Chapter 3

Gradient estimates in Dirichlet
parabolic problems in regular
domains

The aim of the present chapter is to prove global gradient estimates for the bounded classical
solution u to the following Dirichlet parabolic problem

ug(t,z) — Au(t,z) =0 te(0,T), €9,
(3.0.1) u(t, &) =0 te(0,T), & €09,
u(0,2) = f(x) T €,

where €2 is an unbounded smooth connected open set in RY, f a continuous and bounded function
in Q and A a second order elliptic operator, with (possibly) unbounded regular coefficients, i.e.,

N N
(3.0.2) A=) q;Dij+ Y FD; -V =Tr(¢D? +(F,D)-V.
i,j=1 i,j=1

More precisely, we determine conditions on the coefficients of A yielding the following estimate
(303) IDu(t, e < s € (0.7)
- ULy )]loo > [’ep) ) .
Vi

In Chapter 2 we have already studied gradient estimates for parabolic problems with Neumann
boundary conditions. The main tool was Bernstein’s method, which consists in applying the
maximum principle to the function u2 + at|Du,|?, where (u,) approximates the solution. The
crucial point was that the convexity assumption on €2 ensured the boundary condition BIDTZ"P <0.
Here, we cannot proceed exactly in the same way, since for a given function v satisfying v = 0 on
09, it is not possible to establish a priori the sign of |[Dv|? on 9. Hence, after having proved
existence and uniqueness of bounded classical solutions u to (3.0.1) (Section 3.2), our first aim is
to obtain boundary estimates for Du. This is done by comparison with certain one dimensional
operators, which arise by introducing the distance function from the boundary. Then, using
Bernstein’s method, one shows that the boundary estimates can be extended to the whole €2
(Section 3.3). However, the method works (and gives (3.0.3) with the right dependence of all
constants involved), if one already knows that Du is bounded up to the boundary of € for positive
t, see Proposition 3.3.3. To circumvent this difficulty, we subtract to the operator A a potential
eW, where W is big enough to dominate the growth of F and, following ideas in [11], [12], [41],
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we show that the perturbed operator A, = A — eW generates an analytic semigroup in LP((2)
and characterize its domain. Choosing a large p and using Sobolev embedding, it follows that
the bounded classical solution wu. of problem (3.0.1) with A. instead of A and a smooth f has
a bounded gradient in [0,7) x Q. Therefore Proposition 3.3.3 applies and gives (3.0.3) for u,
with a constant C' independent of €. An approximation argument then completes the proof. This
program is carried out in Sections 3.4 and 3.5. In Section 3.6 we present a counterexample.

3.1 Assumptions and main result
Let us collect our hypotheses on € and the coefficients of A.
Hypothesis 1.1

(i) © is a connected open subset of RY with uniformly C2*“-boundary for some 0 < a < 1,
see Appendix B.

(ii) qij, Fy,V € C*(Q N Bg) for every i,j =1,..., N and R > 0; moreover V > 0 in .

(iii) qi; = q;i € CL(Q), and there exists vy > 0 such that Zf\fj:l qij ()& > vo|€f?, for every
re€Qand £ € RV,

(iv) There exist a positive function p € C2(Q) and \g > 0 such that

lim  p(x) =400, Ap—Alop <0.
|z|—+o00, zEQ

The Lyapunov map ¢ introduced in assumption (iv) ensures that maximum principles hold,
see Appendix A. Moreover condition (i) ensures that the distance function

(3.1.1) r(x) = dist(z,09Q), € Q
is a C?-function with bounded second order derivatives in Qs, for some § > 0, where we set
Q5 = {z € Q: dist(z,090) < 6},

see [26, Lemma 14.16] and also Appendix B (note that (i) implies that the principal curvatures
of 992, when 01 is considered as an hypersurface, are bounded). Our main result will be proved
assuming also the conditions listed below.

N
(3.1.2) > DiFj()&& < (sV(x) + k) €, 2€Q, £eRY,
i,j=1
N N
(3.1.3) > gij(@)Dijr(z) + > Fi(z) Dir(x) <M, x€Qs (for some § > 0),
ij=1 i=1
(3.1.4) DV (z)| < B(1 +V(z)), =€,
(3.1.5) |F(z)] < cre2l®l 2 eq,

for some constants k, M, 3,c1,c2 € R, s < 1/2.

Observe that, since ¢;; € CL(Q2) and Q is uniformly C?, (3.1.3) is only a condition on the
component of F' along the inner normal to J€2 in a neighborhood of 0f2.

Let us explain our main assumptions in the particular case where A = A + (F, D). The
dissipativity condition on F' (3.1.2) is quite natural since a one-dimensional counterexample to
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gradient estimates has been constructed in Example 2.4.7 when it fails. Observe also that, if
F = D®, then (3.1.2) is a concavity assumption on ®.

Condition (3.1.3) means that the component of the drift F' along the inner normal is bounded
from above in a neighborhood of 9. Even though its connection with gradient estimates is not
evident from an analytic point of view, its necessity is clear if one considers the Markov process
governed by the operator A under Dirichlet boundary conditions. In fact the solution u(t,z) to
(3.0.1) corresponding to f = 1 represents the probability that the process starting from x €
at time ¢ = 0 is not absorbed by the boundary up to time ¢. If the (inner) normal component of
F' is unbounded from above in a neighborhood of 9, one expects that u(t,z) — 1 as |z| — oo
along the boundary. Since u(t,£) = 0 for £ € 09, it follows that u(¢,-) is even not uniformly
continuous, see Example 3.6.1 where this heuristic argument is made rigorous.

Finally, we point out that the growth assumption (3.1.5), even though not very restrictive,
seems to be a technical one in order to use our methods, see the proof of Theorem 3.1.2.

We stress the fact that we use mainly analytic tools and we do not need any convexity
assumption on ). Moreover we note that our operator A may contain a potential term V' which
is difficult to treat by probabilistic methods.

Remark 3.1.1 Observe that assumption (iv) of Hypothesis 1.1 follows from the positivity of V'
and the boundedness of ¢;;, when condition (3.1.2) holds with s = 0. In fact (3.1.2) implies, by
differentiating the function ¢t — (F(tx),z), that (F(x),x) < (F(0), ) + k|z|?, hence the function
o(x) = 1+ |x|? satisfies (iv), for a suitable Ag.

To specify the dependence of some constants we also introduce the quantity

b= (S ay?) "
_21618 P QZJ X

which is finite, since ¢;; € C} ().
We will prove the following theorem.

Theorem 3.1.2 There exists a constant C depending on vg,k,s,h, N,M, 3,6, T such that the
bounded classical solution u of (3.0.1) satisfies

IDu(t, oo < j}wnw, te (0.T), feCyQ).

3.2 Existence and uniqueness

In this section we show that (3.0.1) has a unique bounded classical solution, where by bounded
classical solution of (3.0.1) we mean a function u € C12(Q), such that u is continuous in Q\ 9;..Q,
bounded in @ and solves (3.0.1). To this purpose we use both classical Schauder estimates and
a nonstandard maximum principle for discontinuous solutions to (3.0.1), see Theorem A.0.13.

Proposition 3.2.1 Assume Hypothesis 1.1. If f € C*t*(Q) has compact support in Q, then
problem, (3.0.1) has a unique bounded solution u which belongs to C1t/%2+((0,T) x (2N Bg))
for every R > 0. Moreover, ||ullco < ||flloc and w > 0 if f > 0. Finally, Du belongs to
Ctra/2.24e (e, T) x Q) for every e > 0 and Q' open bounded set with dist (', RN \ Q) > 0. In
particular, Du € C*%(Q).

PrOOF. Uniqueness is immediate consequence of a classical maximum principle, see Proposition
A.0.12.
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To prove the existence part, we consider a sequence of uniformly elliptic operators with
coefficients in C*(Q),

N N
A" = Z QijDij + ZanDz — V”u,
ij=1 i=1
such that F* = F;, V" =V in QN B, V" > 0 and let u,, € C't*/2:2+2(Q) be the solution of
(3.0.1), with A™ instead of A (see e.g. [30, Theorem IV.5.2]). The classical maximum principle
yields ||unlloo < || flloo- Let us fix R > 0 and observe that, since € is unbounded and connected,
dist(Q \ Br+1,2N Bg) > 0. Since A" = A™ = A in QN By for n,m > R+ 1, by the local
Schauder estimates [30, Theorem IV.10.1], there exists a constant C' such that

[un — wmllcrvarz2raqoryx@nBr)) < Cllun — tumlloo.r)x@nBrir)) < 201 flloo-

Therefore (u,,) is relatively compact in C12([0,T] x (2N Bg)). Considering an increasing se-
quence of balls and using a diagonal procedure we can extract a subsequence (uy, ) convergent to
a function u € C1+/2:2+((0,T) x (2N Bg)) for every R > 0 which solves (3.0.1) and satisfies
[[t)loo < || f]loo- By the maximum principle, u > 0, whenever f > 0.

In order to prove the last part of the statement it is sufficient to apply [29, Theorem 8.12.1]
directly to the operator D; — A. O

We now introduce linear operators (P;);>o via the formula (P; f)(z) = u(t, z) for f € C?*T(Q),
with compact support in 2, where w is the solution of (3.0.1) given by the above proposition. Each
operator P, is positive and contractive with respect to the sup-norm, by the above proposition.

Now we consider the case where f is only continuous and bounded in 2 and extend the above
maps (P;)¢>0 to a semigroup in Cy(2).

Proposition 3.2.2 Assume Hypothesis 1.1. If f belongs to Cy(Q), then problem (3.0.1) has a
unique bounded classical solution u. Moreover, u(t,z) — f(x) as t — 0, uniformly on compact
sets of Q.

PrROOF.  Uniqueness is an immediate consequence of a nonstandard maximum principle, see
Theorem A.0.13. To show existence, we consider a sequence (f,) € C§°(Q) convergent to f
uniformly on compact subsets of Q and such that || fn|lco < ||f]lec. Let u, € C'F/22+((0,T) x
(QN Bg)), for every R > 0, be the solution of (3.0.1) with f,, instead of f, given by the previous
proposition. Let us fix € > 0. By the Schauder estimates [30, Theorem IV.10.1], as in the proof
of Proposition 3.2.1, we get a constant C' such that

un = umllcr4arz24a e,y @nBr)) < Cllun — tunllc(o.m)x@nBrsr)) < 201 flloo

and then, by a compactness argument, we can extract a subsequence (unk) convergent to a
function u € C*+/2.24e((e, T)x (QNBR)) for every £, R > 0 which solves the equation u; —Au = 0
in @ and such that u(t,z) = 0 for t € (0,7),z € 9Q. In the following, we write u = P.f, for
f e Cr(Q).

It remains to show that u(t,2) — f(x) as t — 0, uniformly on compact sets of Q.

Assume first that f € Co(Q2), i.e. f vanishes on 9 and at infinity. Then we can choose (f,)
as above in such a way that ||f, — f|lcc — 0. The maximum principle implies that (u,) is a
Cauchy sequence in C([0,7] x ), hence u,, — u uniformly in @ and u(0,z) = f(z) for every
z €.

Let K C Q be a compact set and n € Cp(£2),0 < n < 1, be such that n = 1in K. Then P;n — n
as t — 0, uniformly in 2, hence Py — 1 uniformly in K and, since 0 < P,(1 —n) < 1 — P,
we get P(1 —n) — 0 uniformly in K. For f € Cy(Q), writing P,f = P,(nf) + P.((1 —n)f) and
observing that P;(nf) — nf uniformly in Q and that P,((1 —»)f) — 0 uniformly in K we obtain
that P,f — f, uniformly in K. ]
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Corollary 3.2.3 The family (P;);>¢ is a semigroup in Cp(€2).

PRrROOF. The semigroup law P;;s = P, P; is immediate consequence of the uniqueness statement
in Proposition 3.2.2. ]

Observe that the semigroup (P;);>¢ is not strongly continuous. In fact P,f — f ast — 0,
only uniformly on compact subsets of Q. However, P;f — f uniformly in Q for every f € Cp(Q).

3.3 Some a-priori estimates

In the following proposition we prove a preliminary boundary gradient estimate for bounded
solutions of problem (3.0.1). We need the following lemma on gradient estimates for certain
one-dimensional operators.

Lemma 3.3.1 Let § >0 and g : [0,+00) x [0,d] — R be the solution to

ge(t,m) = vogrr (t, 7)) + Mg, (t, 1), t>0, re(0,9),
(3.3.1) g(t,0) =0, g(t,0)=1 t >0,
g(0,r) =1 r € (0,0).

Then g > 0, g-r <0 and for any T > 0 there exists cy > 0 such that

0<g(t,r) < C—TT, 0<t<T, re(0,9).

Vit
PROOF. We define the operator (B, D(B)) in C([0,4]) by

Bu=uvou”" + My  D(B) = {u € C?([0,6]) : u(0) = 0, (Bu)(5) = 0}.

Let us show that (B, D(B)) generates an analytic semigroup S; of positive contractions in C([0, d])
(note that Sy is not strongly continuous since the domain D(B) is not dense in C([0, d]).

Let D = {u € C?([0,6]) : u(0) = u(§) = 0}. Then (B, D) generates an analytic semigroup
(T})i>0 in C([0,6]). Set ¢(r) = a [ e=™*/*ods. Then By =0, 1(0) = 0 and ¢(5) = 1, if a is
suitably chosen. It is easily seen that S;f = Ti(f — f(0)¥) + f(6)¢ is the analytic semigroup
generated by (B, D(B)) in C([0,4]). Since the regularity properties of S;f coincide with those
of Ty f, it follows that w(t,r) = Sif(r) is a C*° function for ¢ > 0, continuous at the points
(0,7), with 0 < r < ¢. The maximum principle, see Theorem A.0.13, now yields positivity and
contractivity of S;.

We can prove the stated properties of g. Since g = S;1 we have 0 < g < 1. Moreover
g(t+s,-) = Sersl = 5:S51 < S¢1 = g(t,-), hence g is decreasing with respect to ¢t and g; < 0. To
prove that g, > 0 we write

M M. d /M
o= 0o+ ) =L () <0
140 dr
r € (0,0). Then e%rgr is decreasing. Since ¢(t,6) =1 and 0 < g < 1, we have g,(¢,d) > 0, hence
gr > 0. Now the identity g; = vog + Mg, yields g, < 0.

Since (St)i>o0 is analytic, for 0 < ¢t < T we have ||[D?g(t,-)|| < crt™!, hence | Dg(t,-)|| <

crt~1/? and the inequality g(t,r) < cpt—/?r follows, since g(t,0) = 0. O

Proposition 3.3.2 Assume Hypothesis 1.1 and (3.1.3). Then there exists vy depending on vy, M, 0, T
such that every bounded classical solution u of (3.0.1), differentiable with respect to the space vari-
ables on 0, T[xY, satisfies the estimate

v

(33:2) [Du(t, §)| < —=[fllec, £ € (0,T), & € Q.

S

t
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PROOF. For each x € Qs let £(x) be the unique point in 9 satistying |« —&| = r(z). Note that

r = &(x) +n(&(x))r(x),

where n(¢) is the unit inner normal to 0Q at £ € 0. Recall also that Dr(x) = n({(x)), z € Qs.
See Appendix B for these properties of the distance function r. To proceed we remark that, since
u =0 on 01,

Du(t, &) = 0yu(t,§), £€09, t>0.

In order to prove the claim it is enough to show that

(3.3.3) lw(t,z)| = w(t,z) < 2 r(z), te(0,T), x €y,

Vit

where w is the solution to (3.0.1), corresponding to f = 1, and 7 depends only on the stated
parameters. Indeed, in the general case it is sufficient to observe that, for x = £ + r(z)n(§),
& € 00 fixed,

|Pif(x) = P f(&)] = [Puf ()] < Bilfl(2) < [flleo PeL(2) = [ fllocw(t, 2) (@)l fllo0

~y
< —r
TVt
and (3.3.2) follows easily dividing by r and letting » — 0. To prove (3.3.3) we compare w with
an auxiliary function z, using Theorem A.0.13. Let

z(t,x) = g(t,r(x)), =€y,
where g : [0, +00) x [0,d] — R is the solution to (3.3.1). Now Lemma 3.3.1 yields
2(t,7)| = g(t,r(x)) < %r(m), 0<t<T, zeQy.

Thus we have only to prove that
(3.3.4) w(t,z) < z(t,x), €, te(0,T).

To verify (3.3.4), we consider v = z—w in the cylinder Qs = (0,7)xs. It is clear that v belongs to
C12(Qs), is continuous in Q4 \ 9. Qs, bounded on Qs and nonnegative on 8'Qs\ 1 Q5. Moreover

’Ut*AU:Zt*Azzgt*VogrrfMgT

N N
+<VOgrr + Mgy — grr Z @ijDirDjr — g,(F, Dr) — g, Z qij Dijr + VZ)

i,5=1 i,7=1
N N
= Grr (Vo - Z qijDiTDjT) + gr (M - Z gi; Dijr — (F, Dr}) +Vz >0,
ij=1 i,j=1

since z,g, > 0, g < 0. The maximum principle Theorem A.0.13 now implies (3.3.4) and
concludes the proof. ]

The following proposition is an a-priori estimate on Du, where u is the bounded classical
solution of (3.0.1). Its importance relies on pointing out the dependence of the constant C' below.

Proposition 3.3.3 Assume Hypothesis 1.1, (3.1.2) and (3.1.4). Then there exists a constant
C depending on vy, h, k, s, 3, T with the following property. Fvery bounded classical solution u of
(3.0.1) such that

(i) Du belongs to C*%(Q),
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(i4) /t|Dul is continuous in Q \ 9;,Q, bounded in Q and verifies tlir% Vi Du(t, )| =0, z € Q,

(iii) u satisfies (5.3.2)

fulfills the estimate
(3.3.5) 1Du(t, Yoo < S| flloer te (0,7
.J. ) oo = \/E oy ) *

PRrROOF. Changing V to V + 1 (hence u to e *u) we may assume that |DV| < V. We use
Bernstein’s method and define the function

v(t,x) = u*(t,x) +at|Du(t,z)|*, t€(0,T), v €,

where a > 0 is a parameter to be chosen later. Then we have v € C12(Q), v is continuous
in Q\ 9:,Q, bounded in @ and v(0,z) = f2(x). We claim that for a suitable value of a > 0,
depending on vy, h, k, s, 3, T we have

(3.3.6) ve(t,z) — Av(t,z) <0, 0<t<T, zeq
This, by Theorem A.0.13, implies that

o(t,z) <sup |v(0,2)|+  sup  at|[Du(t, &> < (1+ar?)|flI2,
e £€aN, te(0,T)

0<t<T, z€Q,and (3.3.5) follows with C' = (a=! +~?)1/2.
To verify inequality (3.3.6), note that, by a straightforward computation, v satisfies the equa-
tion
N
Ve — A’U = a|Du|2 -2 Z qU DzuDju +91 +gg,

4,g=1

where

N
g1 at<2 > DiF; DiuDju — 2u(Du, DV) — V|Du|2> — Vu?,

i,j=1

N N

go = 2at< Z DkqijDkuDiju — Z qijDikuDjku>.
i,,k=1 i,4,k=1
Using the assumptions one has, for all e > 0, x € Q, ¢t € (0,7,
v — Av < (a — 2uy + 2akt + at(2s — 1)V) | Dul?
+2at(h|Du||D2u| + BV |u|| Du| — V0|D2u|2) v
< (a — 2uy + 2akt + at(2s — 1)V) | Dul?

+at(hs:71|Du|2 + he|D?ul* 4+ Be ' Vu? + BeV|Dul? — 21/0|D2u|2) —Vu?,

where | D?u|? = Z?’;:l |D;;jul?. Since 2s < 1, choosing € and a small enough we get immediately

(3.3.6). O
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3.4 An auxiliary problem

In this section we keep Hypothesis 1.1 and condition (3.1.4) and write our operator in diver-
gence form

N
A=Ag+> GiD; -V,

i=1

N N
where AO = Zi,j:l Di(qiij) and Gi = Fi — Zj:l quij-
Moreover, we assume that the potential V' and the drift G satisfy the inequality

(3.4.1) |G(z)| < oV (2)2 + ¢, x €,

for some o > 0 and show generation of an analytic semigroup in L?(Q), for 0 < min{2vy(p—1),2}.
We follow the ideas of [11], [12] and [41] where the situation 2 = RY is considered.

For simplicity, we assume throughout this section that 2 < p < oco. Observe that, since
¢ij € CL(Q), condition (3.4.1) holds equivalently for F' or G with the same constant o, possibly
with a different choice of ¢, .

We endow A with the domain

Dy, ={ueW?P(Q)NnWyP(Q): Vu e LP(Q)}
which is a Banach space when endowed with the norm
lullp, = lullw2»@) + VUl o),
and remark that the set
D={ueC>9): ujpq = 0,supp u compact in Q}

is dense in D,,.
We need the following interpolative lemma which is analogous to [41, Proposition 2.3].

Lemma 3.4.1 Assume Hypothesis 1.1 and that condition (3.1.4) hold. Then there exists C
depending on N,p, 3 and the coefficients (q;j) such that for every 0 < ¢ < 1 and u € D,,
2 < p < o0, the following inequality holds:

IV/2Dull, < ell Agull, + Ce=(Jull, + [ Vul,)-

ProoF. It suffices to establish the inequality above for functions u € D. Moreover, changing V'
with V' + 1, we may assume that |[DV| < gV < BV3/2,
Integrating by parts and using the fact that u = 0 on 99 and p > 2 we have

!/VQDWP
Q

/ V% \Dku\pﬂDkuDku
Q

= _g/ Vg*leVu|Dku|p72Dku— (P_l)/ Vgu‘DkquQDkku
Q Q

IN

P [ ulipad VIV 4 0= 1) [ VDl 2Vl Disad
Q Q

ﬂ2p</ﬂ Vg|DkU|p>1_1/p(/Q Vp|u|p)1/p
b - 1)(/Q Vngkulp) 12/p(/QVp|u|p) 1/p</Q |Dkku|p) 1/p.
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Setting « = ||VY/2Dyullp, y = || Vullp, 2 = || Drrull, we have obtained x? < (8p)/2xy + (p— 1)yz,

hence 5
x < Epy—i- Vp—1Dyz < Cely4ez

for ¢ < 1, with C depending on 3, p and the statement follows with ||D?u||, instead of || Agul,.
To complete the proof it suffices to use the closedness of Ay on W2P() N W, (Q). O

Proposition 3.4.2 Assume Hypothesis 1.1, condition (3.1.4) and suppose that (3.4.1) holds with
o satisfying o < min{2v(p — 1),2}. Then (A, D,) is closed in LP(Q), 2 < p < co. Moreover,
there is a constant Ao depending on c, with the following property: for every X\ > Ao there exist
C1,Cy depending only on X\, N,p, 3,0,c, and the coefficients (¢;5), such that for every u € D,
lullp, < CillAu — Aull, < Cofjullp,
Finally, if co =0, then A\g = 0 and the inequality A||ull, < ||(A — A)ul|, holds.
PrOOF. By density we may assume that v € D. The right hand side of the above inequality
follows immediately from Lemma 3.4.1, since |G| < oV/? + ¢,.
Changing V with V+w for a suitable large w, we may assume that ¢, = 0 and that |DV| < V.
Let us multiply the identity f = Au — Au by u|u|P~2. Integrating over Q we get, since u = 0
on 012,

J OV + -1 [ aslap 2Dy < Il + o [ V2Dl
Q Q Q
The last term can be estimated with

U(AV|u|p)l/2(Au|p_2|Du|2)1/2 < g(/Q V\u|p+|u\p_2|Du\2).

Since o < min{2yy(p — 1), 2} we easily obtain, for A > 0, Allull, < ||f|l,- To estimate Vu we
observe that

N
[ aqvr g = =Y [ gD (v g ?)
Q Q

ij=1

N
—(p— 1)/ Z qi; VP Hu|P~2DjuDju
Q.

ij=1

N
—(p - 1)/Q Z qiij_2u|u|p_2DiuDjV.

ij=1

Multiplying the identity Au — Au = f by VP~ lu|u|P~2 and integrating over {2 we obtain
/(Avp—l VYl + vo(p — 1)/ VP12 Dy
Q Q
< /(Avp—1 VPl + (p— 1)/ VoL u|P~2q(Du, Du)
Q Q
— 1) / VP=2yjufP~2q(Du, DV + / VP ufulP~2(G, Du) + / FVPNufulr 2,
Q Q Q

where ¢(Du, DV) = Ef\szl ¢ijD;suD;V and similarly for ¢(Du, Du). Next, observe that

‘/ Vp71u|u|p*2<G,Du)’ < 0/ VP=1/2|yP=1| Dyl
Q Q
1/2 1/2
< o /Vp_lup_2Du2 /Vpup
(L vt =2iou) ([ velul)
<

g P=1|,,|P—2 2 P gy
2(/91/ [P~ Dul +/QV|u|)
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and that, for a suitable K depending only on |/¢;;]c,

/\u|p_1Vp_2|q(Du,DV)| < K/ WP~1VP=2| Dul| DV|
Q Q
1/2 1/2
< ([ veriapoul) ([ ueve)
Q Q
<

Kﬂs(/ﬂ vpfl\u|P*2|Du|2+/va|u|P) +CE/Q|U|P.

In the last inequality we have used the inequality t?~! < et? + C..

Since o < min{21y(p — 1), 2}, taking a small € one concludes that |Vu|, < C|f|,, with C
as in the statement.

We now use Lemma 3.4.1 to estimate the second order derivatives of u. We have

G, Du)ll, < ollV'2Dull, < ofel|Aoully + Ce™ull, + Ce™H|[Vull,)
o(ellfllp + (G, Dully + el Vull, + eXllull, + Ce™ lull, + Ce™[Vully)

IN

hence, taking a small e, (G, Du)l, < C|fll, and |[Agull, < C|[f], by difference. Using

the closedness of Ag on W2P(Q) N WO1 P(Q) given by the Calderon-Zygmund estimates, we get
| D?ull, < C||fllp, with C as in the statement. O

Proposition 3.4.3 Assume Hypothesis 1.1, condition (3.1.4) and suppose that (3.4.1) holds with
o satisfying o < min{2vy(p — 1),2}. Then (A, D,) generates a semigroup in LP(Q), 2 < p < 0.

PROOF. As in the proof of Proposition 3.4.2, we may assume that ¢, = 0, |DV| < 8V, so that
Mullp, < ||Au — Aull, for A > 0. By the Lumer-Phillips Theorem it suffices to show A — A is
surjective for A > 0.

Setting for € > 0
14 G

V.= Ge= —n,
fol+4eV S V1+eV

it is immediate to check that V, G satisfy

IDV.| < BV, |G| <oV22

Since V., G. are bounded, the operator A. = Ay + (G, D) — V. with domain W2 () N W, *(Q)
generates an analytic semigroup in LP(2) see [32, Theorem 3.1.3], which is contractive by Propo-
sition 3.4.2.

Given f € LP(Q), let u. € W2P(Q) N W, *(Q) such that (A — A.)u. = f. By Proposition
3.4.2, |luell2,p, [ Veuell, < C|If|lp with C independent of . By weak compactness we find &,, — 0
such that (u., ) converges weakly to a function u in W2?(Q) N W, ?(Q) and strongly in W, (Q).
Moreover we may assume that (u.,) — u a.e. in . By Fatou’s lemma |Vull, < C||f||,, hence
u € D, and it is easy to check that (A — A)u = f. O

Let us show that the above semigroup is analytic.

Theorem 3.4.4 Assume Hypothesis 1.1, condition (3.1.4) and suppose that (3.4.1) holds with
o satisfying o < min{2vy(p — 1),2}. Then (A, D,) generates an analytic semigroup in L?(Q),
2 <p<oo.

PrOOF. We keep the same notation of the proof of Proposition 3.4.2. We may assume that
co = 0. Let u € D and set u* := u|u[P~2. Integrating by parts, since u = 0 on 92, a lengthy but
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straightforward computation yields
—Re </ (Au)u*) =(p—- 1)/ |u[P~*q(Re(uDu), Re(WDu))
Q Q
+/ |u|p_4q(Im(EDu),Im(ﬂDu))—/(G,Re(ﬂDu)|u|p_2>+/ VlulP
Q Q Q

and

< (p—2)/ﬂ|u|p74q(Re(ﬂDu),1m(ﬂDu))+/Q|G\|u|p72\lm(ﬂDu)|.

‘Im /Q (Au)u*

Condition (3.4.1) implies

/|G||u|p*2|fm(apu)| < a/v%|1m(apu)||u|%|u|%"‘
Q Q

1

o VW); ([ 1= titm@@our )

— (/ vw)é (f |uP-‘*qwn(wu»Im(uDu»)é

IN

IN

and

IN

/|G||u|p*2|Re(aDu)| a/v%\Re(nDu)Huﬁm\%
Q Q

<o/ vw)é (f |u|f”4|Re<uDu>2)é

< \%0 ( /Q V|u|p); ( /Q |u|p_4q(Re(uDu),Re(uDu)))2.

If we put B? = [, |u[P~*q(Re(uDu), Re(uDu)), C* := [, [u[P~*q(Im(uDu), Im(uDu)), and
D? := [, Vl|ulP, then we deduce from the previous estimates

—Re (/Q(Au)u*> > (p— 1- i)BZ +C%+ (1 - %)DQ.
Therefore,

‘Im (/Q(Au)u*> ’ < (p—2)BC + \%OCD

and one can find x > 0 such that

o fo) )

for every u € D and, by density, for every u € D,,. Since we already know that (A, D) generates
a semigroup, by [44, Theorem 3.9, Chapter I] the proof is complete. ]

Remark 3.4.5 Observe that all the results proved until now, in this section (but not the next
lemma), hold assuming less local regularity on the coefficients. For example ¢;; € CL(Q), F €

L (Q),V € CY(Q) suffice. Moreover, the existence of the Lyapunov function ¢ is not necessary.

We call (T}):>0 the semigroup generated by A in LP(2). For the proof of our main result we
need some regularity results of the function u(t, z) = (Ti.f)(x).
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Lemma 3.4.6 Assume that the conditions of Theorem 3.4.4 hold for a fizted p > N + 1 and let
f e CgP(Q). Then the function u(t,x) = (T3 f)(x) is the bounded classical solution of problem
(3.0.1) and therefore has the regularity properties stated in Proposition 3.2.1. Moreover, Du is
continuous and bounded in Q.

PROOF. Since f € D,, the function ¢t — T} f is continuous from [0,7] to W?P(Q2) and Sobolev
embedding implies that u, Du are bounded and continuous in . To complete the proof, we have
to show that u € C12(Q).

Let us fix € > 0 and open bounded sets Q, Qs such that Q; C Qs and Q5 C Q. Since (T})e>0
is analytic, u is continuously differentiable from [e,T] to WP () and Sobolev embedding yields
us € C(Q). Set

K= su u(t, - i T (g (2, - , .
5§th(||< e + et lweoco )

For every fixed t € [e,T] the function u(t,-) belongs to W2P(Q) and solves the equation

N
Z q”Dmu = —<F, Du> + Vu— Ut

4,J=1

in . Since the right hand side belongs to I/Vllof(ﬂ) it follows that u(t,-) € Wlipp(Q) and that, for
a suitable ¢ depending on 21, and the coefficients of A,

sup_|lu(t, -)[[war(a,) < ck,
e<t<T
see [26, Theorem 9.19]. We have proved that for every i,j = 1,...,N, D;D;u,DD;ju €
LP([e,T] x Q1). By Sobolev embedding, since p > N+1, D;;u € C(Q) and the proof is complete.
]

3.5 Proof of Theorem 3.1.2

For ¢ > 0 let V.(z) = eexp{4ca/1 + |z|?}. Then |DV,| < 4coV. and for every o > 0 there
exists ¢, > 0 (depending on ¢) such that |F| < o(V + V.)/2 4 ¢,. Define A. = A — V. and note
that the hypotheses of Theorem 3.4.4 are satisfied.

Fix p> N +1, f € C§°(Q) and let u. be the semigroup solution of (3.0.1) with A. instead
of A, given by Theorem 3.4.4. By Lemma 3.4.6 the function u. is the bounded solution of the
above problem and Du, is continuous and bounded in Q. By Proposition 3.3.2 we deduce that
|Duc(t,€)] < (7/VO| flloos € € O, with v depending on v, M, 6, T and independent of e.

Since u. satisfies the hypotheses of Proposition 3.3.3, we deduce that

[1Duc(t, Yoo < (C/VO floos

with C as in the statement.

Observe that ||ue|loo < || f]loo- Let us fix R > 0 and note that the C*-norm of the coefficients
of A. is bounded, uniformly with respect to € < 1, in QN Bgry1. By the local Schauder estimates
[30, Theorem IV.10.1] applied to the operator D; — A., there exists a constant C, independent
of ¢ < 1, such that

IN

[tellcrtar22tao,r)x (@NBR)) C(||Us||C((o,T)x(mBR+1)) + [ flle2+e@nBryr)

2C|| fllc2te(9)-

IN
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By a standard compactness argument we conclude that a subsequence (u.,) converges in C1:?
([0,T] x (2N Bg)) for every R to a function u which is the bounded classical solution of (3.0.1)
and satisfies || Du(t,-)||oo < (C/VO)|flloo-

Finally, to treat the general case of f € Cy(2) we consider a sequence (f,) € C§°(Q2) con-
vergent to f uniformly on compact subsets of 2 and such that || fnllco < ||f]leo. Let u, be the

bounded classical solution of (3.0.1) relative to f,. Then ||Duy,(t,")|loc < (C/V1)||f]loo, by the

previous step. Since (u,) — u in C12(Q), see the proof of Proposition 3.2.2, the estimate for Du
follows. o

3.6 Examples and applications

We first show that gradient estimates fail, in general, if condition (3.1.3) is not satisfied. We
refer the reader to [8, Example 5.6] for an operator defined on the whole space, for which condition
(3.1.2) is violated and gradient estimates fail. The following result refines and generalizes an
example in [57].

Example 3.6.1 We consider the following Dirichlet problem in Q2 = Ri ={(z,y) €R?, x>0}

U (b, 2,Y) = U (B, 2, Y) + wyy(t, 2, y) + g(¥)us (t, 2, y) t>0, >0,
u(t,O,y):O t>0, yeR,
u(0,2,y) =1 (z,y) € Q,

where g € C%(R) and

lim g¢(y) = +o0.
y——4o00

Observe that (3.1.3) fails. However, Proposition 3.2.2 yields existence and uniqueness of a
bounded solution u. Let us show that, for ¢ > 0, u(t,-) is not uniformly continuous in €.
To this end, it is enough to show that, for every ¢,z > 0,

(3.6.1) sup u(t, z,y) = 1.
y>0

Fix n > 0 and take ¢, such that g(y) > n for y > ¢,. Define R,, = (0,+00) X (cp, +00) and
consider v = v,, which solves

vt(ta fE,y) = Uﬂﬂm(taxa y) + /Uyy(tvxvy) + m}z(t,x,y) t > 07 (‘T7y) € Rn7

v(t,z) =0 t>0, z € OR,,

v(0,z,y) =1 (@,y) € Rn,

We prove that for t,x > 0

(1) lim sup v, (t,z,y) =1; (i) u(t,z,y) > va(t, z,y).

n—oo y>c,

Clearly (i) and (ii) give (3.6.1). Let us verify (i). Note that v, (¢, z,y) = a,(t,2)b,(t, y), where
a = an, b = b, solve respectively

at(tvx) = aa:x(tvx) + naﬁ?(ta ‘T) t > 07 bt(t7y) = byy(tay) t > 07
a(t,0) =0 t>0, b(t, cn) =0 t>0,
a(0,z) =1 x>0, b(0,y) =1 Y > Cp.

To find an explicit formula for a,, we first remark that a,(t,r) = a1(n*t,nx). Then, setting

v(t,z) = e*/2eitay (t, x), v solves
ve(t, ) = Ve (t, 2) t>0, x>0,
(t,0) =0 >0,
v(0, ) = e®/? x> 0;
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By a reflection argument we get easily an explicit expression for v and finally we obtain for any
t>0,yzcnyx207

—n

nvant

To we check that (i) holds we write

_ 22
+OO \nu_'fz\2 _|nm+z\2 z—nz Y=Cn e 4t
an2t  — e 4anZt )e 2 dz’ bn(t,y): dz.
0 \/H

an(t,x) =

an(t,x) = Al St x) — A?L(t, x),

AL Lt 2) 12 /+°° \njn—zzf )ezf;L
n\/éﬁ
= Ly e

Let us consider AL. By a change of variables we obtain

1 —52
A, (L) f/xm ds,

which is increasing in  and converges to 1 as n — +oo. In a similar way we get that A2 (¢, z) is

A%(t,x)

decreasing in « and converges to 0 as n — +o0o0. Then (i) easily follows.
To prove (ii) we use Theorem A.0.13. Set w = u — vy, in (0,7) X R,,. We have w(0,x,y) =0,
(z,y) € Ry,. Moreover w(t,z) >0, z € OR,, t > 0. To conclude it suffices to verify that

(3.6.2) we(t, x,y) > Aw(t,z,y) + g(y)w.(t, z,y), t>0, (z,y) € Ry.

Since wy = Aw+g(y)wz+[g(y)—n](vn)z, g(y) > n, fory > ¢, and (v,) (¢, z,y)=al, (t,2)b, (t,y) >
0,t>0, (z,y) € Ry, as verified above, (3.6.2) follows and the proof is complete.

For instance, we can take, in the above example, g(y) = 1/1 + 2. On the other hand, if g(y) =
—+/1 + 9?2 then all the conditions of Theorem 3.1.2 hold and gradient estimates hold.

Remark 3.6.2 We point out that our main result can be used to prove some boundary gradient

estimates for solutions of Dirichlet elliptic problems, involving the operator A. Indeed if ¢ €
Cp(2) N C?(Q) solves

Ap(z) =0, x€Q,
(36.3) AP

then ¢ is the bounded classical solution of (3.0.1) with f = ¢. Thus, under the assumptions of
Theorem 3.1.2, we get

sup [Do(z)| < Cll¢||oo-
e

This extends some classical boundary gradient estimates concerning linear and nonlinear second
elliptic operators, involving bounded coefficients, see for instance [26, Section 14].

Remark 3.6.3 Theorem 3.1.2 has also some applications to isoperimetric inequalities, see [31]
and [57].
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