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Abstract. In [6], we associated with a given triangle A;A243; and with each point P of
the Euclidean plane a pencil of homothethic ellipses or hyperbolas with center P, which are
determined by the loci of the points of the plane for which the distances d1,d2,d3 to the sides
of the triangle A1 A2A3 are related by %—d? + é‘g—d% + %d% — s (s variable in R), where {1,12,13

are the lengths of the sides of the triangle and where (d7,d3,d3) are normal coordinates of
P relative to the triangle A; A2 A3z (see section 1). In particular, a construction for the axes
of these conics is given. Several special cases are treated, where P is the orthocenter H, the
Lemoine point K, the incenter I, the centroid Z, and the circumcenter O of 4,4, As (for a
summary of these results, see section 2).

In the present paper, we construct another pencil of conics with center P, using again
normal coordinates relative to A; A2 As; and look again for the axes, especially in the cases
where P=H K, I,Z, or 0.

Keywords: Euclidean plane, triangle center, trilinear coordinates
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1 Normal coordinates

We work in the extended complexified Euclidean plane; extended means
that we have a line at infinity with equation z = 0 in homogeneous rectan-
gular coordinates (z,y, z). Assume that A;A2A;3 is a fixed general triangle (it
is not rectangular and its sides have distinct lengths {1 = Ay Aas.ly = A3 A,
and [3 = A; Ay) and suppose that (a;, a?) are the non-homogeneous rectangular
coordinates of A;, + = 1,2,3. Normal or trilinear coordinates relative to the
triangle A, A5 A3 are homogeneous projective coordinates where the vertices A;
are the base points and the incenter I of the triangle is the unit point.

Since the position vector 7 of the incenter 7 is given by (7; is the position

T R T e N .
vector of A;,1 = 1,2,3) : 7 = ¢ Thiiz H;’ 2 the relation between normal coor-

dinates (z1,Z2,23) and homogeneous rectangular coordinates (z, %, 2) is given

by:
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The Lemoine point K (for constructions and properties of this point see [1],
[4]), the centroid Z, the circumcenter O, the orthocenter H, and the incenter [/

of the triangle A; A5 A3 have normal coordinates ({1, {s,13), ( L 1 ) , (cos A,

{17127 I3

cos As, cos Ag), ( L. L. L )j and (1,1, 1), respectively. In normal coor-

cos A1’ cos A’ cos As
dinates, the equation of the line at infinity, of the circumcircle and of the Steiner

ellipse (through A, A2, A3 and with center Z) of A1 Ay A are: [1z1+Hsxo 323 =
U.J 31:1?2111'3 + 321173:1?1 —+ 331131:1?2 — U.J and 313231'11172 + 3233:1723?3 —+ 5331:1?311?1 — [].J respec-
tively.

If (x1,72,x3) are normal coordinates of a point P relative to A; A2 A3 and F
is the area of this triangle, then d; = (2Fz;) /(l1z1 + lxzs + {323),7 = 1,2, 3, are
the absolute normal coordinates of P relative to A1 A2 A3. It is well-known that
d; is the distance from F to the side g; of the triangle with positive or negative
sign, according that P lies at the same side or opposite side as A;, relative to
a;, 2 — 1,2, 3. It is clear that absolute normal coordinates (d;, ds, d3) are related
by {1d1 + lody + {3dy = 2F .

The equation of the locus of the points of the plane for which the distances
di,do, d3 to the sides 41, u9,u3 of the triangle A1 Ay A3 are connected by

31 d2 32 33

o4tz d2 s, di,dj,d3,s €R (1)

—=d3 + -
is clearly given by:

o (11 5 I3 .
AF? (dhml + d?] 2+ d—?}mﬁ) — s(l1z1 + lozs + l3x3)* =0 (2)
3

and tor variable s, we find a pencil of homothethic ellipses or hyperbolas which
have all the same center P with normal coordinates (d?, d3, d3), the same asymp-
totes and the same axes. We denote this bundle by £(P); 1t consists of ellipses if
the product of the absolute normal coordinates of P is positive and it contains

two sets of homothethic hyperbolas if this product is negative (see [6]).

2 The axes of the conics of the pencil (P)

Actually, this investigation started when . Bottema studied the homoth-
ethic ellipses determined by

di +ds+ d3 =s (3)
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with center the Lemoine point K (l1,{2,13) of the triangle A; A2 A3, and asked
for a geometric construction of the axes of these ellipses ( [3]). Solutions were
given by G.R. Veldkamp and J. Bilo ( [7], [2]); this first construction was rather
complicated, but Bilo gave a nice solution: the axes are the perpendicular lines
through K on the Simson lines of the common points of the FEuler line and the
circumscribed circle of A; A5 A;.

In [6], we considered the generalized form (1) of (3) and we proved that, for
each point P in the plane, the axes of the conics of X(P) are the orthogonal
lines through P which cut the sides of the triangle A1 A2 A3 in pairs of points
whose midpoints are collinear. We called these lines the DNF-lines through
P (relative to the triangle A; A>A3). The existence of these orthogonal lines
through P follows from the theorem of Desargues-Sturm: the two tangent lines
through P at each of the parabolas that are tangent at a1, as, a3, correspond in
an involution in the pencil of lines through P and it is not difficult to see that
each pair of conjugate lines of this involution cuts the sides of A1 A2A3 in pairs
of points whose midpoints are collinear. For a general point P, this involution
contains just one orthogonal pair; but there is one exception: it P = H, the
orthocenter of A1 A2 A3, then each pair of orthogonal lines through H has this
property (the orthocenter of any triangle circumscribed at a parabola lies on the
directrix of the parabola and tangent lines from any point of the directrix at the
parabola are orthogonal). This last result about H is known in the literature as
the theoremn of Droz-Noyer-Farny.

In [6] we considered the following special cases for the bundle X(P). The
axes are always the DNF-lines relative to A; A2 A3 through the center.

I. d2 + d2 4 di = s = homothethic ellipses with center the Lemoine point

K{(l1,12,13).
1. [1d? + lsd3 + lad3 = s = homothethic ellipses with center the incenter
I(1,1,1).
U2, b 2 s 2
111. cos Ay dl | cﬂszfigdg | cﬁsgﬁg d3 — 9

(or, equivalently, (tgﬁl)d%Jr(tgﬁg)d%Jr(tgﬁg)d% =s) ﬂ n
= pencil of ellipses or hyperbolas with center O (cosAi1, cosAsz, cosAs).

IV. (I1 cos A1)d} + (I3 cos Ag)d3 + (I3 cos Az)d3 = s
(or (8in2A1)d7 + (sin245)d5 + (sin2A3)d35 = ') = concentric circles with

centerH( 1 1 1 )

cos A17 cos Az’ cos As

V. i2d? + 12d2 + 12d5 = s = homothethic ellipses with center Z (511, é, 513);
s = 4F? gives the Steiner ellipse.
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VL 2( —12)d? +12(12 — [3)d3 + 12(I? — [2)d2 = s = orthogonal hyperbolas
with center § (EEL_E%%, é_i}f, E—ié%g), which is the fourth common point of

2
the circumcircle and the Steiner ellipse; it is the Steiner point.

VIL (12 —13)d?+ (12 —12) d2+ (12 — I2) d3 = s = orthogonal hyperbolas with
center T (11/ (13 —12),ls/ (13 —12),13/ ({2 — 13)), which is the fourth com-
mon point of the circumcenter and the conic through A, As, A3 with cen-
ter K (the equation of this last conic is I3 ({3 + 13 — 13) z1ze +11(15+ 12 —
2)z073 +Jz(l§+l% —{2)z3z1 = 0 or, equivalently, z1z> cos Aa+Toza cO8 A1+
a1 COS Jzig — U).

We conclude this section with two remarks:

1. The conics of I(P) with equations (2) are degenerate for s = 2F, if (d?, dY, d3)
are the absolute normal coordinates of P.

2. The locus of the points P where the conics of IC( F) are orthogonal hyperbolas,
1s the circumecircle of A1 As As.

3 New pencils of homothethic conics

Let us now consider the locus of the points of the plane for which the absolute
normal coordinates (di,ds, d3) relative to the triangle A1 A2 Aj, are related by

adods + bdady + cd1ds = 5,58 € IR, (4)

with a, b,c € R\{0}.
Of course, this gives a pencil of conics. The first question is: for what values of
a,b, ¢ these conics will have center P with normal coordinates (d9. d3, d3)?

1 Theorem. The points of the plane which have absolute normal coordi-
nates (d1,ds,ds3) relative to A1 Ay A3 related by

dY(—11d? + lod) + lad3)dods + d3(11dY — lod) + 13d3)dad +
d3(l1d] + lody — 13d9)d1dy = 5, (5)
describe, for variable s € R, homothethic conics of a penci and all these conics
have the same center P(dY, d%,dg), the same asymptotes and the same axes. Let
us denote this pencil by L(P).
PROOF. The equation in normal coordinates, corresponding with (5}, is:

F(z1, 9, T3, ) = 4F? (d] (—l1d} + lods + l3d3)zazs + dy (l1d] — lad) + I3d3)
T3T1 + dg(lld? + Jgdg — lgdg):lrl.’:ﬁz) —s(liz1 + loze + 33533)2 =0. (6)
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Since

3:115

r2=d9
T3 ng

(SF) {m—dg = 2;(4F°didady — s(lidi + lads + [3d3)), i = 1,2,3,

the polar line of P(dY,d3,d3) relative to (6) becomes l1z1 + lazs + lazz = D
or is indeterminate (if (d%,d3, d3) are absolute normal coordinates and if s =

2Fd?d3d] : in this case the conic (6) is degenerate). This completes the proof.
[@ED

2 Theorem. There exists a value sy of s such that the equation of the conic
of L(P) corresponding with sy becomes:

F(z1,22,%3,%) = ki( Lz | beg | l3z3)° | ka(lizy  lawz | l3a3)? (7)
+  k3(l1z1 + laze —l373)* = 0

with k1 = ﬁ(lld? — lzdg + lgdg)(hd? -+ lzdg — Jgdg); and ko, k3 the cyclic
permutations of k1.

ProOF. From (6) and (7) we find the conditions:

ki +kot+hky = —s

o (k1 + ko) = —F2dY(l1df + 12dd — [3d3)
lols(ko + k3) = —de?(—h d? -+ lzdg s lgdg)
3lilks + k1) = —F2*d3(ld} — ladd + 13d3).

And after a straightforward calculation, we obtain the given values of &1, k2, and
k3. Remark that &1, ko, k3 are homogeneous and that we may omit the common

factor —F?2/2{1l5l3. This completes the proof. [@ED]
Next, we see from (7) that the triangle A} A, Af with sides o} = AL A% af, =
A3 A7, and a5 = A7 A given by the equations —l1z1 + lszs + l323 = 0,121 —

lozo+ 3z = 0, and {1x1+ lszo — 323 = 0, respectively, is a polar triangle of the
conic (7) of L(P). Analogously, the triangle A1 A2 A3 is a polar triangle for the
conic of X(P) which corresponds with s = 0 (see (2)) and it was this property
that led us in 6] to the conclusion that the axes of the conics of X(P) are the
DNPE-lines through P, relative to A1 A2 Aj.

Let us now further look at the polar triangle A/ A} A% of the conic 7 of L(P):
the line o) clearly contains the points (/2,{;,0) and (/{3,0,{;), which are the
midpoints of A1 A, and A; Az, and analogously for the sides @, and a5. Thus
A1(0,13,19), A5(l3,0,!1), and A5(l2,{1,0) are the midpoints of the sides of the
triangle A AsA;. Remark that AQA;; is parallel with A;A4;,7,5=1,2,3, 1#j

and that the length of the side o} is {; = %,i —=1,2,3.
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3 Theorem. The formulas for the coordinate transformations between nor-

mal coordinates (x1,T2,x3) relative to A1 A2 A3 and normal coordinates
(2], x4, x4) relative to AL AL AL are given by

3133‘1 —{1 {2 {3 L1
loxh | = (1 —lo I3 T2 (8)
33.‘1,"";'3 31 Zg —33 £
and
(121 0 ls g x]
laxze | = | 1 0 I3 x5
{323 l1 o 0 :L'g

PrOOF. It follows from (8) that | = 0 (z, = 0,25 = 0, respectively) cor-
responds with the equation of @] (a5, a3, respectively). Moreover, the triangles
A1 AsAz and A7 A5A5 have the same centroid Z = Z'. Relative to A AxAs,

# has normal coordinates (%, %, %) and since [; = %,i = 1,2,3, Z’ has the

same normal coordinates relative to A A, A;. From (8), we get indeed that

(21, Ty, Z3) = (Ell, 3121 513) gives (z7,25,23) = (Ell, 31 T ) and this completes the
proof. [QED]

4 Theorem. The azes of the conics of the bundle L(P) are the DNF-lines
through P relative to the triangle A} A5A5. Moreover, the conics of L(P) are

ellipses if the product of the absolute normal coordinates of P relative to A7 AL AY
s positive and hyperbolas otherwise.

PROOF. In normal coordinates (9, z5, :;.33) relatwe to A 3, the equation
(7) of the conic of L{P) becomes (with (d’ d’ ) the normal coardmates of
P relative to A} AL AL):

lod' glad' o (11542 + Isd 5l d'S (lLoah)? + 11 d' Y ad S (Isah)? = 0,

or, equivalently:
J1 }'2 32 f? 33 ;2
d.rD T+ d.rD x'g T+ d.rD
which is the equation of the conic determined by:

z z z
Lt 244 2 dE =0,

— 0,

a9 dy g
with d},d;.d5 the distances to the sides of the triangle A} A5 AS. This completes
the proof. [QED]

Let us denﬂte (w1th the notations of the last proof) the pencil determined
by tod'? + dmd' o d'y = 5',s' € R, by K'(P) and, as before, the bundle
1
determined b}? dD( 31 d?’ —|—lzdg —|—33dg)d2d3—|—dg(ll d? — szg —|—33dg)d3d1 —|—dg(ll d?—F
lod3 — l3d3)d1ds = 5,5 € R, by L(P). Then K'(P) = L(P).
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4 Special cases for the pencil £L(P) = X'(P)

In this section (di, do,d3) are absolute normal coordinates of a variable point
of the plane and (d?,d3, d3) are normal coordinates of P relative to the triangle
A1A2A3z; (d], d5, d3) are normal coordinates of a variable point of the plane, and
(d'Y,d'5, d'3) are normal coordinates of P relative to A AL AL

Muoreover, [1,{9,l3 are the lengths of the sides of A1 A2A3, and twice these
lengths for A AL A5. The following results are straightforward corollaries of the
foregoing theorems and of the results of [6]. The considered point P is always
the center and the DNF-lines relative to A A5 A3 through P are always the axes
of the conics of the pencil £(P) = K'(P).

Suppose that s,s',51,5), etc. .. are real numbers. We look for the locus of the
points for which the absolute normal coordinates (d:, ds, d3) relative to A; Ay Az
(or the distances d7, d;, d to the sides of A] A) A%) are connected by the following
equations:

4.1 P =1, the incenter of A;A>A;

4.1.1 In normal coordinates relative to A1 A5A;

Normal coordinates of I are (dY, d3,d3) = (1, 1,1) and the following relation
between absolute normal coordinates (di,ds, d3) gives, for variable s, a pencil
L(I) of homothethic ellipses with center 7 and axes the DNF-lines through 7
relative to A7 A5 Aj:

( 1 1l 1 l3)dads | ({1 2 | l3)dady | ({1 | & {3)did2 = s.

Remark that s = 0 gives us the equation of the ellipse through A, A5, A3. and
with center [I:

(—l1 + i+ lz)xazs + (I —la +l3)zaz + (L1 + I — I3)z129 = 0.

4.1.2 In normal coordinates relative to AjALA4

Normal coordinates of I are

(d’?,d’g,d’g): (ll—l_'gﬂ—l_’g:}jll324—’;3”;1_'_32’;3)

{1 [ {3
and the same pencil £'(I) = L£(I) is determined by
{2 2 I3 2 13

d3 =5, with df, dy, dj

d'7 |
(i +lb+l) " (—la+i3) 2 (It — 1)
the distances to the sides of A] A5 A5.
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4.2 P = K, the Lemoine point of 4; 4,4,
4.2.1 Relative to A1 A5A,

Normal coordinates of K are (d?, d9 dg) = ({1, {2,13). The following relation
between absolute normal coordinates (d1, ds, d3):

(17 + 13+ 13)dady + 1o(5 — 15 + 13)dady + 3(I7+ 15 — 5)didy = s

or, equivalently

(cos ﬁl)dgdg + (cos ﬁg)dgdl + (cos ﬁg)dldg — 81 (— ° ) .
2011013

gives a pencil L(K) of ellipses or hyperbolas (depending on the location of K)
with center K. Remark that s = 0 (or s; = 0) gives us the conic through
A1, Ay, A3 with center K.

4.2.2 Relative to AJA5AY

] _EE EE 2
Normal coordinates of K are: (d’ Y s, d g) = ( 113“& _ 223 iﬂsﬁl_ |

1412112 2l Ao EHIE-I3 2011 A A A A
il = sl D i) o (s, on, ). And e

pencil X'(K) = L(K) is determined by the following relations between the
distances d7, d5, d3 to the sides of A A5A5:

3% 12
B—13+13°

l% $2
—+B3+8

or, equivalently

33 33 33
L_ g4 —2_ gt 3 _J7 = & (= 21lal3s)
cos A1 cos Ao cos As

Or

2(tg A)d? + Bltg A)d's + 2(tg As)d's = s";.
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4.3 P = O, the circumcenter of 4,4, 4,, which is also the ortho-
center H' of A]ALA,

4.3.1 Relative to A1 A2 A

Normal coordinates of O are (dY, d3,d3) = (cos A1, cos As,cos A3) and the
bundle £{() is determined by:

COS ﬁl(—ll cos Ay + Iy cos Ay + {3 cos ﬁg)dgdg
+ cos ﬁg(ll cos Ay — [y cos Ay + {3 cos fig)dgdl
+ cos }13(31 cos Ay + I cos Ay — I3 cos ﬁg)dldg — s

or, equivalently

S
ldd+ldd+ldd8( - A ")
10203 + {2@3d1 + {3d1@2 = S1 2 cos A1 cos Ao cos Aj

or
(SiIl ﬁl)dgdg + (SiIl ﬁg)dgdl —+ (SiIl ﬁg)dldg — Sfl.
Since O = H', any two orthogonal lines through O are conjugate diameters

of the conics of the pencil £{O), which means that these conics are concentric
circles with center O = H'.

Remark that s = 0 (or s1 = 0,8] = 0) gives the circumscribed circle of
A1As Az with equation {1z9z3 + lbx3z1 + {32129 = 0.

4.3.2 Relative to A] A5 A;

Normal coordinates of O = H' are:
(d", d'5. d'g) — (1/cos A1, 1/ cos As, 1/ cos A3).
And these concentric circles of £L{(O) are also determined by:
(i1 cos A1)d'y + (Is cos As)d's + (I3 cos A3)d's = &
or, equivalently

(SiIl Qﬁl)dﬁ + (SiIl Qﬁg)tfrg —+ (Si[l 2/—‘13)&'% — S”.
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4.4 P = H, the orthocenter of 4, 4,4,
4.4.1 Relative to A;A,A,

Normal coordinates of H are (d?,d3,d3) = (1/cos A1, 1/ cos As, 1/ cos As)
and L(H) is given by:

1 { { {
i ( ST ST )d2d3+
cos Aq cos A1 cos Ay cos Aj
1 [ [ [
. ( - ] Bn)d3d1+
cos As \cos A1 cosAs  cos As

1 {1 {9 {3
~ = I = = dldg — S.
cos A3 \cos A1 cosAs cos Aj

This determines a pencil of ellipses or hyperbolas (depending on the location of
H) with center H. With s = 0 corresponds the conic through A;, A2, A3, and
with center H.

4.4.2 Relative to AJALA,

Normal coordinates of H are

1 { { {
(d’id’&d’g)( ( —+ — 3ﬂ),
l1 cosA;, cosA; cos Ay
l ( {1 {5 | {2 ) 1 ( [ | {o {2 ))
I> \cos A; cosA, cosAs/) I3 \cosA; cosAs cos As

and X'(H) is determined by:

l% 12 l% 12
dl I dfl —l_

( Ilﬁ {2 | I3 )

cos A, cos As cos Az
32
3

( {1 I {2 I {3 )
COG .r'-fl1 COS ;{g COB Ag

( f—l _ I 32 _ 3—3 _ )
cos Aq cos Ao cos As

4.5 P = Z (the centroid of A; AsA3) = Z' (the centroid of A} A, A%)
4.5.1 Relative to A1 A5A;,

1 1 1
dﬂ dD dD _ ( )
( 13~ 3) llj lgj 33
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The conics of the pencil L(Z) are the homothethic ellipses with center Z =
Z" determined by
l2l3dads + (3l1dad1 + l1lad1do = s

and also by
P&+ B2+ B — 1.

Remark that s = 0 gives the Steiner ellipse of A1 As A3 with equation lolszozs +
{slix321 + 1oz 1290 = O.

4.5.2 Relative to A} ALA)

1 1 1
d),d,dy) = ( )
( 7 ’ 3) 31: 32: 33

And K'(Z = Z') is determined by: I2d'T + 12d'2 + 12d'5 = 5. The axes of the
ellipses of L(Z) = K'(Z") are the DNF-lines through Z = Z' relative to A1 A> A3
and to A7 A5 A;.

4.6 P = (', the circumcenter of A7 A, A5, which is also the center
of the nine-point circle of A; A5 A,

4.6.1 Relative to A7 A A;
(d’?, d’g,d’g) = (cos Aj,cos As, cos }ig)
The bundle X'(0O') is determined by:
Lds | lady | lad'3

1 2_ 3 — ¢ or (tgA1)d'] + (tgA)d'5 + (tgAs)d's = "
cos Ay cos Ay  cosAj

and it consists of ellipses or hyperbolas (depending on the location of O') with
center O,

4.6.2 Relative to A;A5A;

Normal coordinates of the center of the nine-point circle of A1 A A3 are

(d‘f dg dg) _ (lg COS ﬁg + {5 cos ﬁg [4 cos ﬁg + {1 cos ﬁl [1 cos }L + l9 cos ﬁg)
b | l]_ | 32 " 33 -
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The bundle £{O") is given by:

((Iycos Ay | I3cos A3)cos A1)dads | ({I3cos Az | 11 cos A7) cos Az)dsdy
+  ((l1 cos A1 + I3 cos Ag) cos Az)dids — s
or, equivalently, by:
((Sin 21’32 + s1n 21“33) COS Aﬂl)dzdg T ((sin 2)’33 + s1n 21’51) COS Aﬂg)dgdl
+ ((sin2A; + sin2A5) cos A3)d1d> = s1.

And, as always, s = 0 gives the conic of L(P) through A, A5, A3, and with
center P, thus now with center the center of the nine-point circle of A1 A2 As.

4.7 P = K', the Lemoine point of A AL A}, (X(83) in [5])
4.7.1 Relative to A]A,A}

K’ has normal coordinates (d"f, d’g, d’g) = ({1, {2,{3) and the bundle X'( K')

of homothethic ellipses with center K’ is determined by:

d°+d5+ds=5¢.

4.7.2 Relative to A1 A5A;,

K’ has normal coordinates d?, d9, dg — (o5 (12 +l§), 3331(l§ +I2), 111212 +13))
and the bundle £L(K") is given by:

1 (13 + 13)dads + 12(15 + 1)dad1 + (1 + 15)dids = s.
The ellipse through A, A5, A3, and with center K’ corresponds with s = 0.

4.8 P =1I', the incenter of A] A, A, (Spieker center of A; A>A3)
4.8.1 Relative to A]ALA,

I' has normal coordinates (d’?j d’gj d'g) — (1,1,1) and X'(I") is the bundle
consisting of homothethic ellipses with center I’ given by:

l1d'] + lod's + l3d'3 = 5" or also (sin A;)d'] + (sin Ap)d'; + (sin A3)d'3 = s".

4.8.2 Relative to A;A5A;

I' has normal coordinates (d%, d3, d3) = (I2l3(la +13), l3l1 (I3 +11), {112 (11 + 12))
and the bundle £(I") is determined by:

(l2 +l3)dads + (I3 + {1)dads + (1 + {2)d1ds = s.
The ellipse through A;, As, A3, and with center I’ corresponds with s = (.
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4.9

Finally, let us consider the bundle determined by (relative to A1 Ay A3):

dods + dsdi + dids — s.

It is not difficult to see that all the conics of this bundle have the center
(d?, d%, dg) = (—l1+la+ 13,01 —la+ 13,11 + 12— 13) (astraightforward calculation
shows that the polar line of this point relative to the conic zoxs+z3x1+ 2122 = 0,
which belongs to the bundle, is indeed the line at infinity).

The normal coordinates of this center relative to Aj A A5 are:

1
{3

1 1
(22,03, 3) = (- i+l tla) o (b~ o le).

2 T ({1 + 1o — 33))1

and thc bundle is given by:
3%(—31 + {y + lg)d!% + l%(ll —{o + lg)tfg + l%(ll + {5 — lg)dfg — 5.

The axes of the conics of the bundle are, as always, the DNF-lines through the
center relative to A] A5 A5; but where lies the center of these conics?

5 Lemma. The center of the conics of the pencid determined by dodsy +
dsdi+dids — s is the Lemoine point K" of the triangle I1 I2 13, where I1(—1,1, 1),
I5(1,—1,1) and I3(1,1, —1) are the ezcenters of the triangle A1 A5 Az (the centers
of the escribed circles of the triangle; the coordinates are normal coordinates
relative to A1A2A3).

PROOF. a. The coordinate transformations between normal coordinates
(71, T2, x3) Telative to A1 A5 A3 and (TT,T;,TE) relative to [1 I I3 are given by:

0 1 1
1 - A4 . Ay
L1 Sl 75— BN I
H 1 _ 0 1 _
’ 2 2
T 1 1 0 3

and
. A . A . A ’
— §In 5 SIn <5 SIN 5 /)
1
i | i | i 1 )
2 | — Sin %1- — 8in %3 sin %‘1 Ty | - (10)
I3

SlIl2 SlIl2 SlIl2 3
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First, it 18 obvious from (9) and (10) that the coordinates (z1,z2,23) =

M

(—1,1,1), ((1,—1,1), and (1,1, —1), respectively) corresponds with (3:;{,3:2,3:;)
= (1,0,0), ({0,1,0), and (0,0, 1), respectively). Second, it is not difficult to see

that the angles of the triangle I1/513 are given by I; = 90° — %Hi = 1,2, 3.

Morcover, the incenter 7 of A1 A2 Az is clearly the orthocenter H " of T 11213, and
thus, has normal coordinates

( nooon u) ( 1 1 1 ) 1 1 1
Ly L9, — ~ Y ~ ~ — " 3
B cosli cos s coslis s1n % sin % Sin %3

relative to [11o15.
From (9) and (10) it follows that these coordinates correspond with:

(5311 $21$3) — (11 1, 1):

and this completes the proof of a.
b. Next, it is an easy exercise to prove that the lengths of the sides of the

triangle I1 IzI3 are: [} = —%— I3 = —%— and I3]; = —2—. From this, it
sin =3 sin 2k sin 2

follows that the Lemoine point K " of I1Ix I3 has normal coordinates relative to

T1Io I
[T T 31 32 33
(%1, %g,T3) = A, A, A

SlIl2 SlIl2 SlIl2

and substituting these coordinates in (10) gives us (z1,22,23) = (—l1 + ls +
{3,{1 — o + l3,11 + I3 — l3). This completes the proof of the lemma. [@ED

The coordinates of K~ can also be found in [4], page 90 and in Kimberling’s
list as X (9), the mittenpunkt ( [5]).

5 Other properties

1. The incenter I, the Lemoine point KX of A4; A2 A3, and the Lemoine point K
ot I Is I3 are collinear.

PRrROOF. The coordinates of I, X, and K, relative to A; A, A3, are (1,1,1),
(ll, 321 J3) and (_ll + 12 ~+ 331 Zl _ 62 =+ 331 31 =+ 32 — 33): and

1 1 1
31 32 33 = (.
—l+lat+il3 1 —l+l3 L+1a—13
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2. The equation of the nine-point circle of A; A2 A3 in normal coordinates rela-
tive to A1 A2 A3 is (see also [4], page 10):

(31 COS ﬁl)ﬂf:% —+ (32 COS ﬁg)m‘% —+ (33 COS ﬁg)&l’g — 335,"1532 — 31332:1'3 — 325.,'"3531 — (.

PROOF. The nine-point circle of A1 A3 As 1s the circumscribed circle of

A] A5 AL and has, in normal coordinates relative to A] A5 A7, the equation
l1zhzh + laxhz! + [32) 2zl = 0. Transforming this equation by (8), we find
(BB HIA(13 12— 1) o3+ 1313 — 12 —12) 23+ 201 iz 1 221+ 200l 3l 073+
+2I3l1l3z3z1 = 0, which is proportional to the given equation. [Qr

3. The nine-point circle of A1 A2 A3 is the locus of the points P such that the con-
ics of the pencil £(P) are orthogonal hyperbolas. This follows from the fact
that the nine-point circle is the circumscribed circle of the triangle A} A5 A%
(see remark 2, at the end of section 2).
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