Chapter 1

Elliptic operators in LP(R™Y):
characterization of the domain

In this chapter we consider the following linear second order elliptic operator in divergence

form
(1.0.1) Au = Aogu + (F, Du) — Vu,
where
N
Aou = Z DZ(QUD]U) .
ij=1

As usual, we will refer to F' and V' as the drift and the potential term, respectively, and neither
F nor V will be assumed to be bounded.

Our aim is to prove a generation result for A4 in LP(RY) (1 < p < +o00) with respect to the
Lebesgue measure, providing an explicit description of the domain of the generator. Precisely,
we show that such a domain is the intersection of the domains of each addend of A in (1.0.1).

This problem is classical and well-known in the case of elliptic operators with regular and
bounded coefficients. We refer to the book of Lunardi [32] for a detailed analysis of the subject.
On the other hand, there are several approaches to show that elliptic operators with unbounded
coefficients generate strongly continuous semigroups in L? (see [11], [12], [19], [35], [37], [41] and
the list of references therein), but only some of them give a precise description of the domain.
Besides, in some cases the problem is investigated only for p = 2 (see [17], [18] and in [50]).

Here we prove that if (D,, [ - ||p,), with 1 < p < 400, is the Banach space defined as

D, = {u € W2P(R") : (F,Du) € L*(RN),Vu € LP(RM)},
[ullp, = llullwzr@yy + [{(F, Du)|| Lr@ny + [[Vull Lo @ny

then (A, D,) generates a Co-semigroup in LP(RY), if suitable growth conditions on F, V and
their first order derivatives are assumed. As a by-product, one can deduce regularity results for
the solution of the elliptic equation associated with A.

The precise description of the domain relies on a priori estimates of the form

(1.0.2) [ullzp + (s Dullp + [[Vull, < Cllullp + [[Aullp),

for every p € (1,00) and every test function u and for some constant C' > 0 independent of w.
We prove the estimates for ||Vul|, and ||Du|, using basically integrations by parts and other
elementary tools. In the particular case p = 2, we also get an estimate for the second order
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derivatives of u (see Section 1.3). For p # 2, the variational method fails to estimate ||D?ul|,
and we have to employ a different technique, which works under stronger assumptions. This is
done in Section 1.4, where we use an a priori estimate for the second order derivatives in the case
where the involved operator has globally Lipschitz drift coefficient and bounded potential term
(we prove such an estimate together with a generation result as a preliminary step in Section
1.2). Once the second order derivatives are estimated, the last term ||(F, Du)||, in (1.0.2) can be
estimated easily by difference.

Using a density argument, (1.0.2) turns out to be true also for functions in D,. As a conse-
quence, we establish the closedness of (A, D,) in LP(RY). Moreover, it is easily seen that (4, D,)
is quasi dissipative in LP(R"). Therefore, in order to apply the Hille-Yosida generation theorem
and to get the desired result, it remains to prove that A — A is surjective from D, onto LP(RY),
for A large. Sections 1.5 and 1.6 are devoted to this aim. We proceed differently in the case
p =2 and p # 2. In the first case, we find the solution of the equation Au — Au = f in the
whole space as the limit of a sequence of solutions of the same equation in balls with increasing
radii and Dirichlet boundary conditions. In the second case, we check the surjectivity of A — A
by approximating A with a family of operators whose drift coefficient is globally Lipschitz and
whose potential term is bounded. We note that, once again, the first method works under weaker
assumptions and this is the reason why we treat the case p = 2 separately.

Finally, in Section 1.7 we describe some properties of the above semigroups. We prove that
they are positive, not analytic in general, consistent with respect to p. Moreover if V tends to
+00 as |z] — 400, then (A, D,) has compact resolvent.

1.1 Assumptions and statement of the main results

In the following ¢(z) = (g;j(x)) is a N x N symmetric real matrix such that ¢;; € C}(RY)
and

N
(L.1.1) (q(2)€, &) = Z qi(x) &5 > wol¢f?, vp >0,

ij=1

for every x,& € RY. Moreover, we consider F € C*(RY;RM) and V € C*(RY) and we assume
that V' is bounded from below. Without loss of generality, we suppose that V' > 1. We deal with
the elliptic operator

(1.1.2) Au = Agu + (F, Du) — Vu,

where Agu(z) := 2., Di(qij(z)Dju(x)).

ij=1
For 1 < p < 400, we define the space (D,, || - [|p,) as

(1.1.3) D, = {uecW*PRN): (F Du)c LP(RY),Vu € LP(RN)},
(1.1.4) [ullp, l2,p + [[(E, Dudlp + [[Vul|p -

[Ju

We endow D,, also with the graph norm of the operator A, namely
[ulla == | Aullp + [[ullp -

In the case p = 2, besides the previous assumptions on the coefficients, we require that the
following growth conditions hold

(H1) |DV| < aV3/2 4 ¢,,
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N
(H2) divF + BV > —c5, Y DiFj(@)6i&; <7V (@)Ef’ + e |éf*, & w e RY,

i,j=1
(H3) (F,DV) +~V? > —c,,
(H4) |F(2)| <01+ [2)2V(2) +co ,

with o, 3,7, 7,0 > 0 and ca, cg, ¢y, ¢r, o > 0 satisfying

g

(1.1.5) 1—§—T>0,
and

M By
1.1. —+E+ <1
(1.1.6) 4a +2+2<,

where M := sup,cp~y max|ej—1(q(2)¢, ). We note that the second inequality in (H2) is a dissipa-
tivity condition for the function F.
The following generation result holds.

Theorem 1.1.1 (p=2) Suppose that (H1), (H2), (H3), (H}), (1.1.5) and (1.1.6) hold. Then
the operator (A, Dy) generates a Cy-semigroup on L*(RN). If cg = 0, then the semigroup is
contractive.

In Section 1.6 we prove an analogous result in the general case p > 1. To this aim we use a
different technique, which works under more restrictive assumptions on the coefficients of A.
Precisely, we replace assumptions (H1), (H2) and (H4) with the following ones

, V27a(x)
(HD") [DV ()] < QW’

(H2) [DF| < X (BV + cs).
(HE) [F(2)] < 01+ 2202V (@),

respectively, where DF denotes the Jacobian matrix of F' and |[DF|? = Zgizl |DF;)?, o, 3,6 >
0, cg >0, % <o <1and0<pu<1. Moreover, we suppose that for every z € R

(H5) [(F(z), Dgij(2))| < &V (2) + cx,
holds, with constants x > 0 and ¢, > 0.

Analogously to the case p = 2, also in this case a smallness condition on the coefficients is
required. Let

%(p—l)OéQ, if (O',/.L): (%7O)a
w =
0, otherwise.

Then we assume that

VNab 1
wiva BEVNal Pl i cp<n,
p

(1.1.7) L
w+¢§(ﬁ+\/ﬁa9) (p+\/ﬁ> <1, ifp>2.

The following generation result holds.
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Theorem 1.1.2 (1<p<+o0) Suppose that (H1’), (H2’), (H4{’), (H5) and (1.1.7) are satisfied,
for some 1 < p < co. Then the operator (A,D,) generates a Cy-semigroup on LP(RN), which
turns out to be contractive if cg = 0.

Remark 1.1.3 We observe that (1.1.7) for p > 2 implies (1.1.7) for 1 < p < 2, since

\/iﬁ—i_iﬁae—&-cwp;lS\@(ﬁ—i—\/ﬁ(w)(;—i—\;ﬁ), p>1.

Moreover, we note that when p = 2, (1.1.7) is not equivalent to (1.1.6), but it is stronger. This
fact relies on the different technique employed in the general case and, in particular, on the fact
that we need that other suitable operators verify our assumptions. For further details we refer
to Section 1.6. In any case, the two methods yield the same semigroup in L?(RY).

Finally, we point out that in Theorem 1.1.2 we do not explicitly assume (H3), since (H1’) and
(H4’) imply

(1.1.8) [(F,DV)| < afV?2.

Remark 1.1.4 Hypothesis (H1) is essential to determine the domain. In fact in [41, Example
3.7) the authors exhibit a Schrédinger operator A = A —V in L?(R3) such that (H1) holds with
a too large constant a and the domain is not W22(R3) N D(V'). Moreover in [41] it is observed
that (H1) holds for example for any polynomial whose homogenous part of maximal degree is
positive definite. (H1) fails for the function U = 1 + 2%y

Remark 1.1.5 We note that making particular choices of the parameters p and o, we may cover
cases already known or discuss new ones. For example, if 4 =0 and 0 = %, then we get exactly
the framework of [41]

|F| <6VY/2  |DV| < aV3/?

and therefore of [12]. If we take V constant, then we reduce to the case where F is globally
Lipschitz continuous studied in [37]. Setting ¢ = 0 and o = 1 we have the case

Fl<6v, |DV|<aV,

which, according to our knowledge, seems to be new. From the second condition above, one
deduces that V' grows at most exponentially. In particular, we can treat in this way polynomials
V as in Remark 1.1.4.

If we optimize assumption (H4’) choosing p = o = 1, analogously to (H4) in the case p = 2,
then (H1’) becomes |DV (z)| < a%, which is much more restrictive than (H1). This
shows that the cases p = 2 and p # 2 are quite different. Such a difference is also confirmed by
the fact that when p = 2 we do not require any condition on (Dg;;, F).

The assumptions for p # 2 are determined by our approach to estimate the second order
derivatives of a test function w in terms of u and Au. The idea is to get first local estimates. To
this aim we change variables and localize the equation Au = f in certain balls B(zg,r(xg)). The
new operator produced by this technique (see (1.4.14)) has a globally Lipschitz continuous drift
term and a bounded potential. The radius r(zg) has to grow at most linearly with respect to
|zo| in order to use a covering argument and to obtain global estimates. So, roughly speaking,
we must require that r(xg) < 1+ |zo| and that V(z) is "close” to V(zo) if |x — zo| < r(xo).
This is exactly guaranteed by assumptions (H4’) (see (1.4.2)) and (H1’) (see Lemma 1.4.3). The
Lipschitz continuity of the transformed drift coefficient follows from (H2’). All the details are
given in Section 1.6.
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1.2 Operators with globally Lipschitz drift coefficient and
bounded potential term

In this section we collect all the results concerning operators with globally Lipschitz drift
coefficient and bounded potential term that will be used in the sequel. We first prove an a priori
estimate for the second order derivatives of a test function u, using the same technique of [37]
but specifying how the constants involved depend on the operator. Then, we show a generation
result, giving an explicit description of the domain.

Let
N N
(1.2.1) B= Y Di(ai;D;)+ Y biDi—c
i,j=1 i=1

and assume that
(i) aij = aji € CH(RY), foj:l aij&i&5 > volél?,
(ii) b = (by,...,bx) is globally Lipschitz in RY,
(iii) ¢ € L>®(RY),
(iv) supyepn [(Daij(x),b(x))| < +o00, ¢,j=1,..,N.
The following a priori estimate is a crucial point for our aims.

Theorem 1.2.1 There exists a constant C' > 0 depending on p, N, vo,||aij || oc,|| Daij|| oo, l| (Daij, b} | oo
llclloo and the Lipschitz constant of b, denoted by [bly, such that for all u € C2°(RY)

(1.2.2) / D2l do < c/ (|Bul? + [ul?) dz.
RN RN

PRrROOF. We split the proof in two steps.
Step 1. We assume that the operator B is written in the non-divergence form
N N
B = Z al—jDij +szDl — C

ij=1 i=1
and that b € C?(RY; RY) with bounded first and second order derivatives, besides assumptions
(1), (i3), (zi7) and (iv).

Let u € C2°(RY). Then u solves the equation

Dy — Bu=f inRN*L

with f = —Bu. Let us consider the ordinary Cauchy problem in RY

¢
(1.2.3) o e, tER
£(0) = z.

Since b is globally Lipschitz, for all z € RY there is a unique global solution £(t, z) of (1.2.3) and
the identity

(1.2.4) =€t E(—tx)), teR, zeRY
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holds. Moreover, from [36, Section 2.1] it follows that if £, denotes the Jacobian matrix of the

derivatives of £ with respect to x, then
|Ex(t, )| < ellIPPle ¢ e R, z € RN

(1.2.5) €2 (t, )| < || Db|| el IPblle -t e R, 2 € RN

‘gtéz(t,f(—t,x»‘ < [1Dbloce™ 1P, € R, 2 € RY.

With analogous notation we have also that

(1.2.6)
2
(€an(t, )| < el 1D8lc (elelIDblc _ ) [Pl v
- il
’ax_@(t,g(—t,x))‘ < 3IHHIDPlloo (oI _ 1)””Db”|°°, teR, zeRY, i=1,..N.

In the case where b is constant, one should replace % by [t|. In particular, all the above

functions are bounded in [T, T] x R¥, for every T' > 0. Finally, the matrix &, is invertible with

determinant bounded away from zero in every strip [-7,T] x R¥.
Setting v(t,y) = u(&(—t,y)), a straightforward computation shows that

Dtvfévzf, in RNV+!

with f(t,y) = f(§(—t,y)) and

N
ag;(t, y)quzyj + Z bi(t,y)Dy, — ¢,

!
M=

B =

1,];1 =1

aij(tvy) = Z Dzhgi(tvf(_t?y))ahk(f(_tvy))Dmkgj(taf(_t7y))
k=1

_ N

bi(t7y) = Z Dmhxkfi(t>§(_t>y))a‘hk(g(_t?y))y
hok=1

E(t7y) = C(f(*t,y)).

Since the coefficients a;; belong to C} (RY) and satisfy (iv), then (t,y) — a;;(£(—t,y)) is bounded
and differentiable with bounded derivatives in [~7,7T] x RY. Taking into account (1.2.5) and
(1.2.6) it follows that for all (t,y) € [~T,T] x RY we have

(@i (t, y)| + |Didiij(t, )| + [ Dy (t,y)| + [bi(t.y)| < L, 4,5,k =1,..N,

where L depends on T, N, ||aij|| oo, || Daij|lscs |{Daij, b}l oo, | Dbl o, || D?b]|oo. Moreover

N
> it y)ming = %olnl*, m,y € RN, t € [-T,T],

ij=1

with 7y depending on vy, T, || Db||. Finally, the modulus of continuity of @;; depends only on
T, N, |laij|lcos [|Daijlloo, |{Daij, b)|loos || Dbllos || D?b]| oo Therefore D, — B is a uniformly parabolic
operator in [T, T] x RV, for every T > 0. Applying the classical LP-estimates available from
the theory of uniformly parabolic operators (see e.g. [30, Section IV.10]) we have that

1/2 1 ~
a2n [0 ] (pptap + e <5 [ (Fenr s r

—1/2
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where K depends on p, N, %, [[s; [lso; || Daijllocs | Diisllocs [9:loc |l oo, hence on p, N, v, [la oo,
[Daijllo: [{Daij, b)lloo, [ Dbl Dbl lle]loo-

In order to come back to the function u, we observe that, setting (S(t)p)(x) = p(£(t,z)) then,
for every fixed t, S(t) maps W2P(RY) into itself and

/ (SO @Pde < () / o(u)[Pdy,
RN RN

/ ID.(S())(@)Pdr < as(t) / IDyo(y)Pdy,
RN RN

IN

[ Ip2s0p@pes
RN

IN

a(t) | (D3]l + Dol )y,
with aq(t), aa(t), as(t) depending on t,p, N, supgpn~ | (—t, )| and as(t) depending also on supgw
|€xz(—1, )| Tt follows that t — «;(t), ¢ = 1,2, 3, are uniformly bounded in ¢ in the interval [—1, 1].

In the sequel we denote by «; the respective upper bounds. Moreover, by (1.2.4) each S(t) is
invertible with S(t)~! = S(—t). Now, recalling that u = S(t)v, for every ¢, we have

/ D2u(a)Pdr < a / (ID2u(t, 9)I” + [Dyo(t. v)/?)dy.
RN RN

Integrating from —1/2 to 1/2 and taking into account (1.2.7) we obtain

1 ~
[ p2u@par < ok [ [ (feor -+l
RN —1JrY

IN

20105 [ (1f(@)P + Jula) )

which is the claim.

Step 2. Take B in the general form (1.2.1) and assume that the coefficients satisfy (), (i4), (i)
and (iv). Then we can write

N N /N
B = Z aile'j + Z <ZD1GU —+ b]> Dj — C.
i,j=1 j=1 \i=1
Let n € C°(RN), supp n C By, 7 >0, [pvn =1 and set b=0bxn. If we define
N N
B = Z aijDij + ijDj - ¢,
ij=1 j=1

then B satisfies all the assumptions of the previous step. Indeed, since b is Lipschitz continuous,
b — b is bounded:

Ib(z) — b(a)| < /

Ib(z) — bz — y)n(y)dy < (B / lyln(w)dy = colbl1.
RN RN

Then

|(Daij(z),b(x))| + [(Dag;(x), b(x) — b(x))]
[{Daij, b)lloo + (| Daijllcccn[blr,

|(Dayj(@), b(x))|

IA A

and N
[ Db]|oe < [0

10?000 < [Bl1]| Dl
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From the first step it follows that there exists a constant C' > 0 depending on N,p,vp,[aijc0s
| Daijlloos [[{aijs b) loos[b]1,]lc]l s such that for all u € C2°(RY)

I1D?ull, < C(|Bully + llullp)-
Therefore
I1D?ull, < C(||Bully + | Bu — Bull, + [[ull,) < Cr([|[Bullp + || Dull, + [|ull,),

with C7 depending on the stated quantities. Using the interpolatory estimate || Dul|, < Co ||u|\11,/2-

|\D2u||11,/2 we conclude the proof. O

Next, we show that the operator B endowed with the domain
D= {uecW>?RN) : (b, Du) € LP(RY)}

generates a Co-semigroup on LP(RY), 1 < p < 400 (see also [37]). The following lemma is useful
(see [37, Lemma 2.1]).

Lemma 1.2.2 Let 1 < p < 400 and u € W2P(Br) N Wy*(Bg). If n € C'(Bg) is nonnegative,
then

N
ululP~? Z a;jDyuD;n
R

ij=1

N
< —/ nu|ulP 2 Z D;(a;;jDju).
Br

4,j=1

N
Z ai; DiuDju X {uz0} +/
i.j=1 B

(128) (-1 /B P2

PROOF. Suppose first p > 2. In this case the function u|u|?~2 belongs to W4(Bg), where ¢
is the conjugate exponent of p. Indeed, it is obvious that u|u|P=2 is in LY(Bg). Concerning the
first order derivatives, we have D(u|u|P~2) = (p — 1)|u[P~2Du. Then, using Hélder’s inequality

with exponent % > 1 we get
2 % ra(p—2) 1_%
[ oepae < pap) ([ )
Br Br Br
9 1—4
(L) ()
Br Br

Therefore, integration by parts is allowed in the right hand side of (1.2.8) and the statement is
verified with equality.

Assume now 1 < p < 2. Let first u € C%(Bgr) N Co(Bgr). For every § > 0 we have

IN

N N
—/ nu(u®+8)%! Z D;(a;;Dju) :/ nu® +6)22((p — 1)u? + 6) Z a;jDiyuDju
Br

ij=1 Br ij=1

N
(1.2.9) +/ w(u? 4 06)5 1 Z a;;DyuD;n.
Br

ij=1
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Then, from Fatou’s Lemma we have

N
(p— 1)/3 nlulP~? Z a;jDiuDju X fuz0y
R

ij=1
< lignjélf< / nu(u? +68)%! Z D;(ai;Dju) / w(u? +68)5! Z ai;D; uDﬂ)
i,j=1 ,j=1
N
= 7/ nulu|P2 Z D;(a;;D;u) —/ wlu|P2 Z ai; DiuDjn.
Br i,j=1 Br i,j=1

It follows that the function n|u|P—2 Z?’;:l aijDsuDju X{uz0y belongs to L'(Bg) and, letting
d — 01in (1.2.9), by dominated convergence (1.2.8) holds with equality. In the general case where
u € W2P(Bg) N Wy (Bg), we can consider a sequence (u,) in C2(Bg) N Cy(Bg) such that
uy, converges to u in W2P?(Bg). In particular, we can find a subsequence (u,,) and functions
h1,ha, hs € LP(Bg) such that u,, , Du,, , D*u,, converge to u, Du and D?u, respectively, almost
everywhere and

un, ()] < ha(2),
|Dup, ()] < ho(z),
|D?up, (2)] < hs(a)

(see [10, Teorema IV.9]. Taking the previous step into account and applying again Fatou’s
Lemma, we get

(1) /B nlulr=2 Z 4y DauD Y uoy

i,j=1

< liminf <_/ nunklunklp 2 Z D aZJD unk)
Br

k——+oo =
(1.2.10) 7/ Uy Uy, [P Z ai; D; unijn>
Br ,j=1
Using Young’s inequality one has
N
tny 723 DilaggDyuny)| < ealun, |7 (1D, | + (D, )
ij=1
< CQ(‘”"}«‘I] + (|Dunk‘ + |D2“nk|)p)
< coffum P + 1Dty P + 1D, )
< o (h'f FRE+ hg) e L'(Bp),

where ¢z depends on ||a;;||oo, [[Daijl|lo and p. In the same way, one can estimate the remaining
term, hence estimate (1.2.8) follows from (1.2.10) using dominated convergence. O

Proposition 1.2.3 (B, D) generates a strongly continuous semigroup T(t) in LP(RN), 1 < p <
00. Moreover, setting A, := —inf, cgpw (% div b(x) + c(a:)), for all X >\, and f € LP(RY), there

ezists a unique solution u € D of Au — Bu = f and the estimate

(1.2.11) lullpy < A= 2) M IS
is satisfied.
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PROOF. It is sufficient to prove the statement when c¢ is equal to zero, since in the general case,
the thesis easily follows from a perturbation argument (see [21, IIL.1.3]).

Let us consider (B,C°(RY)). Proceeding as in the forthcoming Lemma 1.3.1, it can be
proved that C2°(RY) is dense in D with respect to its natural norm

lullp = [lullz,p + [[{b; Du)[p-
The interpolatory estimate ||Dull, < k(||lull, + ||D?ul|,) and estimate (1.2.2) yield immediately
1Dully < C(llull, + | Bully), v e C(RY).

Therefore, we have

< C(ID*ully + [ Dullp + | Bully) < Cllullp + | Bully)-
P

N
> Di(ai;Dju) — Bu

4,j=1

16, Dulp =

Collecting all the estimates so far, we have established that for every u € C°(R™), hence, by
density, for every u € D

[ullz,p + 1[{b; Dwlp < C(l[ullp + ([ Bullp)-

Since the other inequality is obvious, we have that || - ||p and the graph norm of B, || - ||, are
equivalent. Therefore, (D, |- ||p) is complete and as a consequence (B, D) is closed in LP(RY).
Let us prove that (B — Ao, C2°(RY)) is dissipative in LP(RY), where

1
Ao = —— inf divb.
D RN

In this case, we say that (B, C>°(RY)) is quasi-dissipative. Let A > \g and u € C°(RY) be fixed.
Multiplying the equation Au — Bu = f by u|u[P~2 and integrating by parts we deduce

N
1
A |u|Pdx + (p — 1)/ |u|P~2 g aijDiuDjuda:—&—];/ divb |u|Pdx :/ fuluP~2dz
RN RN RN RN

i,j=1
and then
1
()\—AO)/ |ulPdz < / (A+divb> |u\de+u0(p—1)/ | Dul?|u|P~2dx
RN RN p RN
1 1—1
< (/ |f|de) (/ u|pdx> .
RN RN

Dividing by [ul2~" we get (A — Xo)|lull, < [[Au — Bul, as claimed. Therefore, the operator
(B,C(RY)) is quasi-dissipative.

The next step is to show that (A — B)C°(RY) is dense in LP(R™) for some large \. Let ¢ be
the conjugate exponent of p and let w € LI(RY) be such that

(1.2.12) / (Ap — Bp)wdz =0, Y o € C(RYN).
RN

We claim that w = 0. By a classical result concerning local regularity of distributional solutions to
elliptic equations (see [5] and the references therein), it turns out that w € W24(RN). Therefore
we are allowed to integrate by parts in (1.2.12) and we deduce that

N
(1.2.13) / Aw @ dx —/ Z D;(a;jDjw)p dx +/ divbw ¢ dx +/ (b, Dw)p dx = 0.
RN RN RN RN

ij=1
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Using an approximation argument, it can be seen that the equation in this form is satisfied also by
any function ¢ of LP(RY) with compact support. Indeed, if ¢ is such a function, set ¢,, = 0, * ¢,
where g, is a standard sequence of mollifiers. Then ,, € C°(RY) and ¢,, converges to ¢ in
LP(RY), as n — o0o. Moreover, we can find R > 0 sufficiently large in such a way that suppyp,
and suppy are contained in Bpg, for every n € N. Each ¢,, satisfies (1.2.13) and letting n — oo,
we obtain that ¢ verifies (1.2.13), too.

Now, let 1 be in C°(RY) such that n = 1 in B;, 0 < < 1,7 =0in RN \ By and set
M (2) = n(£). Plugging wlw|?~?n2 into (1.2.13) and using (1.2.8) we deduce

N
[ Attt =0 [ adel Y ayDwDiw xus

ij=1

N
w2 [ w2, 3 DD+ [ diblulad+ [ Dwpulul
RN RN RN

ij=1

N
< [ Mot = [ 3 DitagDupelel 2+ [ divojuptd
RN RN RN

ij=1
+/ (b, Dw>w|w|q_2 77721 =0.
RN

Then, using the ellipticity condition and integrating by parts we get

N
/ )\|w|q77,2L + vo(p — 1)/ ni\w|q_2|Dw|2 X{w£0} + 2/ w|w\q_2nnz a;; DiwDjny,
RN RN RN

ij=1

1 2
—|—/ divb |w|? ni — 7/ divh |wl]? i — f/ (b, D) |w|¥m, < 0.
RN q JrRN q JrN

Therefore
1 . _
a1 [ (ne T aw) el - 1) [ Rl DR sy < 5o
where
N
Il = —2/ w|w|q72’r]" Z aijD,;ijnn dx
RN “
7,7=1

2
I, = 7/ (b, Dnp)|w|? ny, dex.
q JRN

From Holder’s inequality it follows that
L < 2NK [ Dol 1D ot ds
RN

2N HDn”ooK

1.2.15 <
(215 <

[ Dl T2 01072 iy da

|Dn|le NK
n

Dnlec NK _
P20l T8 [ s iDuPlul™ xqusop do -+ ol dr,
R

RN
where K = max; ; ||ai;||co. Concerning I», we observe that since b is Lipschitz continuous in R,
there exists a constant L > 0 such that |b(x)| < L(1 + |z]), for every = € RY. Therefore

2
(1.2.16) L] < */ 1 (2)[b(2)] [ D ()| [w(2)[* de
q Jn<|z|<2n
2Dyl oo L 1
< UL g,
q n<|z|<2n n
6 [ Dl L

IN

/ ()7 da.
q n<|z|<2n
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Taking (1.2.15) and (1.2.16) into account, (1.2.14) gives

1 Dills NK _
/ ()\+ - d1vb> w|®n + (uo(p— 1) - ”n”) / M w| T2 Dwl* X w0y
RN p n RN

Dnllec N K Do L
_ 1] o U2 [ g,
q n

B n RN <|z|<2n

_ IDnllec N K
n

For n large vp(p — 1) > 0 and if A > A\g we have

Dijlloe N K Dl
(Aon)/ ]2 < L/ |w|qczx+M/ ol da.
RN n RN q n<|z|<2n

Letting n — 400 we infer w = 0.

From the Lumer Phillips Theorem [21, Theorem II.3.15] it follows that the closure (B, D(B))
of (B, C*(RY)) generates a strongly continuous semigroup in LP(RY). Since (B, D) is closed
and C°(RY) C D, we find that (B, D) extends (B, D(B)). Conversely, if f € D, then there exists
a sequence (f,,) in C°(RY) such that f,, converges to f with respect to || -||p, which is equivalent
to ||-||g. This implies, by definition, that f € D(B) and Bf = Bf. Therefore (B, D(B)) coincides
with (B, D).

As far as the last part of the statement is concerned, we observe that as a consequence of
the generation result, for A\ large, the resolvent equation A\u — Bu = f admits a unique solution
u € D, for every f € LP(RN). In order to determine the lower bound of )\, as before we have to
multiply the equation A\u — Bu = f by u|u[’~2 and to integrate by parts. In this way we find
that A has to be strictly larger than A, = —inf (% divd + c) and that estimate (1.2.11) holds, as
stated. L]

1.3 A priori estimates of |Vul|,, |[Dul|, and || D?ul|s

From now on, for clarity of exposition, we assume that co, = ¢cg = ¢, = ¢ = cp = 0

in conditions (H1), (H2), (H3) and (H4). This is always possible, keeping the same constants
a, 3,7, T, just replacing V with V' 4+ X and choosing A large enough (this implies possibly different
constants in the statements).
In this section we provide, as a preliminary step, some a priori estimates for the solutions of the
elliptic equation Au — Au = f. Precisely, via integrations by parts and other elementary tools,
we prove that for all v € D, the LP-norms of Vu and Du may be estimated by the LP-norms of
Au and wu itself, with constants independent of u. If p = 2, we also deduce an analogous estimate
for the second order derivatives of wu.

Let us first show that C2°(R”) is dense in (D, ||-|lp,), 1 < p < +0o0, so that all our estimates
will be proved on test-functions.

Lemma 1.3.1 Suppose that (Hj) holds. Then C2°(RY) is dense in (D, ]| - ||p,)-
PROOF. Let 1 be a cut-off function such that 0 < n < 1, 7 = 1 in By, suppn C By and
|Dn|? + |D?*n| < L. We write n,,(z) in place of n(z/n).

Suppose that u € D,. It is easy to see that |n,u — ul|p,, as n — oco. In fact, n,u — u in
W2P(RY) and Vn,u — Vu in LP(RY), by dominated convergence. Moreover,

<F7D(77nu)> = 77n<F7 Du> + u(F, D77n> :
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As before, the first term in the right hand side converges to (F, Du) in LP(RY), as n goes to
infinity. The second term tends to 0 since from (H4) it follows that

1 4 2 P/2
/ [ulP|(F, Dn,)|P dz < LW@P/ VP 1+4n” e
RN Ban\Bn n2

5P/2 P2 91’/ [VulP de.
RN\B,,

(1.3.1)

IN

This shows that the set of functions in D,, having compact support, denoted by D, ., is dense in
D

-

Suppose now that w € Dp.. A standard convolution argument shows the existence of a
sequence of smooth functions with compact support converging to u in D,. Thus, the density of
C(RY) in (Dp, || - |1p,) follows. O

We state that, under rather weak assumptions, the operator (4,C2°(RY)) is dissipative in
LP(RY), for any 1 < p < +o0.

Lemma 1.3.2 Suppose that

(1.3.2) divF +pV > 0.

Then (A,C(RN)) is dissipative in LP(RY).

PROOF. We have to prove that for all A > 0 and for all u € C>°(R") one has
(1.3.3) lully < e~ Au],.

Let A > 0 be fixed. If u € C°(RY) we set u* = u|u|P~2 and recall that
(1.3.4) D(u*) = (p—1)|u[P"?Du, D(|ul’) = pu*Du.

Set Au — Au = f. Multiplying both sides of this equation by u* and integrating by parts, we
obtain

1
/\/ |ulP + (p — 1)/ (qDu, Du)|u|P~2 dx + 7/ div F|ul? dx —|—/ ViulP de = / fu*dx.
RN RN P Jry RN RN

By (1.1.1) we get
(p— 1)/ (qDu, Du)|ulP~2dz > (p — 1)1/0/ | Duf?[ulP~2dz >0
RN RN

and taking (1.3.2) into account it turns out that
1 1—1
P P
)\/ |u|p§/ futdx < (/ f|pdx> (/ |u|pdx> .
RN RN RN RN
Multiplying by ||ul|,~? we get (1.3.3). O

Remark 1.3.3 It is noteworthy observing that if (1.3.2) holds, 1 < p < 2 and u € C2°(RY) then
(1.3.5) / \Duf < c/ (AUl + [u[?) dz,
RN RN

31



where ¢ = ¢(vg,p) > 0. In fact, from the proof of Lemma 1.3.2, with A = 1, we deduce that

1
1.3.6 / DullulP~2dz < (/ u—Aupda:>
(136 [ 1DuPl 5 ([ = au
< c/ (|AulP + |ul?) dz,
RN

: -3
(/ |u|P dx)
RN

where ¢ = ¢(vg,p) > 0. If p = 2, we are done. If 1 < p < 2, Young’s inequality with exponent
2/p yields

[ prde= [ (1Dapla ) T de e, [ (DuPluP ) do
{uz0} {uz0} {uz0}
and (1.3.5) follows by (1.3.6).

Remark 1.3.4 We note that condition (H2’), with c¢g = 0, together with (1.1.7) implies con-
dition (1.3.2), so that Lemma 1.3.2 still holds. If c¢g # 0, then the same computations of
Lemma 1.3.2 show that (A — Cf,Cg"(RN)) is dissipative in LP(R"), which means that oper-
ator (A, C°(RY)) is quasi-dissipative. Explicitly, one has

(13.7) wus(x—f)_mx—mmu,uecway

In the following lemma we prove an estimate of the LP-norm of Vu.

Lemma 1.3.5 Let 1 < p < 4+o00. Assume that (H1), (H3) and

(1.3.8) divF 4+ 3V >0
hold with

M I} p—1
1.3.9 —(p-1Da?+ = +y— <1,
(1.3.9) 1 ( ) » ’

where M := sup,cp~ max‘§\=1<Q($)§v £)-
If u € C(RY), then

(1.3.10) / [VulP dx < c/ (|Aul? + |u|?) dx
RN RN

for some ¢ > 0 depending only on p, M,vy and on the constants in (H1), (H3) and (1.3.8).

PROOF. Let u € C°(RY). We recall that if u* = u|u[P~2, then (1.3.4) holds.
Integrating by parts one deduces

/ (Aou)VP—lu* dr = _/ <un’D(Vp—1u*)> dx

RN RN

-y / (gDu, Dy VP ulP ™ da — (p — 1)/ (gDu, DVYV?~2|ulP~2y dx
RN N

and
1
/ Vp_l(F,Du>u*dx:f/ VP=YF, D(|ul|P)) dx
RN P JrN

1 1
_ _7/ VP ldivF|ulP de — p—/ VP=2{E, DV)|ulP da .
P JrN p RN
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Thus, multiplying (1.1.2) by V?~!'u* and integrating, we obtain
(1.3.11) (p— 1)/ (qDu, Du)VP~ |u[P~2 da —|—/ [Vul? dx

RN RN

1
= —/ (Au)VP~ 1" do — 7/ VPl divF|ul? do
RN P Jrwy
-1
—p—/ VP=2{(E, DV)|ulP da: — (p — 1)/ (¢Du, DVYVP~2|u[P~2y da.
p RN RN

Now, assumptions (1.3.8) and (H3) imply

(1.3.12) —/ VPl divF|ul? de < ﬂ/ |[VulP dx
RN RN
and
(1.3.13) —/ VP2(B, DV ul? dx Sv/ WVl da
RN RN
respectively.

By (1.1.1) and (H1) the last term in (1.3.11) can be estimated as follows

IN

(1.3.14)/ (gDu, DV)VP~2|u|P~ 2y dx / (gDu, Du)'/2(qDV, DV )Y/ 2V P2 |u[P~t du
RN RN

IN

avM (gDu, Duy'/2VP=1/2|y|P~1 dg:
RN

Setting Q* := [ (¢Du, Du)VP~Hu|P~2 dz and R? := [y [VulP dz, from Holder’s inequality it
follows

(1.3.15) / (gDu, Du)/2VP=1/2)yP~1 dz < QR.
]RN

Thus, collecting (1.3.11)—(1.3.14) we obtain

-1
(p—1)Q*+ (1 - g - W) R? < alp—1)VMQR+ / (Au)VP~ " do
RN
— a2
< -z B M pe
+ / (Au)VP~ly* da | .
RN
Since
/ (Au)VP~ly* da| < / |Au||Vu|P~ dz < eR% + CE/ |Aul? dz

RN RN RN

the thesis follows from (1.3.9) and by choosing e small enough. O

The next result provides an LP-estimate of V|Du|, with p > 2. In particular, since V' > 1, it
extends estimate (1.3.5) to the case p > 2. We explicitly notice that we need a further assumption
on F', namely the dissipativity condition.

Lemma 1.3.6 Let p > 2. Assume that (H1), (H2), (H3) and (1.3.9) hold and that 8 satisfies
also the inequality

(1.3.16) 1-5—7>0.



If u € C2(RY), then
(1.3.17) / V|Du|pdx+/ |Du|p’2|D2u|2dx§c/ (JAuf? + [uf?) dz,
RN RN RN

with ¢ depending on N,p, vy, o, 8,7, M, || Dgijl oo -

ProOOF. We divide the proof in two steps: in the first step we consider the supplementary
assumption that ¢;; € C? (R™M), in the second one we remove this condition via an approximation
procedure.

Step 1. Suppose that ¢;; € CZ(RY) N CHRY), for every 1 < 4,5 < N. Let u € C*(RY) and
define f = Au — Au, with A > 0 to be chosen later. With a fixed k € {1,..., N}, we differentiate
with respect to x, so that

N N N
(1.3.18) )\Dku - Z Di(Dkqiiju) - Z Di(qiijku) - Z D;CFiDiu
4,j=1 i,j=1 i=1

N
—> FiDiwu+uDyV + VDyu = Dy f.
=1

Multiplying (1.3.18) by Dju|Du|P~2, summing over k = 1,..., N and integrating on RY we get

(1.3.19) A/ |Du|de+11+12+13+14+15+/ V|Du|pdx:/ (Df, Du)|DulP~2 da,
RN RN RN

where
N
Il = —/ Z Di(Dkqiiju) Dku‘DU|p72 d.]?,
RN k=1
N
IQ = —/ Z Dz(q”DJkU)DkU|DU|p72 dl’,
RN jk=1
N
Iy = —/ > DyF; Diju Dyu|DulP~ da,
RN k=1
N
I4 = —/ Z FZ Diku DkU|DU|p72 d.I,
RN =1

I5:/ (DV, Du)u|DulP~? dx .
RN

Let us estimate the integrals above. Since t — t[t|P=2 is in C*(R™;RY), integrating by parts and
applying Holder’s and Young’s inequalities we have

N
-2
|Il| = /RN Z Dkqij DJ’U,D,L]CU‘D’U,FD

i,j,k=1

N
+(p —2) / > Digij DjuDuDypuDipu|DulP
RN . .
i,5,k,h=1

< 01/ |Du\p_1|D2u|d;v:c1/ | Duf’2(| Du|®=2/2| D2y]) do
RN RN
< 4 |Du\pdx+015/ | DulP~2|D?u|? dx
g JrN RN
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where ¢1 = ¢1 (p, N, || Dgij|loo) and € > 0 is arbitrary. Consequently
(1.3.20) L > _a |Du|? dx — ¢; 5/ | DulP~2| D?u|? dx .
g JrN RN

Assumption (1.1.1) allows to estimate the second integral, after an integration by parts; indeed

N

IQ = / Z qij Djku Diku|Du|p_2 dx
RY i gk=1

N
p—2 _
+— /RN § ¢i; Dj(|Dul?) D;(|Du?)|DulP~* dx

i,j=1

_9 2
> 1/0/ |D?ul?| DulP~2 dx + V()p / ‘D(|Du\2)‘ | DulP~* dz .
Since the last term is nonnegative we deduce that
(1.3.21) I > 1,0/ | DulP~2| D?u|? dz.
RN
From (H2) it follows immediately that

(1.3.22) I3 > —1 V|Dul? dx.
RN

As far as I, is concerned, integrating by parts, it turns out that

N N
I, = / > DiF, (Dyu)? |DufP~* d + / > F; Dyu Digu | DufP™* da
RN T RY k=1

N
+(p—2)/N Y Fi(Dyu)® Dyu Dipu |DufP™* da
RY ; k,h=1

s

= / divF |DulPdx — I, — (p — 2)14
RN
which implies by (H2) that

1
(1.3.23) I = f/ divF |Du|? dx > —é/ V|DulP dx.
P Jry P Jry

Applying (H1) and Young’s inequality, we get
< o[ VDU e =a [ (] Dul )V D) ds
RN RN

g/ \Vu|2|Du|p72dx—|—€oz/ V|Du|? dx
g JrN RN

IN

IN

02/ |VulP dx + 02/ |DulP dx + Ea/ V|Dul? dx

RN RN RN

with ¢a = ea(e,p, ). Then

(1.3.24) Is > —cz/ [VulP de — 02/ |Dul|? dx — 504/ V|Dul? dx.
RN RN RN

We are left to estimate the integral in the right hand side in (1.3.19). Integrating by parts and
arguing as before we obtain
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N
< =03 [ U1IPuP D da

h,k=1

/ (Df, Du)|Du|P~2 dx
RN

N
—2 —2
= - [ 171047 |DulF Y Dl da
R

h,k=1

03/ |f|2 |Du\p*2d:z:+€(p71)/ |Du|p*2|D2u|2 dz ,
RN RN

IN

with ¢3 = ¢3(p, N, €). Applying Young’s inequality we have finally

< 04/ |f|pdx+04/ | Du|? dx:
RN RN

+e(p — 1)/ | DulP~2|D*ul? dx |
RN

(1.3.25) ‘ / (Df, Du)|Du|P~2 dx
]RN

with ¢4 = ¢4(p, N, €). Collecting (1.3.20)—(1.3.25) from (1.3.19) we obtain

(/\—66—1—02—64)/RN|Du|pda:

+(VQ—(cl+p—1)8)/ |\ DulP=2|D?uf? dx
RN

+ (1 _8 —T—5a> V|DulP dx
p RN

SCQ/ |Vu|pda:+04/ |f|P da .
RN RN

From (1.3.16) and (1.3.10), choosing first a small £ and then a large A, we deduce that
/ (|Du|p+V|Du\p)d1;+/ | DulP~2| Dul? dz §c/ (AUl + [uf?) dz,
RN RN RN

where the constant ¢ depends on p, N, vy, M, ||Dg;j]|c and the constants in (H1), (H2), (H3).

Step 2. Let ¢ be a standard mollifier and set, as usual, p.(z) = N (%) If ¢5; = qij * e and

N
Ay = Z Di(¢5;Dju) + (F, Du) — Vu,

ij=1

then by Step 1, noticing that ||¢;;[lec < [|@ijlloo, [Dg;llec < |Dgijlloc and that (gf;) satisfy (1.1.1)
with the same constant v, it follows that

/ (|Du|? + V|Du|P) dx +/ | DulP~2| D?ul? dx < c/ (|A%ul? + |ulP) dz,
RN RN RN

with ¢ independent of €. Since ||A*u — Au||, — 0 as € goes to 0, we get the thesis. O

1.4 A priori estimates of || D?ul|,, ||(F, Du)||,

In the present section, we estimate the LP norm of the second order derivatives of a solution
u € D, of Au = f, f € LP(RY). The proof is more involved than that of the case p = 2
given in Section 1.3, since the variational method fails. Thus, we employ a different technique,
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which works under more restrictive assumptions on the coefficients of A, precisely we replace
assumptions (H1) and (H4) with (H1’) and (H4’), respectively. As noticed in Section 1.1, these
assumptions imply (1.1.8). Moreover, (H5) is assumed.

The estimate of the second order derivatives is proved in Proposition 1.4.5. The idea is
to define, via a change of variables and a localization argument, a family of operators, say
{Az, }ooery, with a globally Lipschitz drift coefficient and a bounded potential term. Then
we apply Theorem 1.2.1 to each A, to obtain local estimates of the LP-norm of the second
order derivatives of u. In order to get global estimates, we use a covering argument based on
Besicovitch’s Covering Theorem (see Proposition 1.4.1 below). We just note that the transformed
operators { A, } turn out to be uniformly elliptic if and only if we require that |F| < /2 which
is the case of [41].

Once that the estimate of the second order derivatives is available, by difference we get the
estimate for (F, Duj).

Proposition 1.4.1 Let F = {B(x, p(x))}zery be a collection of balls such that
(1.4.1) lp(x) = p(y)| < Llz —y|, z,y RV,

with L < %. Then there exist a countable subcovering {B(z,,p(z,))} and a natural number

¢ =((N, L) such that at most ¢ among the doubled balls { B(xy,2p(x,))} overlap.

The above proposition relies on the following version of the Besicovitch covering theorem, (see
e.g. [4, Theorem 2.18]).

Proposition 1.4.2 There exists a natural number §(N) satisfying the following property. If
Q C RV is a bounded set and p : Q — (0,4+00), then there is a set S C §Q, at most countable,
such that  C U B(z, p(z)) and every point of RN belongs at most to £(N) balls B(z, p(z))

z€eS
centered at points of S.

We turn now to the proof of Proposition 1.4.1.

PRrROOF OF PROPOSITION 1.4.1. If L = 0 then the radii are constant and the statement easily
follows.

If L > 0, we consider the sets

0, = B(o, 20(0)(1 + L)") \B(o, 20(0)(1 + L)"—l), n>1
Applying Proposition 1.4.2 we have that for all n € Ny there exists a (at most) countable subset
Sp C §,, such that Q,, C U B(z,p(x)) =: Cy. Since (1.4.1) implies p(x) < p(0) + L|z|, it is

€S,
easy to prove that

C, C B(o,p(O)(2(1 F Ly g 1)) \B(O,p(())(?(l L)1+ L) - 1)), n>1.

Note that 2(1 + L)""'(1 — L) — 1 > 0 for all n > 1 because L < %. Since 1+ L > 1, there exists
k = k(L) € N such that for all n > k

21— L) A+ L)" ' —1>2(1 + L)" 1 41,

which implies that C,, N C,,_,, = 0. Hence the intersection of at most k among the sets C,, can be
non-empty. Moreover, at most {(NN) among the balls centered at points of S, overlap. It turns
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out that 7' = {B(x,p(z)) : © € Sn, n € No} =: {B(zj,p;)} is a countable subcovering of R
and if ¢ = k&(N) then at most ¢’ balls of F’ overlap.

To estimate the number of overlapping doubled balls {B(x;,2p;)} we proceed as in [41, Lemma
2.2]. Let B(z;,pi) € F' be fixed and set J(i) = {j € N : B(x;,2p;) N B(zj,2p;) # 0}.

j € J(i) it turns out that |p; — p;| < 2L(p; + p;), because |x; — ;| < 2(p; + p;), vielding
h_gfpl < p;j < 2L p,. Thus, the balls B(z, p;), j € J(i), are contained in B(z;, 52Lp;). Since
at most & of the balls B(x;, pj) overlap, we obtain

1-2L 5+20\N o
(1+2L) N card J (i Z pJ <¢ ( ) pi

JEJ(2)

N
which implies card J(z) < ¢’ (%) , so that the number of overlapping doubled balls

is an integer ¢, with ( <1+4¢’ (%2(;;2@) _ =

The following simple lemma is a straightforward consequence of assumption (H1’) and it will
be useful to prove Proposition 1.4.5 below.

Lemma 1.4.3 Assume that (H1’) holds. Then there exist € > 0 and two constants a,b > 0,
depending on o, o, j1, such that for all g € RN

aV(x) < V(xg) <bV(x), for everyx € B(xg,3er(zo)),
with
(1.4.2) r(zo) == (14 |zoH)*/ 2V (z0).
PRrROOF. We remark that from the choice of the parameters p and o and since V' > 1 then
(1.4.3) (14 |z[H* 2Vl (z) <1+ |z,

for every € RN. Moreover, (H1’) is equivalent to one of the following inequalities

1—o0)
pyo-ig) < 0= <1,
(1.4.4) ol e

4. a

We prove the thesis assuming o < 1, the case o = 1 being analogous.

Fix 2o € RN and write r in place of r(zo).

Suppose first that |zg| < 1. From (1.4.3) and (1.4.2) it follows that B(xo,3er) C B(0,2), for
every 0 < € < 1/6. Moreover, since V is a continuous function and V' > 1, we have also that
there exist wy,ws > 0, independent of xg, such that

1 V(zo)

1
w1 = inf < inf — < < sup V(y) =was, x € B(xg,3er).
' yGB(O 2) V( )~ y€B(z0.3er) V(y) V() y€B(0,2) ) ? (o )

Let us now deal with the case |zg| > 1. By (1.4.3) one has r(y) < 1+ |y|, y € RY, so that for
every 0 <e<1/6
1+ Jyf?

Sup ———————5 < +00.
=1 L+ (|y] — 3er)?

Therefore, there exist ¢ < 1/6 and 7 both independent of xg, such that

_ 2\u/2
3ea(l —o)(1 + |xo|?)» <r<i,
(1 + (|wo| — 3er)2)w/2 —
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where « and o are as in (H1’). Thus, by the mean value theorem and (1.4.4) it follows that for
every x € B(zo, 3er)

Vo o)1 —7) < VI Ha) < VT (m)(1 4 7)
and, multiplying by V179 (2)V1=7(zy),
(1.4.5) VIZo(2)(1 —7) S VI9(2) < VIo(2)(1 4 7).
Therefore the statement is proved with ¢ = inf{ws, (1 — T)ﬁ} and b = sup{wo, (1 + T)ﬁ} O
The following algebraic lemma is useful to prove Proposition 1.4.5.

Lemma 1.4.4 If (H1’) holds, with (o, p) # (3,0), then for every § > 0 there exists cs > 0 such
that

(1.4.6) |IDV| < 6V3/2 4 ¢5.

Proor. If % < 0 <1, then (1.4.6) trivially follows by Young’s inequality, with ¢5 depending only
on o, a and c,. If instead o = %7 then by assumption g > 0. For all § > 0 choose Rs > 0 such
that (1 + |z[?)*/2 > /6 for every x € RN \ Bg,. Hence

3/2

|IDV] <« <6V o sup V32(x).

L+ [Py = S

O]

In the following proposition we extend to the case p # 2 the estimate of the second order
derivatives stated in (1.5.1) in the case p = 2.

Proposition 1.4.5 Assume (H1’), (H2’), (H4’), (H5) with constants satisfying (1.1.7). If u €
D, then

(1.4.7) / (|Vu|p+\(F,Du)|p+|D2u|p)d$§c/ (|Aul? + |u|P) dz,
RN RN

with ¢ depending only on N, p, vo, M, ||qij|loc, || Dgijllec and the constants in (H1’), (H2’), (H4’)
and (H5).

PROOF. By Lemma 1.3.1 we may reduce to consider u € C2°(RY). Moreover, for the sake of
simplicity and without loss of generality, we can prove the statement assuming cg = 0.

Set f = Au. We claim that the assumptions of Lemma 1.3.5 hold. Since |div F| < v/N|DF]| then
(H2’) implies

(1.4.8) divF + BV >0

with 8 < p because of (1.1.7).
Moreover, (H1’) and (H4’) imply (1.1.8), that is

|(F,DV)| < afV?.

If (o, 1) = (3,0), then (H1) trivially follows from (H1’) and (1.1.8) implies (1.3.9). If instead
o> % or > 0, then by Lemma 1.4.4 (H1) holds, with « and ¢,, replaced by § and cs, respectively,

with § arbitrarily small. Choose §, depending only on N,p, M and on the constants in (H1’),
(H2"), (H4’) and (H5), such that

p

M p—1
1.4.9 —(p-1)+= +a0—— < 1.
( ) 4(29 ) v »
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Thus, (1.3.9) holds and Lemma 1.3.5 implies

(1.4.10) / [Vul? de < c/ (If1P + |u|P) dz
RN RN

It remains to estimate the LP-norms of |D?u| and (F, Du). We begin by considering the
second order derivatives of u. Then, by difference, we obtain the estimate of (F, Du).
For every g € RV let € and 7 = r(z¢) be as in Lemma 1.4.3. We point out that ¢ is independent
of Zo-
Define yo equal to Azg, with X\ := V/2(zy). We consider two cut-off functions 1 and ¢ in
C=(RY), 0 < n,p < 1, satisfying the following conditions

n = lin B(yo,eAr), suppn C B(yo,2eAr),
¢ = 1lin B(yo,2eAr), suppp C B(yo,3eAr),
L
(1.4.11) |Dnl* + |D*n| + Dol + [D*0| < 15,
for some L > 0, depending on &, but neither on xy nor on yy. For every x € RN, define y = Az

and consider v(y) = u ( ) Then v satisfies the equation

N

3 D@Dy ) ) + 5 (F), Dyow) = 35V hw) = 350,y €RY
with G;;(y) = i (%), F (%), V(y) =V (%) and f(y) = £(%)
Setting w( )= n(y)v(y) we deduce that
N
(1412) 37 D@Dy 0) + 5 (Fl), Dy ) - 55V 0wly) = 9(o)

with ¢ defined as follows

(1.4.13) g(y) = %n(y)f(y) +2(q(y) Dn(y), Dv(y)) + div(gDn)(y)v(y) +

y € RY. Since suppw C B(yo, 2eAr), equation (1.4.12) is equivalent to

N
> Dy, (G (y) Dy, w(y)) + %s@(y)@(y), Dyw(y)) — %w(y)f/(y)w(y) =g(y), yeRV.

i,j=1

Now, let us define the operator

- N 1 - 1 -

(1.4.14) A= Z Dy, (Gi;Dy,) + 1 (F,D,) — —¢V.
i,j=1

Claim 1. %gpf/ and ’(%ch,D@j)‘ are bounded in RY and %gpﬁ is globally Lipschitz in RY

|

Proof of claim 1. The main tool is Lemma 1.4.3. Recalling the definition of A, V and the
relationship between y and z, from Lemma 1.4.3 it follows that

with '

%gﬁ 1% (%@F, Dg;;) Hoo and the Lipschitz constant of %gpﬁ' independent of xg.

1 - V(x)
sup < (y)V(y) < sup
yERN A2 z€B(xo,3¢er) V(xo)

IN
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Taking into account assumptions (H2’), (H4’) and (1.4.11), we have that

1 ~ 1 Y
sup |=D,(p(y) F(y = sup DF()cpy+F()Dg0y'
JERN )\ y( ( ) ( )) e B(yo.3e)r) AQ( ) )\ ( ) A )\ Yy ( )
F
e V@ F@)
x€B(xo,3er) V( ) z€B(xo,3er) ’I“V(.Io)
1% 1 5V
< VO gy, OEDEVE
x€B(z0,3eT) V(LCQ) z€B(z0,3¢er) (1 + |.Z‘0| )2 (.’IJ())
Using Lemma 1.4.3 and equation (1.4.3) we infer that
1 - B LO[1+ (|zo| + 3er)?]%
sup |—=D F < -4 — I
s [fosenFol| < G4 SRR
©
< I6] n L8>
a a’
which implies that %(pﬁ’ is globally Lipschitz in R, uniformly with respect to zg.
Finally, assumption (H5) yields
1 - - 1~ -
sup (3o PO D] < s NGF). Do)
y€ERN yEB(yo,3eAr)
1
< sup 55 [(F(2), Dgij(2))]
x€B(x0,3eT)
< K sup Viz) sup ! < r +c
- z€B(xzo,3eT) V( ) x€B(x0,3er) V( ) T a "

because of Lemma 1.4.3 and V > 1.

Claim 2. The function g in (1.4.13) satisfies the estimate
(1.4.15)

p C p p p p
L@ s g [ (@ @ V@@ VD) de,

for some C depending on ¢, but not on x.

Proof of claim 2. We separately consider each term of g. The constants occurring in the
estimates may depend on €.
The first term in (1.4.13) is the easiest to estimate, in fact

1

1 y P
1.4.16 — (7 7) 1 / -
( ) /]RN )\QU(y)f A y N )\2;0 / (yo,2eAr) AN B(zo,2er) ‘f(x)| *
Using (1.4.11) we can estimate the LP-norm of the next two terms as follows
G C1 Y\ [P
22 Dyn(w). Do) dy < 55t [ u (L[ ay
/RN Y Y \2pyP Blyo,26Ar) N

Cy Cy VPU=9) (z4)
- / [Du(e)l” de = / ) D
T B(zo,2er) B(zg,2¢er) ( + ‘LU()| )

dy =

()" d

and

Cs
div(gD yvypdygi/ v(y)|? dy
[ @@y < gt [ e

C C V2p(1-0)
= UGy Uintala COTRRTIP N
AZP rep B(zo,2er) AP B(zo,2er) (1 + |x0| )pu
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with C; and Cy independent of x.
Recalling that V > 1, ¢ > %7 @ > 0 and using Lemma 1.4.3, we obtain

yp(l—0o)
/ %|Du(a€)|p dx
B(xzg,2er) (1 + |£C0| )p/J/

IN

/ VY2 (20) Du(x) P dz
B(xzo,2er)

IA

w2 / [VY2(2) Du(z)|P dx
B(xo,2er)
and

2p(1—0o)
/ V@) e de < [ W@l
B(xo,2¢er) (1 + |(E0‘ )P/J« B(zo,2¢r)

< W / WV (@)u(z)|? dz .
B(zo,2er)
Hence, there exists C3 independent of xy such that the following inequality holds

(1.4.17) /RN (12(3(y) Dyn(y), Dyv()I” + |div(gDn) (y)v(y)|) dy <

Cs z)u(x)P 12(2) Du(2)|P) dx
T /B(zo}m)(lV( Ju(@)[P + [V (z) Du(z)[?) d .

Concerning the last term in (1.4.13), we use again assumption (H4’) and we get

p F P P
(1.4.18) / dy < —C / [F@)Pl)P
RN B(xo,2er)

A2p—N P
< co? /
T AN B(zg,2er)

Cy /
< WV (2)u(z)|P do
AN B(zo,2er)

where Cy is not depending on xy. Thus, the claim is proved since collecting (1.4.16)-(1.4.18),

%(F (v), Dn(y))v(y)

(1+ |z?)/2ve—1(x)
(14 |zo[?)#/2Vo=1(0)

p

|V (z)u(z)[” de

inequality (1.4.15) follows.
Let us now prove (1.4.7). Applying Theorem 1.2.1 with B replaced by A, we have

/ D2y dy < K / ()P + l9(y)|?) dy.
RN RN

with K independent of xy. By the definition of w it follows that

/ |D*u(y) P dy < K/ (lv@)I” + [g(y)[") dy
B(yo,eAr) B(yo,2eAr)

and consequently, since y = Az,

1 / 9
—— |D*u|P dx <
AN B(zg,er)

1
< K AN/ lul? da + K, W/ (ful? + 117+ [Vul? + [V Dup) de
B(zq,2er) B(zo,2er)

Multiplying both sides of the previous inequality by A**~" and recalling that A\ = V1/2(z() we
obtain

/ |D?ulP da <
B(zg,er)

<k [ Weau@Pde Ky [ (a7 VAl VD) de,
B(xzo,2¢er) B(xzo,2¢er)
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which implies
(1.4.19) / |D*ulP dx < Kg/ (|u|” + [ fIP + [VaulP + |V1/2Du\p) d
B(zo,eT) B(zg,2¢er)

because of Lemma 1.4.3. Now, in order to apply Proposition 1.4.1 we need to verify the Lipschitz
continuity of the radius e r with respect to xzg. To this aim, we remark that from assumption
(HY’) it follows that

DEn)@)] = |u(1+ ) V7 @) + (0 = (1 + o) §V7 2 (@) DV ()]

1 — 0 (E2 Lyo—2 T 2
E{(1+|xz)lg“v1a($) + (1= o)1+ [2[7)2V7 (@) DV( )I}
< e{l+(1-o0)a}

which is less than 1/2, choosing a smaller ¢ if necessary. Let {B(z;,er;)} be the covering of RV
yielded by Proposition 1.4.1. Applying (1.4.19) to each z; and summing over j, it follows that

/ | D?u|P da < Z/ | D%u|P da
jJEN B(zj.er;)
< K, Z/

jEN B(xj,2er;)

(lul? + 1717+ [Vl + V2 Duf?) da
= K, / (R@P+ 1@+ V@u@) + V@) Du@)) Y Xp, 20 (@) da
JjEN

<Ko [ (juP +10P 4 Val? + [V2Dup) o,
RN

where ( is given by Proposition 1.4.1. Now, [41, Proposition 2.3] yields two constants 7o, ¢ > 0
(independent of u) such that for all 0 < v < g

C
IV/2Dull, < AI|D?ull, + ;IIVUIIn

Choosing ~ sufficiently small and taking into account (1.4.10) it turns out that

/ D2 di < ¢ / (FIP + uf?) da
RN RN

for some ¢ > 0 depending on the stated quantities.
Once that the estimate of the second order derivatives is available, by difference we get the
estimate for (F, Du), that is

[ ppapds<e [ () do
RN RN

1.5 Generation of a Cy-semigroup in L*(RY)

In this section we prove Theorem 1.1.1, which states that the operator (A, Ds) (see (1.1.3))
generates a Cp-semigroup in L2(R™), which turns out to be contractive if cg = 0.
The proof goes as follows. As a by-product of Lemma 1.3.1 we deduce that the a priori estimates
proved in Section 1.3, with p = 2 extend to Dy. More precisely, it follows from Lemma 1.3.1,
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Remark 1.3.3, Lemmas 1.3.5 and 1.3.6 that if v € Dy and (H1), (H2), (H3), (H4), (1.1.5) and
(1.1.6) hold, then

(1.5.1) / (IDuf? + |Vul? + | D?ul?) dz < c/ (JAul? + |uf?) de,
RN RN

for some ¢ depending only on N, vy, a, 3,7, M, ||Dg;j|l. By difference, since Au is in L2(RY),
then

(1.5.2) / \(F, Du)[? dz < c/ (JAuP + |uf?) de,
RN RN

with a possibly different c.

Estimates (1.5.1) and (1.5.2) allow to prove that (A, Ds) is closed in L2(RY). Clearly, it is
densely defined. If ¢z = 0, then (A, D;) is also dissipative. In order to apply the Hille-Yosida
Theorem, it remains to prove that A — A : Dy — L2(RY) is bijective for sufficiently large A. This
is proved through a standard procedure, namely by approximating the solution of the elliptic
equation \u — Au = f, f € L>(RY), with a sequence of solutions of the same equation in balls
with increasing radii and satisfying Dirichlet boundary conditions.

Lemma 1.5.1 Suppose that (H1), (H2), (H3), (H4), (1.1.5) and (1.1.6) hold. Then (A, Ds) is
closed in L*(RN). Moreover, (A — %2, D,) is dissipative.

PROOF. If u € Dy, then ||ulla < c1||lul|p,, || - |4 being the graph norm of A, for some positive
¢1 depending on [|g;j|lec and || Dg;jllco. Moreover, from (1.5.1) and (1.5.2) there exists ca > 0
such that ||u|lp, < ca]|ul|a. This proves that || - ||p, is equivalent to || - || 4; since Dy is obviously

complete with respect to the former, it turns out that D5 is also complete with respect to the

latter, which just means that (A, Ds) is closed.

Finally, taking into account Remark 1.3.4 and Lemma 1.3.1, we conclude that (A — %, Dy) is

dissipative. O
In the proposition below we study the surjectivity of the operator A — A, for positive A. We

remark that the injectivity for A > %ﬁ follows from the dissipativity stated in Lemma 1.5.1.

Proposition 1.5.2 Suppose that (H1), (H2), (H3), (H4), (1.1.5) and (1.1.6) hold. Then for
every f € L2(RN) and for every A > cg/2, there exists a solution u € Dy of

(1.5.3) Mu— Au=f, inRN.
Moreover,

can —1
(1.5.4) lulls < (A= 3) U]l

PrOOF. We deal with the case cg = 0 only, since the remaining case cs # 0 is analogous.
For each p > 0 consider the Dirichlet problem

A —Au=f, in B,
(1.5.5)
u=0, on 0B,

with A > 0 and f € L*(RY). According to [26, Theorem 9.15] there exists a unique solution u,,
of (1.5.5) in W22(B,) N W,"*(B,). Let us prove that the dissipativity estimate

Mupll2s,) < 1fll2@w)
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holds. Multiplying
(1.5.6) Ay — Aup, = f

by u, and integrating by parts with similar estimates as in the proof of Lemma 1.3.2, taking into
account that u, =0 on 0B,, we get

1
)\/ uidm—i—uo/ |Dup|2dx+f/ divFuf;dm—i—/
B, B 2 /B, B

P

Vuidxg/ fu,dx
BP

P

and by (H2) it follows

1/2
)\/ uidm—f—l/o/ |Dup|2dx+(1—§>/ Vuf)dxg (/ uidm) (/
B B B B, B

3 P 3

1/2
f? d:r) .

P

Then we have
(1.5.7) lupllzecs,) < A7 llze@yy s 1Dl s,y < vo /2A2) £l 2 -

Multiplying (1.5.6) by Vu,, with analogous estimates as in the proof of Lemma 1.3.5 we get the
inequality

(1.5.8) IVupllzzs,) < cllfll2@ny

with ¢ independent of p.
Let p1 < p2 < p. By [26, Theorem 9.11] and (1.5.7) we obtain

upllw22(,,) < a (||f||L2(Bp2) + ||Up\|L2(Bp2)) < |l fll 2wy,

with ¢; and ¢, independent of p. Thus, {u,} is bounded in VVlif (R™), hence there is a sequence
{up.}, pn < pny1, weakly convergent to u in W2 (RY) and strongly in L _(RY). Actually,

loc

{u,, } strongly converges to u in VVlif (RN). In fact, fixed s and ¢, 0 < s < t, for every n, m such

that pn, pm > t, by [26, Theorem 9.11] again,

[, = o, llw22m,) < e(s: Ollwp, = up,,|lL2(8,)

since both u,, and u,,, satisfy Au—Au = f in B;. The convergence of {u,, } to u in L?(B;) proves
that {u,, } is a Cauchy sequence in W??2(B;) and so the assertion follows. As a consequence, u
is a solution of (1.5.3) for a.e. z € RY.

In order to conclude, it remains to prove that u € Dy. First, we prove that u € W1H2(RY)
and Vu € L2(RY), then that (F, Du) € L*(RY). Finally, by difference from (1.5.3) and using
classical L?-regularity, it follows that u € W22 (RN).

By (1.5.7) and (1.5.8) we get that, fixed R < py,

/ ui dr < / uin dr < 272 f2 dx,
Br B

Pn RN
| 1D Pas< [
Br B

/ (Vauy, )?dr < / (Vu,,)*dr <c fAdx.
Br

B RN

|Du,, |>dz < VJIA_l/ f2dx
RN

Pn

and

Pn

45



Since ¢ does not depend on p, and R, letting first n — +o0o and then R — 400, we get (1.5.4)
and

/ (|Dul? + |Vu|?) dz < c/ frdx.
RN RN

In particular, u € W12(RY) and Vu € L2(RY).
Now, let n € C>(RY) such that 0 <7 < 1, n =1 in By, suppn C By and |Dn|? + |D?y| < L.
Set n,(x) = n(x/n). We have

N
(1.5.9) A(npu) — npAu = Z gi; DjuD;ny, + Di(g;juD;ny,) + (F, Dnp)u.

ij=1

Observe that A(n,u) — n,Au — 0 as n — +oo in the L?norm. In fact, Ei\’;:l(qiijuDiT]n
+D;(qijuD;jn,)) goes to 0 in the L:norm, since u € WH2(RY) and, arguing as in (1.3.1), we
obtain the convergence to 0 for the last term in (1.5.9), too. Since n,Au — Au in L?, then
A(npu) — Au, too. Being n,u € Ds, by the equivalence of the two norms || -||p, and ||- || 4 proved
in Lemma 1.5.1 we get

[(F, Duynallr2eyy < ¢ (lAMnw)l| r2@yy + mnull L2@yy) + [[(F, Don)ull 2@,
Letting n — 400, one then establishes
IKF, D)l 2oy < e (1 Aull pageny + llull 2 @) -
By difference, Z?fj:l Di(q;jDju) belongs to L2(RY). Thus, by (1.1.1) and L? elliptic regularity
the second order derivatives of u are in L2, which implies that u € W2?2(RY) and u € D,. O

The proof that the operator (A4, D) generates a strongly continuous semigroup in L?(RY) is
now a straightforward consequence of the above results.

PROOF OF THEOREM 1.1.1. Tt is easily seen that (A, Ds) is densely defined, then the assertion
follows from the Hille-Yosida Theorem (see [21, Theorem I1.3.5]). If ¢z = 0 then (A, Ds) is
dissipative and therefore the generated semigroup is contractive. ]

1.6 Generation of a Cj-semigroup in L*(RY)

The present section is devoted to the proof of Theorem 1.1.2. As in the case p = 2 treated
in Section 1.5, the a priori estimates given by Proposition 1.4.5 allow to prove that || - ||p, and
I - |la are equivalent norms. This easily implies the closedness of (A4, D,). Moreover, it is readily
seen that (A, D)) is quasi dissipative. It remains to show that A — A is surjective for A large and
this is, actually, the main result of the section. The proof is different from that of Proposition
1.5.2, which does not work for p # 2. Here we approximate the coefficients of the operator A.
Moreover, we clarify the reason why we require assumption (1.1.7), which is stronger than the
corresponding one for p = 2. In fact, also the operators A. defined in the proof of Proposition
1.6.2 must satisfy our hypotheses.

The proof of the following Lemma is the same as the one of Lemma 1.5.1 and we omit it.

Lemma 1.6.1 Suppose that (H1’), (H2’), (H4’) and (H5) hold, with constants satisfying (1.1.7).
Then (A, D,) is closed in LP(RYN). Moreover, (A — Cf,l)p) is dissipative.

Proposition 1.6.2 Suppose that (H1’), (H2’), (H4’) and (H5) hold, with constants satisfying
(1.1.7). Then for every f € LP(RN) and for every A > %" a unique solution u € Dy of

Mu—Au=f, inRY
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exists. Moreover,

-1
(16.1) lully < (A— 5) £l

PROOF. Uniqueness and estimate (1.6.1) immediately follow from (1.3.7). As far as the existence
is concerned, for fixed € > 0, let us define F. : RN — RY and V. : RY — R as

F Vv
F. = — V. .= .
14V T 14eV
It is easy to prove that (H1’), (H2’), (H4’) and (H5) imply

V27 (&
(He1) |DVi()| < agipmyve:

(He2) |DF| < V2(L +00)Ve + /2 c5,
(HoA) [Fe(@)] < 01+ [al?)/2V2 (),

(Hed) [(Fe(), Dgij(x))| < & Ve(@) +cx

respectively.
Assumptions (H.1), (H.2) and (H.4) yield

(1.6.2) div F. + V2(B + VNad)V. +V2¢5 >0,  |(F.,DV.)| < afV?

and

N
Z DiFI(x)6:6 < V2 (\/’% + ae) Ve (2))€)? + \/g cslél?, £,z eRY.

i,j=1
Notice that V. is bounded and F. is globally Lipschitz in RY. Precisely,

1 . 1 c .
Wl <20 and (Dl < 2 (Jobad) + %, 1<ig<N.

Moreover, if (o, 1) # (%, 0) arguing as in the proof of Lemma 1.4.4 and observing that V. <V,
we have that for every d > 0 there exists ¢s > 0 such that

(1.6.3) |DV.| < 6V3/2 4 ¢5, for every e > 0.

Therefore, the above inequality and (1.1.7) imply that there exists § > 0 independent of ¢ such
that

524 gt VYNeb | -1
P

p

(1.6.4) %(p ~1)

Let us consider the operator

A, 5:AO+<F53D>7‘/5

where, as previously defined, 4y stands for Zgj:l D;(qi; D;).
Define D, . and its norms || - ||p, . and || - [|a, analogously to D, || - ||p, and || - ||.4, respectively,
that is
Dy = {ueW?PR"Y): (F.,Du) € LF(RY)} ,
[ullp,. = llullzp+ [IVeullp, + |(Fe, Du)p
[ulla. = [[Acully + [lull, -
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Since the constants involved in (H.1), (H.2), (H.4), (H.5) and (1.6.4) are independent of €, from
Lemma 1.6.1 we get that there exist k; and ko, independent of e, such that

(1.6.5) kllulla. < lullp, . < kollulla. -

p,e —

Since the operator A, satisfies the assumptions of Proposition 1.2.3, for every A > \/5%3 one has
-1

A€ p(Ag) and ||R(A, Al)|| < ()\ - \@%’) . In fact, using the inequality V. > (1 + &)1, the

first estimate in (1.6.2) and noting that (1.1.7) implies \@Mf‘{m < 1, we get

1 1 Nab
— inf ( divF.(z) +Vs(w)) < yaltvNed ) 5o _ 5%
zeRN \ p 1+4¢ p p D
Therefore, if A > /2 Cf then for every f € LP(RY) and for all ¢ > 0, there exists a unique
ue € Dp . such that

(1.6.6) Mg — Acue = f, in RN

and

1
(1.6.7) el < (A - ﬁpﬂ) 11l

Using (1.6.5), (1.6.6) and (1.6.7) we obtain

A+1
(1.6.8) uellp,,. < ko ([|Acucllp + llucllp) < ke <1 + w) 1£1lp -
In particular, we have that {u.} is bounded in W2P(R¥), thus there exist u € W2P(RY) and a
sequence {u., } converging to u weakly in W2P(R¥) and strongly in VVlf)f (RYN). Therefore, up
to a subsequence, u., — u and Du., — Du a.e. in RY. From (1.6.8) we obtain in particular
that |VZ, ue, ||, + [[(F=,, Due,)|lp < ¢||f]lp, which implies, using Fatou’s Lemma, that

Vully + I(F, Dulp < el fllp -

Thus, u € Dp.
It remains to prove that u solves Au — Au = f a.e. in RY. From (1.6.6) and the definition of
A, we infer that
A, — Ague, = fe,,

where f., = f + (F.,, Duc,) — Ve, u., € LP(RY). Applying the classical local LP-estimates (see
[26, Theorem 9.11]) it follows that for every 0 < p; < p2

(1.6.9) lue, lwzr(s,,) < ClfellLes,,) + e llrs,,));

with C' depending on pi, p2 but independent of n. Since w., and f., converge to u and f +
(F, Du) — V'u, respectively, in L
we get that {u., } is a Cauchy sequence in W%P(B,,). This implies that u., converges to u in
Wli’Cp(RN ) and then, letting n — oo in the equation solved by wu.,, it follows that u satisfies
Au— Au = f a.e. in RV,

To conclude the proof it remains to show that A — A is surjective also when \ > %. This
follows from the dissipativity of the operator A — %ﬁ, stated in Lemma 1.6.1, and the fact that
A — (A~ ) is surjective for A > (V2 = 1)cg/p. Thus A — (A — <) is also surjective for A > 0,

which means that A — A is surjective for A > %ﬁ, as claimed. ]

(RN) as n — oo, by applying (1.6.9) to the difference u., —u.

m
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We are ready to prove Theorem 1.1.2.

PROOF OF THEOREM 1.1.2. Since C°(RY) ¢ D, C LP(RY), it follows that D,, is a dense subset
in LP(RN) Moreover (A, Dp) is closed, by Lemma 1.6.1. By Proposition 1.6.2 and (1.6.1), for
every A > 22 X\ — A: D, — LP(RY) is bijective and

1
||<A—A>—1f||p§( —jf) 1.

The thesis follows from the Hille-Yosida Theorem. O

1.7 Comments and consequences

In this final section we establish some further properties of the semigroup 7),(-) generated by
(A,D,) on LP(RY). We note that since all the assumptions of Theorem 1.1.2 for p = 2 imply
those of Theorem 1.1.1, the semigroup T5(+) is uniquely determined.

We point out that the semigroups given by Theorem 1.1.2 are not analytic, in general. A coun-
terexample is the Ornstein-Uhlenbeck semigroup, as shown below (see e.g. [35, Example 4.4]).

Example 1.7.1 Let Au = uv” + xu’ be the Ornstein Uhlenbeck operator in one dimension. We
prove that the semigroup T'(t) generated by A with domain D(A) = {u € W??(R) | zv’ € L?(R)}
in LP(R) is not differentiable and hence, a fortiori, it is not analytic. To this aim it is sufficient
to prove that T'(t) is not continuous from LP(R) in D(A). For every v € LP(R), ¢ > 0 and = € R,
the Ornstein Uhlenbeck semigroup can be represented by

(T(t)u)(z) =

eimu(etz —y)dy.

Let un = X[n,ny1)- Then

1 etz—n B 2
T(tu,)(x) = 7/ e 22—
(T(t)un)(x) =yl S y
and consequently
d e’ _(eleom)? _(eleon—1?
%(T(t)un)(;ﬁ) = m<e 2(e2t—1) _ e 2(e2t—1) )’
@ e (clo-m)? _(ete—n-1)?
@(T(ﬂun)(l') = m ( _ (etgc _ n)e 2(e20-1) 4 (6 T —n — 1) 2(e2t-1) )

It follows that

g =

d2

S (T(t)un)

(y=1)?
— </ ’ye z(le 1) 7(y71)6 2(e2t—1)
p
2t21
(L

1
—)
[, tdy)p

2e¥ % —_zy? P
([ e Ty
2rr(e?t — 1)3 \ Jr

@t(27%)
-

(e — 1) %

tdy>
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Hence ‘ %(T(t}un) ) can be estimated indipendently of n. Moreover we have
xi(T(t)un) - / ly+nl” e T _ iy e tay.
dx » (271' 62t
Since y? < (y — 1)? if y < 1/2, by Fatou’s Lemma we deduce that
d p e—t py?
e G PO 2 G oy B 0o =

Thus we have found a sequence (u,,) in L?(R) such that |u,||, = 1 but lilf AT (t)un ||, = +oo,
for every fixed t > 0.

In the following proposition we prove the consistency of T, (-).

Proposition 1.7.2 Assume that the assumptions of Theorem 1.1.2 hold for some p and q, with
1 <p,q<+oo. If f € LP(RN) N LY(RYN) then T,(t)f = T,(t)f, for all t > 0.

PROOF. By [21, Corollary II1.5.5] we have only to prove that the resolvent operators of (A, D,),
(A,D,) are consistent, for A\ large, i.e. that for every f € LP(RY) N LI(RY) there exists u €
W2P(RY) N W?24(RN) such that Au — Au = f. This follows from the proofs of Proposition 1.6.2
and [37, Theorem 2.2] since the same property holds for uniformly elliptic operators. O

Now we prove the positivity of T},.
Proposition 1.7.3 T,(:) is positive, i.e. if f € LP(RN), f >0, then T,(t)f >0, for all t > 0.

PROOF. The positivity of the semigroup T}, is equivalent to the positivity of the resolvent (A—A4)~1
for all A sufficiently large. By the proof of Proposition 1.6.2 this last property turns out to be
true once that each A, is shown to have a positive resolvent. From [37, Theorem 2.2] this holds
because the operators A, can be approximated by uniformly elliptic operators. ]

In the following proposition we show the compactness of the resolvent of (A,D,) assuming
that the potential V' tends to infinity as || — 4o00. This result is similar to [41, Proposition 6.4]
and we give the proof for the sake of completeness.

Proposition 1.7.4 If lim,_ . V(x) = +o0 then the resolvent of (A, D,) is compact.

PRrOOF. Let us prove that D, is compactly embedded into L? (RN). Let F be a bounded subset
of D,. By the assumption, given £ > 0 there exists R > 0 such that V(z) > 7!, if || > R. Tt
follows that

(1.7.1) /| o |f(x)]Pdx < sp/ \V(z)f(x)|Pde < ePC =¢

|z|>R
for every f € F. Since the embedding of W2P(Bg) into LP(Bg) is compact, the set F’' =

{fiBx | f € F}, which is bounded in W??(Bg), is totally bounded in LP(Bg). Therefore there
exist 7 € N and gy, ..., g» € LP(Bg) such that

(1.7.2) F <\ Jlo e Br) |9 — gillosny < €'}

i=1
Set

. J g inBg
%710 RN\ Bpg.
Then g; € LP(RY) and from (1.7.1) and (1.7.2) it follows that
U g€ LP®RM)|llg — Gillp < 2¢'}.
This implies that F is relatively compact in L?(R™) and the proof is complete. ]
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Finally, as a corollary of the estimates proved in the previous sections we prove an interpola-
tory estimate for the functions in D,,.

Corollary 1.7.5 For every u € Dy, the following estimate
IDully < ellully*||xu — Aull
holds for every \ sufficiently large.

PROOF. By density it is sufficient to consider u € C>°(R¥). The thesis easily follows from (1.4.7),
(1.6.1) and the inequality
1Dully < ellully*[[1D%ull,/?.
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