CONTACT CR-PRODUCT OF A TRANS-SASAKIAN MANIFOLD
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Abstract. We obtain a necessary and sufficient condition for a CR-submanifold of a trans-
Sasakian manifold to be contact CR-product in terms of fundamental tensor of Weingarten
with respect to the normal section as well as to the canonical structure. We have also obtained
some results on CR-submanifolds of «-Sasakian and 3-Kenmotsu manifolds.

INTRODUCTION

In 1978, Bejancu introduced the notion of CR-submanifold of a Kaehler manifold [1].
Since then several papers on CR-submanifolds of Kaehler manifolds have been published.
On the other hand, CR-submanifolds of Sasakian manifold have been studied by Kobayashi
[14], J.S. Pak [16], Yano & Kon [17] and the present authors [9]. Moreover, CR-submanifolds
of Kenmotsu manifold have been studied by Bejancu and Papaghuic [3]. One has the notion
of a-Sasakian and p-Kenmotsu structure also [12]. In 1985, Oubina introduced a new class
of almost contact Riemannian manifold known as trans-Sasakian manifold [15].

A trans-Sasakian manifold is a generalization of both o-Sasakian and (3-Kenmotsu mani-
tolds. One of the present authors has studied CR-submanifolds of trans-Sasakian manifolds
([10],[11]). In this paper we study contact CR-product of trans-Sasakian manifolds.

1. PRELIMINARIES

Let M be an m-dimensional almost contact metric manifold with structure tensors (P, &,
n, £). Then they satisfy [4]

d* = —14+MK)E NE) =1, & =0, ) =1 (1.1)

g(pX, YY) =gX,Y) —nX)n(Y) (1.2)

where X, Y are vector fields on M.
An almost contact metric structure (¢, &,1, g) on M is called trans-Sasakian if [5]

(Vxp)Y) = &« {g(X, NE —(NX} + B {g(dX, NE —n(V)PX} (1.3)

where « and [3 are non zero constants, V is a Riemannian connection of g and we say that the
trans-Sasakian structure is of type («, [3). In particular, a trans-Sasakian manifold is normal.
From the above formula, one easily obtains

UxE = —adX + B {X — (X&) (1.4)

Let M be an n-dimensional isometrically immersed submanifold of M and tangent to &. Let
g be the metric tensor field on M as well as the induced metric on M.
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Definition. An n-dimensional Riemannian submanifold M of a trans-Sasakian manifold M is
called a CR-submanifold if & is tangent to M and there exists on M a differentiable distribution
D : x — D, C T.M satisfying the following conditions:

(i) D, 1sinvariant under ¢ 1.e. ¢ D, C D, foreachx € M

(ii) the complementary orthogonal distribution D+ : x — D C T.M is totally real under ¢

i.e. @DT+M for each x € M where T,M and T;-M are the tangent space and the normal

space at x € M, respectively.

If dim. DIL = 0 (resp. dim. D, = 0) then the CR-submanifold is called an invariant (resp.
totally real) submanifold. The pair (D, D) is called &-horizontal (é-vertical) if &, € D,
(resp. &, € D7) for each x € M [14].

We call a CR-submanifold M proper if it is neither invariant nor anti-invariant.

For a vector field X tangent to M, we put

GX =PX + FX (1.5)

where PX and FX are the tangential and the normal components of ¢ X respectively. Then
P 1s an endomorphism of the tangent bundle TM and F 1s a normal-bundle valued 1-form on
TM and they satisfy the condition

P*=P,F°=Fand PF=FP =0
Also, for a vector field N normal to M, we put
dN = tN + fN (1.6)

where tN (resp. fV) denotes the tangential (resp. normal) component of &N. Then f is an
endomorphism of T-M and ¢ is a tangent-bundle-valued 1-form on 7M.
The Gauss-Weingarten formulas are given by

VxY = VY + h(X,Y), VxN = —AxX + V¥ N, (1.7)

for X,Y € T(M), N € T-(M) and where ¥ is the Riemannian connection on M, V- is the
connection in the normal bundle, A 1s the second fundamental form of M, and Ay 1s the
Weingarten endomorphism associated with N satisfying

2(AnX,Y) = g(h(X, ), N) (1.8)
If we denote the orthogonal component of D+ in T--M by , then we have
T+M = ¢D+ & .

It 1s obvious that puy = .

2. BASIC LEMMAS

In this section we deduce some results on CR-submanifold of «-Sasakian and 3-Kenmotsu
manifolds. We also prepare certain lemmas without proof for later use.
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In [10] we obtained

Lemma Let M be a CR-submanifold of a trans-Sasakian manifold M. Then we have

PVxbPY — PAypyX = GPVxY + ag(X, Y)PE, + Bg($PX, Y)PE,

—on(Y)PX — pn(Y)dPX (2.1)
OVxOPY — QAypryX = BR(X, Y) + {Bg(dFX,Y) + og(X,Y)} FE — an(N)FX  (2.2)
WX, PPY) + Vy OFY = GFVxY + Ch(X,Y) — Pn(Y)DFX (2.3)

forany X, Y € TM.
From the above Lemma, we have

Lemma 2.1. Let M be a CR-submanifold of a «-Sasakian manifold M. Then we have

PVxbPY — PAgryX = PVYY + o {g(X, Y)PE — T](Y)PX} (2.4)
FVxOPY — QAyryX = Bh(X,Y) + o {g(X, NFE —n(FX} (2.5)
h(X, pPY) + Vx OFY = $FVxY + Ch(X,Y) (2. 6)

forany X,Y € TM.
Lemma 2.2. Let M be a CR-submanifold of a B-Kenmotsu manifold M. Then we have

PVxGPY — PAyryX = GPVxY + B {g(dPX, Y)PE — n(Y)HPX} (2.7)
FUx$PY — FAgovX = Bh(X, Y) + Bg(dFX, Y)QE, (2.8)
h(X, dPY) + Vy OFY = GFVxY + Ch(X,Y) — Bn(Y)$FX (2.9)

torany X, Y € TM.
Let us define the covariant differentiations of P and F' as follows:

(VxP)(Y) = VxPY — PVxY, (2.10)

(VxF)(Y) = Vx (FY) — FVxY, (2.11)

for any vector fields X and Y tangent to M and any vector field N normal to M.
The endomorphism P (resp. the 1-form F) is parallel if VP = 0 (resp. VF = 0).
Now from (1.3) and (1.5)~(1.8), one can easily prove the following:

Proposition 2.3. Let M be a CR-submanifold of a trans-Sasakian manifold M. Then we have
(VxP)Y) = ApyX + th(X, Y) + o {g(X, )& —n(V)X} + B {g(PX, E —n(Y)PX}, (2.12)

(VxF)(Y) = fi(X,Y) — h(X, PY) — Pn(Y)FX (2.13)
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forallX,Y € TM.
Thus using (2.10) and (2.11), equations (2.12) and (2.13) give

PVxZ = —ApzX — th(X,Z) + « {(N(D)X — g(X, )&} +  {(n(DPX — g(PX,2)E} (2.14)

and
FVxZ = V¥ FZ — fh(X,Z) — Pn(Z)FZX (2.15)

for any X tangent to M and Z € D-.
From proposition 2.3, we have

Lemma 2.4. Let M be a CR-submanifold of a o-Sasakian manifold M. Then we have
(VxP)(Y) = ApyX + th(X, Y) + o {g(X, )& — ()X} (2.16)

(VxF)Y) = fiX, Y) — kX, PY) (2.17)
forany X,Y € TM.

Lemma 2.5. Let M be a CR-submanifold of a 3-Kenmotsu manifold M. Then we have
(VxP)Y) = ApyX + th(X, Y) + B {g(PX, V) — n(Y)PX} (2.18)

(VxF)(Y) = fn(X,Y) — h(X, PY) — pn(Y)FX (2.19)
forany X, Y € TM.

Lemma [10] Let M be a &-horizontal CR-submanifold of a trans-Sasakian manifold M. Then
the horizontal distribution D is integrable if and only if

g(h(X, PY) — h(Y, PX),FZ) = 0 (2.20)

forany X,Y € Dand Z € D+,

Lemma [11] Let M be a CR-submanifolds of a trans-Sasakian manifold M. Then the leaf M~
of D+ is totally geodesic in M if and only if

gh(X, W), FZ) + an(Y)g(W,Z) =0 (2.21)

forany Y € D, and W,Z € D+.
Thus we obtain

Lemma (2.6) Ler M be a CR-submanifold of a (3-Kenmotsu manifold M. The leaf M+ of D+
is totally geodesic in M if and only if

gn(Y, W), FZ) =0

forYe D,W,Z e D+,
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Corollary (2.7) Let M be a &-vertical CR-submanifold of a trans-Sasakian manifold M. Then
the leaf M~ of D~ is totally geodesic in M if and only if

g(W(D,D), $D) =0

Lemma [11] Let M be a CR-submanifold of a trans-Sasakian manifold M. Then P is parallel
if and only if

ArxY — ApyX = o {(n(XY — (X} + R {n(Y)PX — n(X)PY} (2.22)

for any X, Y tangent to M.
From this, we have:

Lemma (2.8) Let M be a CR-submanifold of a «-Sasakian manifold M. Then P is parallel if
and only if

ApxY — ApyX = o {(n(X)Y —n(V)X}
forany X, Y tangent to M.

Lemma (2.9) Let M be a CR-submanifold of a (3-Kenmotsu manifold M. Then P is parallel
if and only if
ArxY — ApyX = B {n(V)PX —n(X)PY}

for any X, ¥ tangent to M.

4. CONTACT CR-PRODUCT

Definition. A submanifold M of a trans-Sasakian manifold M is called a contact CR-product
if it is locally a Riemannian product of M! and M+, where M”, M-+ denote the leaves of the
distributions D and D~ respectively.

We now prove the following:

Theorem 3.1. Let M be a &-horizontal CR-submanifold of a trans-Sasakian manifold M.
Then M is a contact CR-product if and only if

ApwX + oan(X)W =0 (3.1)

forany X € Dand W € D+.

Proof. If a CR-submanifold M of a trans-Sasakian manifold M is contact CR-product then
from (2.21) we have

g(AgwX, Z) + an(X)g(W,Z) = 0
for X € D, W,Z € D*. From this we get

AswX + on(XOW € D (3.2)

forany X € D, W € D-.
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As D is totally geodesic in M, we have for Y € D

gAswX + am(XOW,Y) = g(i(X,Y), W) = —g(bh(X,Y), W)
= —g(bVxY — dVxY, W)

= —g(dVxY, W)
= g(Vx$Y, W)
=0
forany X,Y € Dand W € D+.
This means
AgwX + on(X)W € D+ (3.3)

Thus (3.1) follows form (3.2) & (3.3).
Conversely, equation (3.1) gives

g(X,Z) + on(X)pZ, pW) =0

for any X € D, W,Z € D+, which means that the leaf M of D+ is totally geodesic in M.
Next, suppose M= be the leaf of D. Then from (1.3) and (3.1), we have

g(VxY,Z) = g(VxY,Z) = g(dVxY, dbZ) = g(VxdY, bZ)
—oan(X)g(dY,Z) =0

I

for any X,Y € D and Z € D+, i.e. the leaf M+ of D is totally geodesic in M. Thus the
submanifold M is a contact CR-product.
Next we have

Theorem 3.2. A &-horizontal CR-submanifold of a trans-Sasakian manifold M is a contact
CR-product if and only if P is parallel.

Proof. Let M be a CR-submanifold of a trans-Sasakian manifold M and P be parallel. Then
from (2.12) we get

ApyX + th(X,Y) + a{h(X, V)E — (X}
+B {g(PX, V)E —n(Y)PX} = 0 (3.4)

for any vector fields X, ¥ tangent to M.
In (3.4), if the vector field Y 1s in D, then using the fact that FY = 0, (3.4) can be written as

th(X,Y) + x {g(X, V)& —n(NX} + B {g(PX, V)€ —n(Y)PX} = 0.

From this, we obtain

gh(X,Y),Z) — on(Y)g(X, Z) — Pn(Y)g(PX,Z) =0
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for any vector field X tangentto M, Y € D and Z € D-.
This equation means that

g(Ag2,X) + on(V)g(X,Z) = 0

which gives
ApzY + oan(Y)Z2 =0

forany Y € D,Z € D+

Thus by virtue of Theorem 3.1 the above equation tells us that the submanifold M is a
contact CR-product.

Conversely, in a contact CR-product of a trans-Sasakian manifold, it is trivial that the
endomorphism P 1s parallel.

Theorem 3.3. Let M be a &-horizontal CR-submanifold of a trans-Sasakian manifold M.
Then the following statements are equivalent:
(i)M 1s a contact CR-product

(iDA ypLpD + an(0)D+ = {0},
GV yP)D C D+ U e TM,
(ivY(VyP)D+ C D+, U € TM.

Proof. The proof of (i) <> (i7) is given in Theorem 3.1. Here we give an alternative proof
of the same. Assume that (ii) holds. Then making an inner product of this with a tangent
vector U we have for X € D, Z € D+,

g(h(X, U), FZ) + an(X)g(U,Z) =0 (3.5)

which shows that the leaf M+ of D is totally geodesic in M by virtue of lemma 2.6. Similarly,
putting U = ¢ Y(Y € D) in the above equation, we get

g(h(X, oY), FZ) =0

forX,Y € D,Z € D+,
Thus (2.20) holds and consequently D is integrable. Let M’ be a leaf of D. Then for
X,Y € D,Z € D+ and using (1.3), and (2.4) we have

g(Z,VyhX) = —g(VyZ, ¢X) = g(pVyZ, X)
= g(PVyZ,X) = g(ArzY, X)

= g(h(X,Y),FZ) = 0

which shows that M” is totally geodesic in M and hence M is a contact CR-product. Then we
have VyX € D for X € D and Vi, X € D+ where U € TM.
Now from (2.14) we obtain

P?UZ — —Af-/(j —_ fh(U,Z) — DCg(UjZ)E,

for any U tangent to M and Z € D-.
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As X = PX for X € D, using (3.6) we have

g(VuZ,X) = g(pVyZ, dX) + n(VyZm(X)
= g(PVyZ, PX) +n(VyZm(X)
= —8(ArzU, PX) — g(th(U, Z), PX)
— ag(U, 2)g(&, PX) +n(VyZmX)
= g(PAFzU, X) +n(VyZm(X)
= g(PAFzU,X) = g(PApzU, X)

where we have used the fact that VyZ € D+ for Z € D+ and & € D.
Thus using the above equation for X, Y € D,Z € D+ and U € TM.

g(PAyzU + oan(X)Z, Y) = g(PpAzU, Y) + on(X)g(Y, Z)
= g(PAszU,Y)
= g(PAFzU, Y)
=g(VyZ,Y) =0

Hence (ii) holds.
Next, from (3.6), we have

(VyP)Y) = th(U,Y) + o {g(U, V)& — (DU}

+B {g(PU, Y)E —n(Y)PU}
forany U € TM, Y € D. Then, if Z € D+ we have

= —g(U, Y), FZ) — an(Y)g(U, Z).

Thus (i7) holds if and only if (iii) holds. The equivalence of (iti) and (iv) follows directly
as VP 1s the skew symmetric operator, which completes the proof of the theorem.

Definition [18]: A submanifold M is called contact totally umbilical if

U, V) = U, V) —n(Un(V)Ny + N(U)FV + n(V)FU

Ny being some normal vector field.
Then from corollary (2.7), we have

Proposition 3.4. If M is totally contact umbilical &-vertical CR-submanifold of a trans-
Sasakian manifold M, then the leaf M+ of D+ is totally geodesic in M.
We now prove

Proposition 3.5. Let M be a CR-submanifold of a trans-Sasakian manifold M. Then P is
parallel if and only if M is an anti-invariant submanifold.
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Proof. Suppose P 1s parallel. Then taking ¥ = & 1n (2.2) and using (1.5) we get
0 = (VxP)(&) = VxPE — PVxé

= Ape X + th(X, &) + a{g(X, E)E —(E)X} + B{g(PX, £)E — n(E)PX}

Applying P on the above equation, we get
PApeX + Pth(X, &) + o{g(X, E)PE — PX} + B{g(PX, E)PE — P’X} =0

ie., Pth(X, &) — aPX — BP’X =0
Now using h(X, &) = —apFX, PoF = FoP = 0 and P? = P, F? = F ([10]), we get

(x+ B)PX =0,

which implies that PX = 0. Hence M is an anti-invariant submanifold. The converse is
trivial.
Finally, we have

Proposition 3.6. Let M be &-horizontal contact CR-product of a trans-Sasakian manifold M.
Then for unit vector X € D withn(X) = 0 and Z € D+, we have

(@) gh(Vx$X,Z), PpZ) = —*

(b) gh(V$xX,2), $Z) = oF

() gh(bX,VxZ), $bZ) =0

d) gh(X,VexZ), ®Z) =0

Proof. As M is a &-horizontal contact CR-product so the leaf M~ of D+ is totally geodesic
in M. Thus using (3.5), by virtue of (1.4), we have

gM(VxdX, Z), $Z) = —on(VxdX)g(Z, Z)

= —xg(VxdX, &)

= ag(VxE, HX)

= ag(Vxé, ©X)
og(—apX + BX, $X)
— o’ g(X, dX)

Similarly we can prove (&), (¢) and (d).
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