SUFFICIENT CONDITIONS FOR OSCILLATION OF THE SOLUTIONS OF A CLASS OF
IMPULSIVE DIFFERENTIAL EQUATIONS WITH ADVANCED ARGUMENT
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Abstract. Sufficient conditions for oscillation of the solutions of first order linear impulsive
differential equations with advanced argument are found.

1. INTRODUCTION

The impulsive differential equations with a deviating argument are adequate mathematical
models of numerous processes and phenomena studied in physics, biology, electronics, etc. In
spite of the great possibilities for application, the theory of these equations is developing rather
slowly due to the obstacles of technical and theoretical character arising in the investigation
of the impulsive differential equations.

In the recent two decades the number of investigations of the oscillatory properties of
the solutions of functional differential equations is constantly growing. The greater part of
the works on this subject published by 1977 are given in [5]. In the monographs [4] and
[3] published respectively in 1987 and 1991 the oscillatory and asymptotic properties of the
solutions of various classes of functional differential equations are systematically studied.

The first work in which the oscillatory properties of impulsive differential equations with
retarded argument are investigated is the work of Gopalsamy and Zhang [2].

In the present work sufficient conditions are found for oscillation of the solutions of the
linear impulsive differential equation with advanced argument

() =px(t+71), t#k

Ax(tx) = brx(tr). (1)

2. PRELIMINARY NOTES

Together with equation (1) we consider the impulsive differential inequalities with advanced
argument

X 2 pOxt+1), tF#n
Ax(tx) = brx(ty) (2)

and
X () < pOx(t+7), L+

Ax(ty) < brx(ty) (3)

provided that the following conditions are met:
Al. The constant T is positive and the sequence {#} is such that 0<t; <fHh <...,
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A2. The function p : Ry — R is piecewise continuous in R, = [0, oo) with points of
discontinuity {# } at which it is continuous from the left.
LetJ = [ﬂ’i.., ﬁ) - IEE_{_.

Definition 1. The function x = @(¢) is said to be a solution of equation (1) in the interval J if:
1. ©(¢)is defined in [, 3 + T).
2. Fort € J,t # t; the function (f) is absolutely continuous and satisfies the relation

©'(#) = pOo(t + 7).

3. For #; € J the function @(¢) satisfies the relations

oty) = @(t), @) — @(t) = bre(h).

Analogously the solutions of inequalities (2) and (3) are defined.

Definition 2. The solution x(f) of inequality (2) is said to be eventually positive if there exists
to > 0 such that the solution x(z) 1s defined for t > 1y and x(¢) >0, t > #.

Definition 3. The solution x(7) of inequality (3) is said to be eventually negative if there exists
1o > 0 such that the solution x(¢) 1s defined for ¢ > #y and x(¥) <0, £ > 1.

Definition 4. The nonzero solution x(¢) of equation (1) is said to be nonoscillating if there
exists Zp > 0 such that x(¢) is defined for ¢ > fy and does not change its sign for 7 > .
Otherwise the solution x(#) 1s said to oscillate.

3. MAIN RESULTS

Theorem 1. Let conditions Al,A2 hold and a sequence of disjoint intervals J,, = (&,,Mn)
exists withn, — &, = 27 such that:
I. Foreachne Nt e J,and t; € J,

p() 2 0,5, = 0. (4)

2. There exists vy >0 such that for n > v,

EntT
f pis) ] +bds>1. (5)

5” Si:rk{_:g?r+T

Then:

1. Inequality (2) has no eventually positive solution.

2. Inequality (3) has no eventually negative solution.

3. All solutions of equation (1) defined in an interval of the form [x, +00) C Ry oscillate.

Proof. First we shall prove that inequality (2) has no eventually positive solution. Suppose
that this is not true, i.e., there exists a solution x(¢) of (2) such that for 7y large enough x(z) 1s
defined for t > £y and x(¢) >0, t > 1.

Since &, — o0 as n — 00, then there exists vo > 0 such that for n > vg we have &, > 1
and thus from (2) and (4) it follows that x'(¢) > 0,Ax(ry) > O for t, 8, € J,, 1.e. x(f) is a
nondecreasing function for t € J,,n > vy.
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Letv = max(vg,vy)and n > v.
By the theorem on the impulsive differential inequalities ([1], Theorem 2.3), from (2) 1t
follows that

EntT
WGtz [[ a+bo+ [ po J[ Grboxetvds ©

&uﬂﬁ: L EptT g” sy < EntT

Since x(s) is a nondecreasing function in (n, — T,Mn,) and (s + T) € (M, — T,My) for
s € (&, &, + T), then (6) implies

En+T
xEn+0) 2 [ 0 +b0)+x(E+T+0) pis) [ 1 +beds,
En<ti < EntT S Sty < E+T
whence
Eat T )
&) [ Q480 +x(En+ 1) / pis) ] Q+bods—13<0. (D)
En<ty < En+T &n s<ty < Ep+T

4

From (7) we conclude that for each n > v the following inequality holds

En+T
/ p(s) H (1 —bp)ds<1,

S s<t < Eutr

which contradicts (5).

In order to prove that (3) has no eventually negative solution it suffices to note that if x(z)
is a solution of (3), then —x(#) 1s a solution of (2).

From assertions 1 and 2 it follows that equation (1) has neither an eventually positive nor
an eventually negative solution. Thus each solution of (1) defined in an interval of the form
[, 00) C R, oscillates.

Remark 1. The fact that x(¢) is a nondecreasing function (in particular, in the interval
(M, — T,M,)) is used in the proof of Theorem 1 just to deduce (7) as a corollary from (6). This
property of x(¢) is ensured by condition (4).

However, if in the interval (n,, — T, N, ) there are no moments of impulse effect, then x(z) 1s
a nondecreasing function only if p(¢) > 0,¢ € (11, — T,Mx), and in this case it is not necessary
to impose the condition by > 0, # € J,, but it suffices to require that

1+bk3’0, ka[E,H,E,n—I-T]-

In particular, if in each interval J, there is just one moment of impulse effect, say #,, and
t, € [£,, &, + T], then condition (5) takes on the form

.If”

E”+T
(A+by) | pls)ds+ / p(s)ds > 1. (8)
E” (E-”
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Theorem 2. Let conditions Al,A2 hold and a sequence of disjoint intervals J, = (&,,Mn)
exists withm,, — &, = 27 such that:
[. Foranyn e N,t € J,and t; € J,

pt) >0, b =0. )
2. There exist a real number K and an integer vy >0 such that for any n > v, and
[ E (Eﬂhnﬂ T T)
I+T
/ p(s) H (1+bds > K>e . (10)
I

s<h<i+T

3. There exist a real number b >0 and an integer v, > O such that for any n = v, there
exists t, € [&y, &y + T] such that

An(t,)Bu(t;) 2 0, (11)

where

t Ent+T
An() = / ps) [T (0 +bods, Bu) = / ps) I a+bods

&n ngﬁ:if -'—;Efi:i:fn‘t"r

4. There exists vz >0 such that for any n > v3 the inequality
Mn — ‘E.n :}(mﬂ + 1)Ta (12)

is valid, where
mo = min{m € N : 8(eK)" > 1}. (13)

Then:

1. Inequality (2) has no eventually positive solution.

2. Inequality (3) has no eventually negative solution.

3. All solutions of equation (1) defined in an interval of the form [, +00) C R, oscillate.

Proof. Suppose that the inequality (2) has a solution x(f) such that for 7y large enough we
have x(¢) >0,t > 1.

Since &, — oo as n — 00, then there exists vg > 0 such that &, > #y, n > v¢ and then from
(2) and (9) it follows that x(¢) is a nondecreasing function in J,, n = Vp.

[et v = max(Vvg,Vi,Vz,v3). Then for any n > ~v the solution x(#) is a nondecreasing
function in J,, and conditions (10), (11) and (12) are valid.

From (2), by the theorem on the impulsive differential inequalities ([1], Theorem 2.3) we
have that

i+ 0258 [[ a+o+ [ po) T[ (+boxts+mds

¢ <t <t* &n s<ty <t*
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and since x(s + T) i1s nondecreasing in (&,, £;) and x(¢&,;,) > 0 then

=l

!

Xt +0) > (& +7+0) [ p) [ (1 +bods

&n s<ty <t*
Or
,II(I:: + 0) E I(_E,n + T T U}A”(f:;). (14)
Analogously, from the inequality
‘Ear'f"r
xX(Ep+T4+0)>x(t; +0) H (1 4+ b)) + / p(s) H (1 + bp)x(s + T)ds
1% < <Eutr fy s<<EptT
we obtain that
x(&p + T+ 0) = x(t, + T+ 0)B,(1,). (15)

Then from (14) and (15) it follows that

x4+ 1+ 0) ]
Fl {::_ :} ‘ 1
x(tx+0) — & = (16)

From (2), by the Theorem on the impulsive differential inequalities ([1], Theorem 2.3) we
have that

4T
x(f + 1) > x(0) H (1 —|—b;{)+f p(s) H (1 + b )x(s + T)ds

1<t <141 s<ip < t+T

forn > vand ¢t € M,,n, — T). This implies

\

{41
x(t) < x(t + 1) l—f pis) ] A +badsy,

&'if,e_- EI—FT

/

since 1 +b > land x(s +71) 2 x(t + 1+ 0) for s € (¢,t + 1). Taking into account that
l —x< e x €R, we obtain
.

t=T
x(r) < x(t+ T)exp —f p(s) H (1 4 br)ds ; .

S<tp<t+T

/

Consequently, for eachn > vand t € (£,,nN, — T)

x(f + 1)
x(1)

Repeating the above arguments, we get to

Eekzef{

x(t + 1)

0 > (eK)™ (17)
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foranyn > vandf € (&,,N, — moT).
Since &, +Tt<m, — moT, then (17)is valid foranyn > vand ¢t = ¢, € [&,, & + T, 1€,

x(t; +1+0)
x(& 4+ 0)

> (eK)™. a(18)

Then from (16) and (18) there follows the inequality
6_1 E (EK)mﬂ

which contradicts (13).
The proof of assertions 2 and 3 is carried out as in Theorem 1.

Remark 2. Condition (10) can be given in the form
I+T
im i d - 19
imint [ po) [ (+bods e (19)
;< <t+T

fDI‘f S Um (Emﬂn "'T)-

n=1
Remark 3. In the case when equation (1) is without impulse effect (by = 0, k € N) condition
(10) has the form

I+T
/ P(S)dS E K}E_lj I (E-mﬂn — T): n E Vi
[

=

and it implies that condition (11) is valid with 0 =

In the case when &, # 0, (10) not atways implies (11).

However, under some additional assumptions about the moments #; and the magnitudes
by of the impulse effects, condition 2 implies condition 3 of Theorem 2. This 1s so, for
instance, if the number i, of the moments of impulse effect in each interval [&,, &, + T] 18
bounded (i, < 7v,n > ~v) and there exists u >0 such that 1 + b, < u for each n > v and

I € [E».*'I:- Eui + T]-
Remark 4. Condition 4 of Theorem 2 is met if we suppose that

lim (ﬂn — E;n) = +Q.

H—r
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