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Abstract. We construct two bi-Lipschitz continuous, volume preserving maps from Eu-
clidean space onto itself which map the unit ball onto a cylinder and onto a cube, respectively.
Moreover, we characterize invariant sets of these mappings.
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1 Introduction

This paper is dedicated to a special case of the general question whether two
manifolds with measure can be mapped onto each other by a measure preserving
map which possesses, additionally, some continuity properties. This problem has
a long history, for instance, in cartography, where surface preserving mappings
from the two dimensional sphere onto the plane are required.

The problem also appears in the investigation of partial differential equations
on Lipschitz domains, and our work is motivated thereby. Following Grisvard
[12], we say that a domain is Lipschitzian, if for every point of its boundary
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there is a neighbourhood U and a bi-Lipschitz continuous mapping ¥ such that
the W-image of the intersection of U with the domain equals the unit half ball.
For many purposes these half balls are adequate model sets: after localization,
transformation and reflection one often ends up with an analogous differential
operator on the unit ball, which is mostly well known. However, some methods
used in interpolation theory of function spaces and parabolic regularity theory
— see [9] and [14] — require that the local charts are not only bi-Lipschitzian
but, additionally, possess a constant Jacobian. The crucial point is the following:
if one wants (after suitable localization) to transform problems which involve
spaces of distributions and function spaces via the Lipschitz diffeomorphism
¥ onto the unit ball, then the way to define the mapping for functions wu is
Tou = wo U1, while for distributions the corresponding mapping is Tg-1-
Hence, to have a common retraction/coretraction for the function spaces and
the spaces of distributions the Jacobian of ¥ must be smooth. As the smoothness
of this Jacobian is not easy to control, here we are looking for mappings ¥ the
Jacobian of which is actually constant. More precisely, we explicitly construct
bi-Lipschitz continuous mappings from the ball onto the prototypical nonsmooth
objects cube and cylinder.

A variant of this problem has been treated by Moser [17], who demonstrated
that on a closed, smooth manifold any two smooth volume elements are diffeo-
morphic. Extensions of this result to noncompact manifolds are due to Greene
and Shiokama [6], while Banyaga [1] established it for smooth manifolds with
boundary. Gromov [15] investigated these questions for real analytic manifolds
with real analytic volume forms.

Zehnder [18] proved that certain Holder and Lipschitz continuous volume
elements can be mapped onto each other by means of C''-mappings with Holder
and Lipschitz continuous first derivatives, respectively. For bounded domains
with Holder continuous volume forms and boundaries of the class C%® Da-
corogna and Moser [3] demonstrated the existence of auto diffeomorphisms from
the class C® which provide the equivalence of the volume forms and coincide
with the identity map on the boundary of the manifold. Based upon this result
Fonseca and Parry [4, Ch. 5, Thm. 5.4] proved that for any two elements from a
class of star shaped domains in Euclidean space, there is a Lipschitz homeomor-
phism, with constant Jacobian, mapping these two domains onto each other.
Fonseca and Parry’s class contains in particular the ball, the cube, and the
cylinder.

Our aim is to give a comprehensive proof of Fonseca and Parry’s result for
the special case of a ball and a cylinder by explicitly constructing the Lipschitz
homeomorphism with constant Jacobian between the two domains. This special
Lipschitz homeomorphism has, additionally, a variety of invariant sets and fixed
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points, which we characterize. Actually, our investigation has been spurred by
just this additional demand on the mapping. Our construction comes to bear
in applications of the concept of Groger-regular sets in the theory of partial
differential equations, see [13] and [7] for the concept itself, and [8], [10], [11],
[14], and [16] for applications.

2 Results

We investigate bi-Lipschitz continuous mappings with constant Jacobian of
a ball onto a cylinder and of a ball onto a cube. The special geometric situation
allows to reduce the number of spatial variables by making use of rotational
symmetry. Thus, we can formulate the constancy of the Jacobian by means of
differential equations which can be explicitly solved. Finally, one obtains the
sought-after mapping as a rational expression.

1 Theorem. For any integer d > 1 there is a bi-Lipschitz continuous map-
ping Agr1 from RITY onto itself with the following properties:

1. Agy1 maps the unit ball B*1 of R™ onto a cylinder with height 2 and
radius 1:

Agsr s BT 22, {(z,y) eR" |2 e B |y <1}.

2. Agy1 maps the halfspace
{ (1,9, ..., T4+1) € R4 | z; > 0}
onto itself for each of the integers | € {1,2,...,d+ 1}.
3. Ngy1 maps each hyperplane containing the rotation azis
{(z,y) eRM |2 =0, yeR}
onto itself.
4. Ngi1 is the identity map on the equatorial hyperplane
{(z,y) e R¥! |z e RY, y=0}.
5. Both poles (0,...,0,1) and (0,...,0,—1) € R™! are fived points of Agy1.
6. The map Agy1 is homogeneous of order 1:

ANgii(ray,ree, . rxgr1) = rhge1 (21, 22, ..., Tge1)

for all (x1,29,...,2401) € R >0,
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7. The Jacobian of Agy1 is constant almost everywhere.

We prove the theorem in Section 3.

2 Remark. In the two-dimensional case the mapping Ay defined by

((0, 0) if r=y=0,

(\/x2+y , 2\/2% + y2 arctan ¥ ) if ly| <z, z >0,
Ao(z,y) < < Va2, — \/marctan %) if ly| < —z, 2 <0,

<% + y2 arctan Z e \/W) if || <y, y >0,

( %\/Tyarcta ne, —\/m) if |[z] < —y, y <0,

with the inverse

Sen = { (€cos3t csmzt) itlal <lel. € 2o

<17 sin%é n cos%%) if [§] < [nl, n # 0,

meets the requirements of Theorem 1, see also Figure 1.

Figure 1. The map A, from R? onto R2.

Theorem 1 implies another special case of Fonseca and Parry’s result.

3 Corollary. There is a map from R%, d > 1, onto itself which is bi-

Lipschitz continuous, has an almost everywhere constant Jacobian, and maps
the unit ball onto the unit cube.
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PRrROOF. In the one-dimensional case one can choose the identity map. In
the two-dimensional case the mapping Ay from Remark 2 is the right one. Now
one deduces the statement by induction over the space dimension d, thereby
making use of Theorem 1.

4 Corollary. There is a bi-Lipschitz continuous, volume preserving map
from R, d > 1, onto itself which maps the unit ball onto a cube.

Actually, Corollary 4 and Corollary 3 are equivalent. This follows from the
fact that a homothecy has a constant Jacobian.

5 Remark. Due to Brouwer’s invariance of domain theorem [2] the bound-
aries of the ball and of the cylinder as well as the boundaries of the ball and of
the cube are mapped onto each other by the mappings from Theorem 1 and the
corollaries, respectively.

3 Proof of the theorem

In the following we prove Theorem 1; we write the coordinates in R ! ag
(z1,...,24,y), for short (z,y), x € R% y € R, and abbreviate the Euclidean
norm [lzllgs by |z

For d = 1 the mapping Ay from Remark 2 satisfies the assertions of Theo-
rem 1. Now, we regard the problem in R with d > 2 and make the following
ansatz for Agyq:

('T’y) — (mlg(:c,y),...,:Cdg(:ﬂ,y),h(:c,y)) (1)

for all x = (x1,...,74) € R? and y € R. Moreover, we demand

(xlg(xvy)v oo ,xdg(x,y), h(fI,',y))
- (.%'19(-757 _y)7 s ,{L‘dg((L', _y)v —h((L‘, _y)) (2)

As a consequence of this ansatz, hyperplanes which contain zero and whose
normal vectors are orthogonal to the vector (0,0,...,0,1) are mapped into
themselves. If, additionally, h(x,y) > 0 for all y > 0, the halfspace

RE = {(z,y) eR™ |y >0}

is mapped into itself, and the hyperplane defined by y = 0 is mapped into itself.
Thus, it suffices to define Az on the upper halfspace Ri“. In order to do so,
we partition Rﬂlr“:

Oy = {(z,y) € R |y > ola|y }, (3)
O = {(x,y) € R0 <y <lala }, (4)
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and define A4y 1, thereby observing (1), (2), by the bi-Lipschitz continuous map-
pings
AV ) — ¢y, AT O — O, (5)

such that the restrictions of these mappings coincide on the common boundary
{(z.y) eR™M |y =lzla }, (6)

of C’ﬂyv and C)YX‘. Here, v > 0 is a constant, which we specify in Step 3 of the
proof.
def

1. First, we construct a mapping on the set CWV, see (3). We define hY (z,y) =

2|2 + y2. Now, we are looking for a function g¥(z,y) = v(|z|s/y) such that
the Jacobian satisfies

PWW%W&hW%W):1 for all z € R%, y > 0. (7)
A(z,y) ’

This determinant can be evaluated as follows

2
X
v+ Ly T2 f T1Tq _901|J3|dv/
ylzla ylzla ylzla Yy
2
X X X
1T UI v + 2 UI 2T 4 ’Ul _ X2 | |d?}/
ylzla ylzla ylzla Y
124,/ r2xq ./ xi / zg|z|q,
v v . v+ Vv =5
ylzla ylzla ylzla Yy
X1 T2 Tg Y
Viel+2 lzlGt+y? VielG+v2  Vllg+y?

Adding suitable multiples of the first row to the others we get the determinant

2
Ty 1 zixo, ) T1Tg ./ z1|x|g
v+ ——v v v = v
TyRLY yal ylala v
_z2
v v 0 0
1
- — e P “ e “ e )
/112 2
‘x’d‘i‘y v
— 2 0 v 0
I T2 Tq Yy
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which can be simplified by adding multiples of the last column to the others

v 0 0 —%v’
y
—;—fv v 0 0
1
/lz|2 + o2
[la+y —%v 0 v 0
1
y? y? y?
a(i+fz) w0+ o w(ied) v

Finally, adding suitable multiples of all columns to the first one we end up with

v 0 0 —“‘ij‘dv’
y
0 v 0 0
1
VI2lG + v
0 0 v 0
x‘Q Y2 Y2 Y2
() w(rig) o ow(riE) v

Developing the last determinant with respect to the first column, condition (7)
leads to the following ordinary differential equation for v:

1 2 1
) ) e (5 () -

which transforms under the substitution v% = w, % = (, equivalently into
w' + d w = d
A+ /E+1

The general solution of this equation is

(C2+1)d/2 ¢ ad1
CHdT (/0 mda—i—c)

2 1 d/2 arctan
:d%(/ sindlada—i—c),
0
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where ¢ is an arbitrary real constant. As one has to avoid a singularity in ¢ = 0,
one chooses ¢ = 0. Thus, one obtains for ¢gV:

y2 arctan(|z|q/y) 1/d
. T 1 d/ sin ! o do if x #0,
g% (z,y) = ¢ | |2[g 0 (8)
1 if z =0.
Please note that
1/d
=1.

2 arctan(|z|q/y)
lim y—2 +1 <d/ sin? o doz)
z—0 |IE d 0

It should be noted that both Y and ¢V are rational transformations.
2. Next, we construct corresponding functions on CVM, see (4). Because

spheres have to pass into cylinder surfaces we define ¢™(x,y) =1+ y2 /|3

Now we are looking for a function A>(z,y) = u(|z|4,y) such that the Jacobian
satisfies
g™ (x, y) x, h™(z,y)) )
9(x,y)
It turns out that this condition on the Jacobian together with the requirement
that u should vanish on the set { (z,y) e R |y =0 } determines u uniquely.
Using the substitution |z|; = 6 the Jacobian can be evaluated as follows

=1 forallz e R 2#£0,y>0.

2,2 2 2
g[><1 _ 11y _ Z1x2Y _ T1Tqy 1Y
g |=[3 9> |z[} 97 [xl] g7 [xl3
_mimay? - z3y° _ maxgy? xy
9 [al} g7 [a[] 9 [al} 9 [xl3
2 2 2,2
_ Z1TqY _ Z2TqY gl>< _ Ty zqy
g7 [al} 9> [l gzl ¢ ald
z1 Ou Ty Ou rq Ou du
|lzlq 00 x[q OO x[q OO oy
Adding suitable multiples of the first row to the others we get the determinant
g — 23y’ miwgy? _ mzgy? Ty
g [al} g [al} g al] gz}
_®3 D
=9 g 0
7
_ g X D>
=19 0 g 0
z) Ou zy Ou rq Ou Ou
|z[q 06 [z]q 00 |z[q 06 dy
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which can be simplified by adding multiples of the last column to the others:

> r1y

g 0 0 7= [al
—2g g 0 0
— g™ 0 g~ 0
21 (Qu .y Bu) o xo (Qu Y Ou Zg (Ou 4 Yy Ou u
EF (ae HiEr ay> [2la (ae + Rl ay> (B es) 5

Finally, adding suitable multiples of all columns to the first one we end up with

D> r1y

g 0 0 722
0 g 0 0
0 0 g~ 0
2l (ou o v Ou) mo (Qu 4 y Ou zg (Qu Yy Ou Ju
2 (ae * \x\day> [2la (ae * \x\day> SR G R I

Developing the last determinant with respect to the first column, one easily
obtains from (9) the condition

2\ (d-2)/2
<1+y_2> (@_L@>:1
Ed dy  |zlq 00

This yields the partial differential equation
del
uld.y) . , 0uld.y)

BT I (24 42) D

with the boundary condition
u(0,0) =0 for 0 <6 < +o0.

By the method of characteristics, see for instance [5], one finds the solution

arctan(y/0)
0,y) — /02 + y2/ cos? ! ada,
0

and ends up with

arctan(y/lel)
W (z,y) = +/|z|? +y2/ cos? 1t ardan. (10)
) =/ Izl ;
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Again it should be noted that both h* and ¢ are rational transformations.
3. Up to now we have constructed two volume preserving mappings

v V 3V . pd+l onto ydil
(r19”,...,2q9",h") :RYT —= RY™,
| Dby . pd+1 onto  md41
(2197, .. zq g™ R7) R —— R,

which are homogeneous of order 1. These mappings do not depend on 7, see (5).
We are now going to modify both mappings such that they coincide on the
common boundary of the sets C’WV and CJ* for some v > 0, see (6). To that end
we introduce the functions

1/d

arctan(1/))
TiA— d/ sin?™ ! a da (11)
0

on (0,400) and
arctan A
0:A+— / cos tada, (12)
0

on [0,400) and define mappings (5) by

v v
meﬁ@iﬁﬁmmiﬁﬁmmm for (e,y) € €7, (1)

7(7) 7(7)
. > (w,
A2() (01w ra g o) D) o @ e € 1)
for all v > 0. The Jacobians of these mappings are
ONY ( 1 )d ' N ‘ 1
g and = 5 15
oew| ~\7() el ey 19)
for all (z,y) € R4 with # # 0, y > 0. If
arctan(1/~) arctan y
d/ sinttada = / cos?t ada, (16)
0 0

then the values of the Jacobians (15) are equal. There is exactly one v > 0
which satisfies (16), and in the sequel 7 shall be this solution of (16). From the
monotonicity properties of 7 and g one deduces that, in accordance with (5),
AY maps the set C.V onto C}" and that A% maps C2* onto Cf. Please note
that

arctan(1/)) (1-d)/d 1 1
(A = — d/o sin? ! avda sin?~! (arctan X) T

1
T V(1 4 A2) D2 (

17)
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and 1 1
/ _ d—1 _
0'(\) = cos® *(arctan \) T30~ [ )@z (18)

The inverse mappings to Az and A% are given by

(51@,...,501# T (%ﬂmm))

(A7) (& m) = . (19)
\/1 + (1 (20l
in the interior of C}Y, and
517"'7§d7‘§’d 071 o(y)n
(A5) M (&,m) = ( () (20)

d
1 (e )
\/1 + (Q ( 1€la >)
in the interior of C? plus continuous extension to C}" and C, respectively.
From the monotonicity properties of 7 and g follows that (A )~! maps C}” onto
C and (AZ')~! maps C1? onto C*.
With respect to the solution 7 of (16) we now define the sought-after map-
ping
A (z,y) if (z,y) € CY,
o | SAYS(z, if S(z,y) € CY,
Agir(z,y) = - (@.9) 1 (@.%) o
A% (z,y) if (z,y) € O,
SAYS(z,y) if S(z,y) € CFF,
where S : R¥! —— R js the reflection at the equatorial plane, given by
S(.’L’,y) d:ef (TII, _y) for (xvy) € RdJrl'
4. Finally, we prove the Lipschitz properties of Azi1. First we make sure,

that
0,1 0,1
AZ eC (CWV) and A'f eC (CW'X'),

see Step 5. Then we can estimate

Agy1(m,y) — Agr1(Z,9)|ar1
< max {[|AT[lco1 ey, 185 o (o) H I (2, y) = (2, 9)lata

for all (z,y), (Z,9) € R4, Please note that the segment connecting (x,y) and
(Z,7) can be split up into finitely many parts in such a way, that each part
belongs to one of the sets C.7, S[C.}], C7, S[CJ].

Analogously one can prove the Lipschitz continuity of the inverse mapping
Agjl, see also Step 6.
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5. In the sequel we show that the transforming functions AX and AZ' are
Lipschitz continuous.

First, we regard AY on C., see (13): The function A" is Lipschitz continuous
due to the triangle inequality. Next we prove that the partial derivatives of

. arctan(|z|q/y) 1 1/d
(2,9) — 29" (2,y) = Tk - |2+1 d/ sin” ! ada (21)

are bounded. We substitute A = ﬁ. The cornerstone of the argument is the
boundedness of the function

A (V1 + A2 (22)

on (0,+00) from below and from above by strictly positive constants. Indeed,
using the relation a/2 < sina < a, we get

\/ 2 arctan(1/\) 1/d
1T+)\ arctan % V142 (d/ sin? ! o da)
0

1
< V/1+ A2 arctan 3

for all A € (0,+00). Hence, it remains to show that the following terms in the
partial derivatives of (21) are bounded:

d ON _ ziy ((AT(N) ,
o (OVIER) 5= 0 (e Ve ®)

_omy (R VIHA? A
14+ 22 (rO)VIF )T+ 22

z]q =%

|z]q

and

d oA AT
EF dA( rVI+ A7) 2 5, = e T V1t

B AT(N) B 1
VIR () VIFR)TVIEA

In the calculations we have used (17). Owing to the boundedness of 7 and the
function (22), the expressions on the right-hand side are uniformly bounded for
all A € (0,+00).

Next, we regard A on C7<, see (14): The function h™, see (10), has bounded
partial derivatives. Indeed, the second factor in (10) is bounded as well as the
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partial derivatives of the first factor. Hence, it remains to show that the following
terms in the partial derivatives of h*™® are bounded:

2 1/ 2
\/ |x|d—|—y Q( 8y L+ A% = (1 +)\2)d/2

and
o\ :cy xjy 1
\/]z|? 20(N) === —2LL /(N V1+ A2 = ——7.

Here we have used (18). For y < v|z|q these terms are bounded. Finally, we
prove that the partial derivatives of the function

Tg

are bounded. Because the first factor in (23) is bounded as well as the partial
derivatives of the second factor, it suffices to note that

1 3 \/7 o

\/m 0 my . <xd \z\:” \$!d+y if k=1,
‘ ozjlzla | L. |

o/ 2ld + v ik AL

These terms are uniformly bounded on the set { (z,y) € R*™! |y < v|z|q }.

6. In the sequel we show that the transforming functions (AY) 'and (AZ)~!
are Lipschitz continuous.

First, we regard (AY)~" on CY, see (19), and define s = %. In order to
make sure that the partial derivatives of the function

1 (TlEla
P o

\/1+_<T (e ()Ku))

are bounded, it suffices to consider the terms

T_l( ) s 1(v)§; (1) (s)
\/1 + ( afj 1€la (1 + (7*1(5))2)3/2

and

d s s (e (TTH(s)

SVITE P 0 (14 (r(s)2)Y?
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These terms are bounded for n > [£|4, since the function

) 1 1
T+ @2 1+ ()2 7 ()

(24)
is bounded on (0, 7(7)]. Indeed, using (17), the right-hand side equals to
1 1
— _ 1 —1 2
TR 7y~ (VIR

which is bounded due to the boundedness of the function (22). Now, we inves-
tigate the partial derivatives of the function

d—1

e \/1+ (7—1 (%))2 s/T4 (T 1(s))?

Please note that the fraction in front of £ is bounded by the positive bounds of
the function (22). Hence, it remains to treat the terms

0 ¢ 7(7) ¢

) BT S Wl o 1
“ds sy/1+ (771(s))2 On 14 771(s)? (1+ (7*1(3))2)3/2
and
€]y d () s
&5 5 I (1) 26

_ g L e )
€la \sv/T+ 167 (14 (r1(s)2)"?
Both expressions are bounded for n > |{|4, thanks to the boundedness of the

functions (22) and (24).

Finally, we regard (A%)~! on C}7, see (20), and define ¢ = Qf,g&". First, we
investigate the partial derivatives of the function

§

(f,n) — =
—1 ( e(¥)n
\/1+ (e (482))
The critical terms are

d 1 ot o ') (07 (1)

&g p o 0 (1+ (0 1(1))2)*

[€la
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and
d 1 ot &m o)) @)
o) €3 (1+ (o1 (1))2)**

dt T+ (e 1(1)2 %

For n < |£|4 the boundedness of the right-hand side expressions is a consequence
of the boundedness of the function

(e _ 1 1
L+ (e71(1)? 14 (071(t)? o' (07 (t)

on the interval [0, o()]. Using (18), this follows from

€]a

t —

(25)

1 1
1+ (071(1)? d'(e71(1))

and the fact that o~ 1(t) € [0,7]. Next, we investigate the partial derivatives of

the function
|f|d 9—1 (9(7)77)
(5777) . [3F .
1 (etn )2
1+ (Q ( 1€la ))
The critical terms are

d o' ot o&m (D))

AT+ (T2 0% KR (14 (012>

= (1+ ('@

€]a

and

d o) o o) (e

UVT+H@TO2 0 (14 (01 (1)2)"

For n < [£|4 the boundedness of the right-hand side expressions follows from
the boundedness of the function (25).

6 Remark. In the three-dimensional case the solution of (16) and the cor-
responding values of 7 and p, see (11), (12), are

2 V2 2
’Y—%, T(’Y)—%, Q(’Y)—g-

[€la

The mappings ¢V and h™ are determined by

2|(z,y)[3

——22= and MY(z,y)=y.
(@, y)l3 + [y

9" (z,y) =
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Thus, we get
((0,0,0) ifz=0,y=0,

(il el ) it B o] < b
A3(x7y) = (

3|(x, 3|(x, .
P o[ )ty > [el

| (o150 a2y Il ) it =y 2 e
The inverse of Ag is given by

(0,0,0) if €=0,n=0,
%%mz(mﬁél,¢1% %) if 7] < [¢]2.
(a3~ a5 -5 n-2) itnl>len

see also Figure 2.

N
As
e i
AG?
- 3
~

Figure 2. The map Asz from R? onto R3.

7 Remark. In a way our investigation also is a contribution to the general
knowledge about the unit cube, see Zong [19].

8 Remark. Are there other geometrical objects than the cylinder and the
ball, such that a mapping of this object onto the unit cube exists and has the

properties specified in our Theorem? Is there a complete geometrical character-
ization of these objects?
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