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The following notation is used throughout the paper: For collections A and
B the symbol:

o Uyin(A, B) denotes the statement that for each sequence (U, : n € N) of
elements of A there is a sequence (V;, : n € N) of finite sets such that for
each n we have V,, C U,, and {UV,, : n € N} € B.

e S¢in(A, B) denotes the statement that for each sequence (U, : n € N) of
elements of A there is a sequence (V;, : n € N) of finite sets such that for
each n we have V,, C U,,, and U,enV,, € B.

e Si(A, B) denotes the statement that for each sequence (U, : n € N) of
elements of A there is a sequence (V,, : n € N) such that for each n we

have V,, € U,, and {V,, : n € N} € B.
Ufin(A, B), Sgin(A,B) and Sq(A, B) are selection principles.

From now on X is a space with no isolated points and Y is a subspace of
X, possibly equal to X. The collection of all open covers of X is denoted Oy,
while the collection of all covers of Y by sets open in X is denoted Oxy. An
open cover U of X is said to be:
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(1) a noncompact cover if: No finite subset of U is a cover of X. The symbol
O denotes the collection of non-compact open covers of X. The symbol
OS5 denotes the set of open covers of X which contain no finite subcovers
of YL

(2) a large cover if: for each x € X the set {U € U : z € U} is infinite. The
symbol Ax denotes the set of large covers of X, and Axy denotes the
collection of large covers of Y by sets open in X.

(3) an w-cover if: X is not in U, and for each finite subset F' of X there is a
U € U such that F C U. The symbol 2x denotes the set of w-covers of
X, and Qxy denotes the collection of w-covers of Y by sets open in X.

(4) a y-cover if: U is infinite and for each z € X the set {U e U : = ¢ U}
is finite. I'x denotes the collection of ~y-covers of X. I'xy denotes the
collection of ~-covers of Y by sets open in X.

(5) groupable if there is a partition U = U,enU, of U into finite sets U,, such
that for m # n, U, NU, = (), and for each x € X, for all but finitely
many n, © € UlU,. The symbol O denotes the collection of groupable
open covers of X, and Ag? denotes the collection of groupable large covers
of X. The symbols O, and A%}, have the obvious definitions.

(6) weakly groupable if there is a partition U = Upenld, of U into finite sets
U, such that for m # n, U, "U,, = (), and for each finite set F' C X there
is an n with F C Uly,. O denotes the collection of weakly groupable
covers of X, and A" denotes the collection of weakly groupable large
covers of X. The symbols Oy¥¥ and A% have the obvious definitions.

Our beginning point is the following basis property introduced by K. Menger
in [8]: For each base B for the topology of the metric space (X,d), there is a
sequence (B, : n < 00) such that: For each n, B, € B and lim,,_,~ diam(B,,) =
0 and {B, : n < oo} covers X. Hurewicz proved that for metrizable spaces
Menger’s basis property is equivalent to a selection property:

1 Theorem (Hurewicz - [6]). A metrizable space X has property S ¢in(Ox,
Ox) if, and only if, it has Menger’s basis property with respect to each metric
generating the topology.

Important Note: Here we require that the open covers be covers of the superspace X, and
has no finite subcovers for the subspace Y. In all other instances where we use xy it is only
assumed that the family in question consists of sets open in X, and not that the family also
covers X.
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The property Sfin(Ox, Ox) is also called the “Menger property”. Theorem 1
gives for metrizable spaces an equivalence between a selection property and a
basis property.

In this paper we prove theorems which characterize several other selection
properties in terms of basis properties. In particular, we generalize Hurewicz’s
theorem in two directions: In Theorem 4 we prove the relative version of it,
which implies Hurewicz’s theorem, and we prove it in a more general context
which in the metric case yields Hurewicz’s theorem. Some of the results in this
paper appeared in [1] for metrizable spaces.

A-basis and diagonalization basis properties.

2 Definition. For X aspace and A C P(P(X)): X has the A-basis property
if there is for each sequence (B, : n € N) of bases of X such that for each n
B, D Byi1 and NpenB, = 0, a sequence (B, : n € N) such that each B, is
an element of By, and for each k, for all but finitely many n, B, € B, and
{B,:neN}e A

With Ox the collection of open covers of metric space X, the Ox-basis
property implies the Menger basis property. The generalization of metric spaces
we will use here is given by:

3 Definition. A space X has the diagonalization basis property if there is
for each sequence (U, : n < o0) of open covers a sequence (B, : n < o) such
that:

1 Mp<oo n:(b;

3

(1)

(2) For each n, Byy1 C By;

(3) For each n, B, is a basis for X;
(4)

4) For each n and each B € B,, there is a k > n and U, V € U, with

BCUUV.

In [6] Hurewicz also introduced the selection property U f;, (O%,T'x ), which
was generalized to Uy, (0%, I'xy) in [5], and was further investigated in [3].
In Theorem 9 of [3] it is shown that for X a Lindeldf space U f;,(O%5,, I xy) if,
and only if, Sy (Ax, A% ).

Property U, (O%,2x) is introduced in [10], and was shown in [3] to be
equivalent to S yin(Ax, AS). In [1] it was generalized to U 7 (0%, Qxy)-

4 Theorem. For a space X with the diagonalization basis property and a
subspace Y of X:
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(1) Stin(Ox,Oxy) if, and only if, X has the Oxy-basis property.
(2) Upin(O%, Qxy) if, and only if, X has the O$¥-basis property.
(3) Upin(O%,Txy) if, and only if, X has the O% -basis property.

PROOF. =: Let (B, : n € N) be a sequence of bases of X such that for each
n we have B, D Bp11, and N,enB, = 0.

1. Apply Stin(Ox,Oxy) to the sequence (B, : n € N) of open covers of X:
For each n choose a finite set F,, C B,, such that U,cnF,, € Oxy. Then we have
for each k that for all but finitely many n, F,, C Bg.

2. We may assume that for infinitely many n B, € O%5.. We get from
Uin (0%, Qxy) a sequence (V, : n € N) of finite sets such that for each n we
have V,, C B, and UpenV, is in O397. Choose nq < ng < -+ < ny < --- so that
for i # j we have V,,, NV, = (. Let (B, : n € N) be a bijective enumeration of
UjenVn;. Then this sequence witnesses the O¥-basis property for X.

3. We may assume that for infinitely many n B, € O%5.. We get from
Utin (0%, T'xy) a sequence (V, : n € N) of finite sets such that for each n we
have V,, C B,,, and U,enV,y, is in (’)gfy. Choose n; < ng < --- < ng < --- so that
for i # j we have V,,, NV, = 0. Let (B, : n € N) be a bijective enumeration of
UjenVn,;. Then this sequence witnesses the ngy—basis property for X.

<: Let (U, : n € N) be a sequence of large covers of X. For each n put
Hy, ={Uin---nU, : Vi < n)(U; € U;)and {U; : ¢ < n}| = n}. Let
(B, : n < o0) be a sequence of bases as in the Basis Diagonalization Prop-
erty for (H, : n € N). Apply the A-basis property to (B, : n € N) and choose
a sequence (B,, : n € N) such that for each k, for almost every n, B,, € By and
{B,:neN}e A

1. A= Oxy : For each n choose a k, > n and U, V;, € Hy, such that
B, C U, UV,. For each k put Sy = {U,, : k, = k} U{V,, : k, = k}. Then for
each k, S C Hy, is finite. Since {B,, : n € N} is a cover of Y, so is UgenSk. This
confirms Sy;,(Ox, Oxy).

2. A= Oxy : We may assume that we have m; < mg < -+ < my < ---
such that for each finite ' C Y there is a k with F' C Uy, <j<my,, Bj-

For each k, choose for each j with my < j < myy1 a U;,V; € U with
B; c UjuVjand put Vi, = {U; : my < j < myp1} U{V; :my < 5 < myqr}.
Then for each k& we have a finite V;, C Uy, and for each finite F' C Y there is a k
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with F' C UV,. This implies Ufm(Og?, Qxy).

3. A= Oxy : We may assume that we have m; < mo < -+ < my < ---
such that for each z € Y, for all but finitely many k, x € U, <j<my,., Bj-

Put Ry = {Bj : j < mi} and for all k, Rgy1 = {B; : m < j < mypy1}.
Then for each j define

£(j) = max{m : (VB € R;)(B € Bn)}.

Then choose i1 =1 <9 < --- < iy < --- so that £(i1) < &(ig) < ---.

For each j, for each B € R;; there is an n > {(i;) (> j) and sets C, D € H,
with B C C' U D. By the construction of the sets H,, we can choose for each j,
for each B € R;;, sets C(B), D(B) € U; with B C C(B) U D(B). For such j
put V; = {C(B): B € R} U{D(B) : B € R;;}. Then each V; is a finite subset
of U;, and for each x € Y, for all but finitely many j, x € UV;. QED

The strong .A-basis and strong diagonalization basis
properties.

5 Definition. For X a space and A C P(P(X)): X has the strong A-basis
property if there is for each sequence (B, : n € N) of bases of X such that for
each n B,, D By,+1 and NpenB, = 0, a sequence (By, : n € N) such that for each
n, By, € B, and {B,, : n € N} € A.

6 Definition. A space X has the strong diagonalization basis property if
there is for each sequence (U, : n < 00) of open covers a sequence (W, : n < 00)
of finite sets such that:

(1) For each n, W, refines Up;
(2) B =Up<ooW;y is a basis for X.

7 Theorem. Let X be a Ts-space with no isolated points, and which has
the strong diagonalization basis property. Let Y be a subspace of X. For A €

{Oxy, OXY, 0%y}
S1(Ax,.A) holds if, and only if, X has the strong A-basis property.

PROOF. Since a basis for X is a large cover of X, it is evident that for
each A the A-basis property of X is implied by S;(Ax,.A4). We must prove the
converse implications. For all three parts the beginning of the proof that the
basis property implies the selection property is the same. Let (U, : n € N)
be a sequence of large open covers of X. For each n define V, to be the set
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{V Cc X : V nonempty open and [{U € U, : V C U}| > n}. Then each V), is
still a large cover of X. For each n define

Hn:{Vlﬁ---ﬁVn:VieVi, 1< < w}\{(b}
For each element of H,, choose a representation as an intersection of n sets as
above, and let this representation be fixed for the duration of this proof.

By the strong diagonalization basis property choose a sequence (W), : n € N)
of finite sets such that for each n, W, refines H,,, and B = U,,cnWW,, is a basis for
X. For each n define B, = B\U;<,WV;. Since X is T3 and has no isolated points,
each B, is a basis, and for each n we have B, 1 C By, and N,enB, = (0. Now
apply the fact that X has the strong A-basis property, and choose a sequence
(By, : n € N) from B, such that {B,, : n < o0} € A.

Observe that if B,, is a member of W,, then we have n < m. Thus, for each
m we have {n: B, € Wy} C{l,---,m — 1}. For each n choose ¢(n) > n with
By, € Wy(n)- For each k, put S = {n: ¢(n) = k}. Thus, for each k, [Si| < k.

For each n consider Bj,. Since it is an element of Wy, choose an element V,,
of Vy(n) with B, C V;,. Then choose an element U, € Uy, \ {U1,- -+ ,Uy—1} with
V., C U, (this is possible since each V,, is contained in more than n elements of
U,). This describes how to choose for each k a Uy € U.

(1) A = Oxy: Since B refines {Uj, : k € N} it follows that {Uy : k € N} is a
cover of Y and we have verified S1(Ax, Oxy).

(2) A = O: Choose a sequence z; < 23 < --+ < z, < --- such that for
each finite F' C Y there is an n with F' C U, <i<, , Bi. Thus for each
finite /' C Y there is an n with F' C U, <ij<z,,,U;. Thus, we verified
Si(Ax, O%%).

(3) A= 0%, Choose a sequence 21 < 23 < -+ < z, < - such that for each
y € Y, for all but finitely many n, we have y € U <;<.,,, B;. Thus for

each y € Y, for all but finitely many n, we have y € U, <ij<.,,,U;, and we
derived Si(Ax, O%y).

QED

Examples

Metrizable spaces.

The following lemma appearing in a proof of a result in [4] is an impor-
tant tool in establishing the relationship between basis properties and selection
properties.
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8 Lemma. If (X,d) is a metric space with no isolated points then it has
the diagonalization basis property.

PROOF. Let (U, : n < 00) be a sequence of open covers of X. For each n
put H,, = {U C X : U open and (3V € U,,)(U C V)} \ {0}. Define

1
B={UUV:(3n)(UV €H, and diamyz(UUV) > E)}

Then B is a basis for X (this uses that X has no isolated points). For n € N put
B, = {B € B : diam(B) < 2}. For B € B, choose a k and U,V € Hy, such that
% < diamg(U U V) and B = U UV. Then evidently k& > n. Moreover, from the
construction of Hy, we find sets C' and D in U, with U C C and V C D.

Thus Theorem 4 holds for metrizable spaces. Indeed, for metrizable spaces
one gets the following results:

9 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Sin(Ox, Oxy).
(2) X has the Oxy -basis property.

(3) For each basis B of X there is a sequence (By, : n € N) in B such that
lim diam(B,,) =0 and {B,, : n € N} € Oxy.

In the case when X = Y, the equivalence 1 < 3 is Hurewicz’s classical
characterization of Menger’s basis property.

10 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Ui (O%, T'xy).
(2) X has the O%y -basis property.

(3) For each basis B of X there is a sequence (By, : n € N) in B such that
lim diam(By) = 0 and {B, : n € N} € 0%,

This gives a characterization in terms of basis properties of the covering
property introduced by Hurewicz in [6].

11 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Urin(O%, Qxy).

(2) X has the OY% -basis property.
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(3) For each basis B of X there is a sequence (B, : n € N) in B such that
lim diam(B,) = 0 and {B, : n € N} € OY¥.
For metrizable spaces with property S, (Ox, Ox) stronger versions of these
basis properties hold.

12 Lemma. Let (X,d) be a metric space with property S;in(O,O). Then
X has the strong diagonalization basis property.

PROOF. Let (U, : n < 00) be a sequence of open covers of X. For each n
define: V,, = {U open : (3V € U,)(U C V and diamq(U) < 2)}. Then each V,
is a large cover of X. Since X has property S, (O, O), choose for each n a finite
set W,, C V,, such that B = U, enW, is a large cover of X.

Thus, Theorem 7 holds for metrizable spaces which have property S f;,(O, O).
Specifically, one has the following theorems:

13 Theorem. Let X be a metric space with no isolated points and with
property Stin(Ox, Ox). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(Ax,Oxy).
(2) X has the strong Oxy -basis property.

(8) For each basis B of X and for each sequence (e, : n € N) of positive reals,
there is a sequence (By, : n € N) in B such that for each n, diam(By,) < €,
and {B, :n € N} € Oxy.

And also, one has the following two theorems:
14 Theorem. Let X be a metric space with no isolated points and with
property Srin(Ox,Ox). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(Ax, OYF).

(2) X has the strong O\ -basis property.

(8) For each basis B of X and for each sequence (e, : n € N) of positive reals,
there is a sequence (By, : n € N) in B such that for each n, diam(By,) < €,
and {B, : n € N} € OYY.

15 Theorem. Let X be a metric space with no isolated points and with
property Sin(Ox,Ox). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(Ax, O%y).
(2) X has the strong O -basis property.

(3) For each basis B of X and for each sequence (e, : n € N) of positive reals,
there is a sequence (By, : n € N) in B such that for each n, diam(B,) < €,
and {B,, : n € N} € 0%,
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The Sorgenfrey line.

Consider the topology on the real line generated by the basis {[a,b) : a <
b € R}. This is the well-known Sorgenfrey topology on the real line. Let R now
denote the space of real numbers with the usual Euclidean topology and let S
denote the space of real numbers with the Sorgenfrey topology. S is also known
as the Sorgenfrey line.

We now discuss selection properties of some subspaces of S. Observe that if
a subset of the real line satisfies some selection principle as subspace of S, then
it has that property also as subspace of R. Also, every subspace of S is a first
countable T3 Lindelof space and thus paracompact and T4.

16 Proposition. If a subspace X of S has property S fin(Qx,8x) then X
s countable.

PROOF. Recall that Sy;,(£2x,€x) holds if and only if Sy, (O, O) holds in
all finite powers of X. Now: If X C S is uncountable then X x X contains an
uncountable closed, discrete, subspace and thus is not Lindelof. Since a space
with property Sy, (O, O) is a Lindeldf space, for no uncountable subspace X of
S could X x X have the property S¢;,(O,O). QED

17 Lemma. S does not have the property S ¢ (Os, Os).
PROOF. Define for each finite sequence nq,--- ,n; of elements of w a point
T, - m,, in [0,1) as follows:

n__
e For each n < w, x,, = 22—nl;

® Loy, ng,0 = Ty, yng, and

_ 1 +1)+1
® Tny g+l = Tngpe g T (§)n1+ Fret DL

Then, for each m € Z and ny,--- ,ni < w put

S(m,ni, -, ng) =M+ Ty o pgy M+ Ty ooe gy gt 1)-
For each k < w define:

U, ={S(m,n1, - ,ng) :ni, - ,ni <wand m € Z}.

Then each U}, is an open cover of S.
Consider any sequence (F,, : n < w) of finite sets where for each n we have
Fn CU,. To show that U, ,F;, is not an open cover of S, argue as follows:
Since Fy is finite, choose an integer mg > 0 so large that UFyN[mg, mo+1) =
0. Put C1 = [mo,mo + 1].
Since F7 is finite, choose an ny > 0 so large that UF;N[mo+xp, , mo+zn,+1) = 0.
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Put Cy = [mo + zpy, mo + Tpy41]-

Since F3 is finite, choose an ny > 0 so large that UF2 N [mg + @y, mo +
Ty not1) = 0 and put C3 = [mg + Zpy nys Mo + Tny not1), and so on.

With mg,ny,--- ,ng > 0 chosen choose by the finiteness of F;y1 an ng1q > 0
so large that UFy 41 N [mo + Tny o g y> M0 + Ty o gy +1) = 0. Define Cppp =

[mO t Ty o ngyrs M0+ Ty ,nk+1+1]'
Then we have:

C1Dmo,mo+1)DCoD D [mo+ Ty, nys M0+ Ty npt1) D Chgo -+

and each C}, is compact and for each k, UF; N Cyyo = (). By the Cantor intere-
section theorem, choose an © € Ng<soCk. Then x is an element of S, but not
covered by any Fy. QED

18 Lemma. S has the diagonalization basis property.

PROOF. The proof is identical to that of Lemma 8, but now we use the
metric d generating the usual Euclidean topology to define the bases. QED

It follows that the Sorgenfrey line, though not metrizable, has the following
properties:

19 Corollary. Let Y be a subspace of S.
(1) Stin(Os, Osy) if, and only if, S has the Osy -basis property.
(2) Ui (085, Qsy) if, and only if, S has the Ogy’ -basis property.
(3) Usin (085, Tsy) if, and only if, X has the O -basis property.

Observe that a space with the strong basis diagonalization property must
be second countable. Since no dense subspace of the Sorgenfrey line is second
countable, no dense subspace of the Sorgenfrey line has the strong basis diago-
nalization property. But using Proposition 16 and the methods of Section 4 of
[7] one can prove

20 Proposition. For X a subspace of the Sorgenfrey line:

(1) non(S 4in(Qx, Qx)) = ¥y

(2) non(Syin(Ox,Ox)) =0

(3) non(U i, (07, Tx)) = b

(4) non(S1(Ox,Ox)) = cov(M)

(5) non(S1(Tx,Tx)) =b
(Sa(

S1
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Each of b, ? and cov(M) is uncountable, and for each it is consistent that the
cardinal number is larger than ¥;. Though the selection properties considered
here implies for topological spaces the Lindel6f property, we see now that they
do not imply second countability: For example, consider a model of Set Theory
in which 0 > Ny, and consider a dense subspace X of S of cardinality R;. Then
in the relative topology X is not second countable, yet has the Menger property.

Absence of the strong basis diagonalization property also does not preclude
subspaces from satisfying strong selection properties. For consider special sub-
sets of the real line for these two topological spaces R and S. Observe that open
sets in the Sorgenfrey topology are Borel sets in the usual topology. Let B de-
note the collection of countable covers consisting of Borel sets. In [12], Theorem
1.6, the following was proved:

21 Theorem ([12], Theorem 1.6). For a set X of real numbers the fol-
lowing are equivalent:

(1) X has property S1(B, B).
(2) For each meager set M C R, X N M has property S1(B, B).

A subset L of the real line is a Lusin set if it is uncountable and for each
meager set M of real numbers, L N M is countable.

22 Proposition. Let L be a Lusin set of real numbers. Then in the Sor-
genfrey topology L satisfies S1(Or,Or).

PROOF. If L is a Lusin set in R, then for each meager set M we have L\ M
is countable. But countable sets satisfy S1(B,B), and so by Theorem 21 Lusin
sets satisfy Si(B,B). But sets open in the Sorgenfrey topology, are Borel sets
in the usual topology. Moreover, subspaces of the Sorgenfrey line are Lindelof
in the Sorgenfrey topology. Thus in the Sorgenfrey topology each Lusin set L
satisfies S1(Opr, Op). QED

A subset of the real line is a Sierpinski set if it is uncountable but its in-
tersection with each Lebesgue measure zero set is countable. Let Br denote
the collection of «y-covers consisting of Borel sets. In [12], Theorem 1.15, the
following was proved:

23 Theorem ([12], Theorem 1.15). For a set X of real numbers the
following are equivalent:

(1) X has property S1(Br, Br).
(2) For each Lebesgue measure zero set N C R, XNN has property S1(Br, Br).

24 Proposition. Let S be a Sierpinski set of real numbers. Then in the
Sorgenfrey topology S satisfies S1(I's,I'g).
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Proor. If S is a Sierpinski set in R, then for each Lebesgue measure zero
set N we have SN N is countable. But countable sets satisfy S1(Br, Br), and so
by Theorem 23 Sierpinski sets satisfy S1(Br, Br). But sets open in the Sorgen-
frey topology, are Borel sets in the usual topology. Moreover, subspaces of the
Sorgenfrey line are Lindelof in the Sorgenfrey topology. Thus in the Sorgenfrey
topology each Sierpinski set S satisfies S1(I'g, I'g).
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