounded from W2P(RN u) to LP(RYN, ).

PROOF. Let u € C°(RY). Then the vector function uD® € WHP(RY) and from Lemma 5.3.1
it follows that

lul DOl Lo (g 1 ClluD®(lw1p @y )

C(|uD®| Lo @ iy + (D, DO || Lo@n ) + [uD*®|| Lo@n 0))-

IN A
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Using again Lemma 5.3.1 and applying (5.3.4) we have
[u| DR Lo en ) < C'([ullwro@y oy + Nl wee @y + el DR Lo @y ) + cellull o @y p))-

Choosing ¢ sufficiently small we get the statement for u € C2°(RY). The general case follows by
density. ]

We observe that under assumptions (A2) and (A3) Lemmas 5.3.1 and 5.3.2 hold.
Now, we are ready to prove the main result of this section. It is useful to introduce the
quantities

N 1
5.3.5 L = sup Dg;i(z)|? :
(5.3.5) %M(g; J@)P)
N 1
M = sup max(g&, &) = su i4x22
sup (a6, €) R£<§§;fqﬂ()))

Theorem 5.3.3 Let 1 < p < oo and assume that hypotheses (A1), (A2), (A3) and (A4) are
satisfied. Then the operator (B,D,,) generates a positive strongly continuous semigroup (T'(t)) in
LP(RY, ).

ProoF. Fix p € (1,00). As pointed out at the beginning of the section, we introduce a trans-
formation in order to deal with an operator in the unweighted space LP?(RY). Let us define the
isometry
J: LPRN,p) — IP(RY)
ur— Ju=e ru.
A straightforward computation shows that Bu = J =B Ju, for u € C>(RYN), where
B =div (¢D) + (F,D) -V
with
2
F= <1> qD® + G,
p

1 [ (1 - 11)) (¢qD®, D®) — Tr (¢D?*®) — (G, D) — i Diqiijtb}

p i,j=1

The proof is structured as follows. Setting U = % (1 — %) (¢gD®, D®), we first prove that
Stepl A =div(¢D)+ (F, D) — U, endowed with the domain
(5.3.6) D, = {u e W*P(RY) | (F, Du), Uu € LP(RV)},
generates a positive strongly continuous semigroup in LP(R™V).
Then we deduce that
Step2 (E, D,) generates a positive Cy semigroup in LP(RY).
Finally, we show that
Step3 (B,D,,) generates a positive Cy semigroup in LP (R, p1).
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Proof of Stepl. We want to show that under assumptions (Al)-(A4) the coefficients of A
satisfy the hypotheses of Theorem 1.1.2 with 0 = 1 and p = 0. More precisely, we claim that
there exist a constant a > 0, sufficiently small constants 3,0 > 0, and constants c,,cg,co > 0
such that

(i) |DU| < aU + cq,
(ii) |DF| < BU + cg,
(iii) |F| < 60U + cp.
As far as (i) is concerned, we have

0-3)

| Dy U]

Z DkqijDi(bDjé + ; <1 — ) Z QijDik:(bDj@

i,j=1 i,5=1

1 1 al 2
< - (1 - > |DP|? sup ( Z |Dk(Iij|2>
p p RN\ 5T
(1) oo Simee) s (32 e
R " sup Gii
p p il RY Nij=1 ?
<

1 1 2 1
- (1 — ) LID®* + = (1 - ) M|D?®||D®|,
p p p p

where L and M are given in (5.3.5). From (A1) and (A3) and applying the inequality t < nt?+c,,
which holds for every n > 0, it follows that

1 1 2 1
|IDU| < — (1 - ) L{gD®, D®) + = <1 — ) M (e| DO + c.|D®|)
pv p p p

1 1 2 1
< — (1 - ) (¢D®, D®) + — (1 - ) Me(qgD®, D)
pv p pbv p

i
/N

—_

|
D=
N——— ~

2 1
Meceon(qD®, DP) + — (1 - ) Mec.c,
p p
= alU+c,

where o = LE2M(teen) g ¢ = % (1 — %) Mec.c,, for arbitrary ¢,n7 > 0. This leads to (i).

v

Now, similar computations yield

2 2
|DF| < \/§(‘p — 1'L|D<I>| + ’p — 1‘ M|D*®| + |DG|>
< e(L+ M +1)|D®|? + CE),

(-

where ¢, depends on €, p, L, M. Therefore |DF| < SU +cg, with § = O(¢) and ¢g > 0 depending
on g,p, M, L. Finally, condition (iii) follows easily from (A3). Indeed, one has

||

IN

\/i(‘; _ 1’M|D<I>| + G|>

IN

2 2

\/§<‘ — 1’M€D<I>|2 + ’ — 1’Mc5 +¢|D®J? + c5>
p p

= 00U + ¢y

with § = O(e) and ¢y depending on e, M,p. At this point, assumptions (H1’), (H2’), (H4’) and
(H5) of Theorem 1.1.2 are satisfied with ¢ = 1 and g = 0. The smallness condition (1.1.7) is
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guaranteed by a suitable choice of € and 7. Note that the product a6, and not « itself, has to
be small. Then Theorem 1.1.2 applies and we find that (A,D,) generates a positive, strongly
continuous semigroup in LP(RY), with D, given by (5.3.6). This concludes the proof of Stepl.

Proof of Step2. Let us prove that divF + p(V 4+ X\g) > 0, for a suitable A\g > 0. From
assumption (A3) we infer

N
1 1 1
divF +pV =2 < - 1) > DrgjrD;® +2 ( - 1) Tr(¢D?®) + (1 — ) (qD®, D®)
P Pyt p P
+divG — (G, D®)
1 1 1
2 ( - 1> VNL|D®| + 2 ( - 1> M|D?®| + <1 - > v|D®?
p P p

—e|D®|? — c.

(o2 ) o) o-3) oo

+2 (; - 1) (VNL + M)c. — c..

Vv

v

Choosing € > 0 sufficiently small, we obtain divF + pV > —p Xy, where A\g > 0 depends on
p,v, L, M. Under this condition, the operator (§7 D,) is quasi-dissipative in LP(RY) (see Lemma
1.3.2 and Remark 1.3.4). Moreover, we observe that, setting W = V — U, by (A4), (A3) and
(A1) respectively, we have

1 1 NL
Wl < ];M|D2cl>| + §|<G,Dq>>| + \/;|D<I>|
1 1 N NL NL
< —(M +1)e|DOP* + = (M + 1)c. + £\DG| + Le\D@\z + ch
p p p p p
1
< E(M+\/N+\/JVL) |D@|2+*(M+\/N+\/NL)CE,
p p
which means
(5.3.7) (W <nU + ¢,

for all n > 0. Then, if u € D, one deduces
_1
[Wull, < 277 MlUullp + ey llullp)
and applying estimate (1.3.10) to the operator A we obtain
_1
(5.3.8) [Wull, < 2177 (nel| Aull, + nellull, + eqllull,) = 6l Aull, + eslull,

with § > 0 arbitrarily small. Now, if A > 0 is large enough, then A € p(A), since A is the generator
of a strongly continuous semigroup. This means that A— A : D, — LP(RY) is invertible, therefore
we may write

A—B=XA—A+W =[I+WR(\ A)]\—A).

It follows that A — B is invertible on D, if and only if I + WR(X, A) is invertible on L?(RY).
This is the case if |[WR(\, A)|| < 1. Let f € LP(RY). Applying (5.3.8) with u = R(\, A)f and
considering the fact that (A, D)) is quasi-dissipative, (see Lemma 1.6.1), we deduce

IWRA A flly < SIARMN, A)fllp + csl[ RN, A) flp
SMIRA A) fllp + 0l fllp + es RN, A) flp

oA Cs
)
<)\_)\p+ +)\_)\p)”.fp?
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if A > ), for a suitable \,. Choose § < &. Then § (1 + /\_7*/\10) < iforall A >2)\,. Let A >2X,
be such that A > A\, 4+ 2¢;. This implies that [|[WR(A, A)fll, < a||fllp, with @ < 1. Thus, we

have established that if X is large enough, then A — B is invertible on D,,. This implies also that
(B,D,) is closed and Step2 follows from the Hille Yosida Theorem [21].

Proof of Step3. As a consequence of Step2, B = J 'BJ with domain D(B) = {u €
LP(RN u) | Ju € D,} generates a positive Cp-semigroup (T'(¢)) in LP(RY, u). We have to
show that D(B) = D,,.

Let u € D(B). Then v = Ju € D,, so in particular v € W2P(RY) and Uv € LP(R"). Since
|D®|? < —U, we have that |[D®|*v € LP(RY). Therefore

p2

(r—1)
_e 1 N

e »Dju= ];ijq) + Djv € LP(RY),

since |[D®| < |D®|? 4 1. Moreover, (A3) and the estimate
1
1U= Dol < K(||Av]lp + [[Uv]]p)

(see [41, Proposition 2.3]) yield
_2 1 1 1 1 N
e P Diju = 71)Dijq) + Dij’l) —+ *Dj’UDi(I) + *D{UD]'(I) -+ fZ’UDZ(I)Dj(I) S LP(R ),
p p p p

ie. u € W2P(RY p). Recalling (5.3.7), we have
(5.3.9) VI<(+1U +cy,

hence Vv € LP(RY). Since v € D,, we have that v € W?P(RY) and (F,Dv) € LP(RY),
then Bv € LP(RY), which implies that Bu = J1Bv € LP(RY ). From Lemma 5.3.1 and
the fact that ¢;; € CH(RY) it follows that div(gDu), (¢D®, Du) € LP(RY, u). By difference,
(G,Du) € LP(RN, 1) and then u € D,,.

Conversely, let v € D, and set v = Ju. Then, by Lemma 5.3.1

1
Djv=e"¥ (—uDjCP + Dju) € LP(RY).
p

Now, Lemma 5.3.2 implies that |[D®|?v € LP(RY™). Then, since U < % (1 — %) M|D®|? and
(5.3.9) holds, we obtain that Uv, Vv € LP(RY). Using again Lemma 5.3.1 and (A3) we get

1 1 1 1
DijQ} = 6_% <D2]’LL — *’U,Dijq) + quDZq)DJ(I) - *Dj’U/Diq) - DZU.DJCI)> S LP(RN)
p p p p

Therefore v € W2P(RY). Since Bu € LP(RY, ), we have that Bv = JBu € LP(RN). By
difference, it follows that (F, Dv) € LP(RY). Therefore u € D(B) and we have proved that
D(B) = D,,. This concludes the proof. O

In the proposition below, we show that assuming (A4’) instead of (A4), the measure p turns
out to be the invariant measure of the semigroup yielded by Theorem 5.3.3.

Proposition 5.3.4 Assume that (A1), (A2), (A3), (A4’) hold. Then w is, up to a multiplicative
constant, the unique invariant measure of the semigroup (T(t)) generated by (B,D,,).

PROOF. We claim that C2(R”) is a core of B. Recalling the notation introduced in the proof
of Theorem 5.3.3, from Lemma 1.3.1 it follows that C°(RY) is a core of B. This easily implies
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that J~1(C°(RY)) is a core of B. Indeed, take u € D,, and consider v = Ju € D,. Let (v,) be
a sequence in C2°(R™N) such that v, — v and Bv, — Bv in LP(RY). Set u, = J 'v,. Then
up € JH(C®(RY)) and u, — u, Bu, = J 'Bv, — J'Bv = Bu in LP(RY, x). Now, since
JHCx(RN)) C C*(RYN) C D, the statement follows. Therefore, in order to show that y is
an invariant measure of (T'(t)), it is sufficient to prove that [,y Budy = 0, for all u € C2(RY)
(see Proposition 5.1.2). This follows easily integrating by parts and taking condition (A4’) into
account. Indeed,

/ Budy = / div(e*q’un)d:v+/ (G, Du)ye®dx
RN RN

RN

—/ divGue*‘bdx—i—/ (G, D®)ue Pdx = 0.

RN RN

To see that u is the unique invariant measure of T'(t), we first note that T'(¢) is the extension
to LP(RY, 1) of the semigroup generated by (B, Dpax(B)) in Cy(RY), where Dpax(B) = {u €
Cy(RN) N WELRN) for all ¢ < oo | Au € Cy(RN)} (see Section 5.2). Indeed, since C2(RN)
is a core for (B,D,) and since CZ(R") is contained in Dyax(B), we deduce that Diyax(B) is
also a core for (B,D,), hence (B,D,,) is the closure of (B, Dyax(B)) in LP(RY, 11). Recalling
Proposition 5.2.13, we get that the semigroup generated by (B,D,) is the extension of that
generated in Cy(RY), as claimed. At this point, the uniqueness of yx as invariant measure follows,
as usual, from the irreducibility and the strong Feller property (see Proposition 5.2.2). ]
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