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ON A THEOREM OF GUPTA AND LEVIN

F. CATINO!

Let (R,+,-) be an associative ring. For all a,b € R we set ao b = ab — ba and
a*xb = a+ b+ ab. It is well-known that (R, +, o) is a Lie ring and (R, *) 1s a monoid. The
ideals of (R, +, o) are called the Lie ideals of (R, +, -). If the ring (R, 4, -) has an identity then
(R, x) 1s isomorphic to the monoid (R, -). We denote by Q(R) the set of invertible elements
of the monoid (R, x). Obviuosly, (O(R), *) 1s a group. For a € Q(R), the inverse element of
a with respect to * is denoted by a™. In what follows, we denote by N the set of positive
integers.

It is well-known that if the Lie ring (R, +, o) is nilpotent, then the group (Q(R), *) is
nilpotent and the nilpotency class of (Q(R), %) 1s not larger than that of (R, +, o). This can be
derived by the following theorem of Gupta and Levin [GL]. If R"!(n € N) is the two-sided
ideal of (R, +, -) generated by the nth term y,(R) of the lower central series of the Lie ring
(R, +, 0), then

Yn(Q(R)) < Q(R™) (1)

for all n € N. This result has been used in several papers on modular group algebras (see, for
example [Sh]).
It was also proved by Laue {L.1] that, for all n € N,

Yn(Q(R)) < Q(Yn(R)) (2)

where v,(R) := {ala € R,ao R C v,+1(R)}.

Very little is known about the relationship between the ideals R\ and the subrings v, (R) of
(R, +, -). The main result of this note is Theorem 6 the line of reasoning of which simplifies
and unifies the proofs known for (1) and (2).

We need a few preliminary facts. Inductively we set x;o...0x, = (x;0...0X,_1)
ox,(n>0). If A, B are subset of R, the additive subgroup generated by the elements a o b
(a € A, b € B)isdenoted by Ao B. Moreover, we shall write xyo z for (xy) oz and, inductively,
xoiR=xoRandxo;, R=(xo,_1R)oRforallx,y,z€ Randk € N, k> 1.

Let (V, +) be a submonoid of (R, +). We set Po(V) = V and foreach k € N

P (V) = {ﬂ‘ﬂ €ER, aorRC V}

Remarks. (/) For all a € R we have

a€ Py(V)<aoRC P (V)

1The author aknowledge support from the Italian MURST (40%).



130 F. Catino

(2) If V is a Lie ideal of (R, +, -), then P;(V) is a Lie ideal of (R, +, ), for all k € N.
(Pi(V) / V is the kth centre of (R / V, +, 0) in this case).
The following two lemmas are of independent interest.

Lemma 1. Let (R, +, ) be an associative ring and (V,+) a submonoid of (R, +). For all
k € N we have

(1) (Pi(V),+, ") is a subring of (R, +, ),

(2) Q(Pr(V)) = Q(R) N Pr(V)

Proof. At first we show the case of k = 1. Of course P,(V) i1s not empty. Moreover, for all
reR,a,be P(V)wehave

(a—b)or=aor+bo(—reV
abor=baobr+boracV

Thas proves (1).
Since (Py(V),+, ) is a subring of (R, +, ), we have Q(P(V)) C Q(R) N P;(V). Now let
a € Q(R)N P(V). Forall r € R we have

a o(—r)=ao(l+a (1l +a)

Therefore a— € P,(V), proving (2).
Finally, letk € N, k> 1, and put W = {b|b € R,boy_, R C V}. Then (W, +) is a submonoid
of (R,+) and Py(V) = {ala € R, ao R C W} = P;(W). Thus, by the first part, the proof is
complete.

An important step in the proof of the lemma below is the following equation:

alboc)od =c(bodoa)+ (bod)coa) (3)

+bocoda—bodcoa

+bodoaoc—bocodoa

forall a,b,c,d € R [L, Lemma 2].

Lemma 2. Let (R, +, -) be an associative ring and vi,v_; € Rsuch thatviov_, =0. Let V
be a Lie ideal of (R, +, -), and suppose that

aovi_iy € V= v_p+i(@aov_ip) eV

foralla e R,h € {0,1}.
Then, forallk € N, a € Py(V)and h € {0, 1}, we have

Vi—iyp+i(@o v y) € Pr— (V)
Proof. The proofis by inductiononk. Letk = 1,h € {0,1} anda € P((V). Then, by Remark

(1), aovi_ 1y € Po(V) = V. Hence, by our hypothesis on V, we have v_y+1(@a o vi_y) €
V = Py(V).
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Letk>1,h € {0,1} and a € Py(V). Forall x € V, by (3), we have

V(—yh+! (ﬂ O V{_I}h) OX = V[_]}h(ﬂ X0 V[_]}Ia+1) ~+ (ﬂ O I)(V(_.l)h O V(_l]h-t-l)

T d O U{_]}h C-'IV[__]}h-{—] — { O IV(_Uh o U{_”h—i—l

T {dCXO 'I-—’(_l}h-{nl O V(_[]h — d o V{_]}h oX O V{_]]h+l

Thus
Vieiyri@oy_yp)ox € viyp@oxov_jyp+1) +ao R+ao3 R

Now, a € Pi(V). By Remark (1), we have a o x € P;_ (V). Hence, by our inductive
hypothesis, v_jy(a o x o vi_y+1) € Pr_2(V). Moreover, by Lemma 1 and Remark (1),
we have also a oo R C P;_»(V). Finally, since V 1s a Lie i1deal of (R, +,-), we have
ao3 R C Py_2(V). Thus v_ yp+i1(ao vy ox € Pr_2(V) and, by Lemma 1 and Remark (1),
the proot 1s complete.

We remark that if k is a non-negative integer and V = {0}, then P(V) is the kth centre of
the Lie ring (R, -+, o). Thus, by our lemma, we obtain Lemma 1 of [L] and the main step.of
the proof of Lemma 2 of [L].

Now, let [U] be a descending chain of submonoids U, 2 U; 2 ... of (R,+, ). For each
n € N, we set

P.lUl=(Y{ala€ R, ao;RC Unyi}
IEN

= () PilUn+)

iEN
Then P, [U] 2 P[U] 2O ...
By Lemma 1, we have immediately that

(PulUl, +, ) is subring of (R, +,"), (4)

for all n € N.
Moreover, by Remark (1), we have

a € PylUl <= aoR C Py [U]N Upy (6)

for all a € R,n € N. In particular, P,[U] is a Lie ideal of (R, +, -), for all n € N.
Despite of obvius similarities between Lemma 2 and the next lemma, the proofs show that
subtle differences have to be noted.

Lemma 3. Let (R, +, -) be an associative ring and vy,v_| € Rsuchthatv,ov_; = 0. Let |U|
be a descending chain of submonoids U, 2 U, D ... of (R, +) which satisfies the following
condition:

Forall jeN, j>1, he{0,1}, ue€U_
U o V{_]}h - UJ’ e V(___U}:+I(H Q V(_l)ﬂ) - Uj. (7)
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Then, for alln € N, a € P,[U] and h € {0, 1}, we have

1""'{—1}"4“](‘5:I © V(—I)h) S P;1+I[U]

Proof. At first we show, by induction on i (i € N), the following:
Forallb,ry,...ri,w;,w_| € R such that wy ow_; = 0 we have (8)

wibow_j)orjo...orp e we_pi(borio...orpow_ypi+1)+bojy R+ bojiaR.

Fori = 1, (8) follows from the equation (3). For the inductive step we assume (8) fori € N
andwesetr=boryo...or;. Then

W](bDW_I)GF[D..., O Fi GI‘I*_|_1 - w(_”:(row(_”m)Dr;+] —|— bﬂi+2R+bGE+3R
g W(_”i—J—l(rGﬁ_{_l G'W{__]]:')—I— FG2R+ I O3 R—I—bDI‘+| R—l—b Oi43 R

Cwep+iborio...oriprow_pi+2) +boj 2 R+boj 3R
Now,leth € {0,1},n € Nanda € P,[U]. Foralli € N, r,...r; € R we have
aorio...ori€ Uy, aorio...oriov_pm+it1 € Upqiq
Then, by our hypothesis on [U], we obtain
Vi—iypil@oryo...orov_ it € Upgpiyy

Moreover, also a 041 R C U441 and a 042 R C Uptiy2 € Upgitr
Thus, by (8), we have

V(_I}Ia+l(ﬂ O V{_]]h) OFpO0...0F & U”_|_,‘.+.]

The proof is complete.
From Lemma 3 and (6) we conclude immediately the following

Corollary 4. Let (R, +,-) be an associative ring, v € Q(R) and U] a descending chain of
submonoids Uy 2 U, O ... of (R, +) which satisfies (7) with v, :=vand v_, := v~—. Then
(P,[U]/ Pyy1[U], +) is centralized by v (acting by conjugation), for all n € N (i.e., in this
case: forallu € Uj_j, uov € U; implies that v— xu*xv —u € U;, and uov™ € U; implies
thatv*uxv- —u € Uj).

We remark that evidently any descending chain of left ideals of (R, +, -) satisfies (7), for
all vi,v_| € Rsuchthat v, ov_; = 0. Moreover, we remark that also the lower central series
of the Lie ring (R, +, o) satisfies (7), for all v;,v_; € R such that vi ov_; = 0. This is an
immediate consequence of following proposition.

Proposition 5. [L1, Prop.2(ii)] Let (R, +, ) be an associative ring. If v,v' € R such that
Yn(R)v o V') Cv,p1(R) for alln € N, then vV (v,(R) o v) C Vp41(R) forall n € N,
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Proof. We observe that, for all v,v',w € R,

Viiwov)=Vvwov+ (vov)w

! / !
=vwov+wlivov)+vov ow

which settles the case of n = 1. Now let n>1 and w € v,(R). We have to show that
Vi(wov) € v,+1(R) and may assume that w = w* o z for some w* € y,_1(R), z € R. By (6),
we have

Viw*ozov)+viw* ov)oz+ (W oz)(vo)

f ! f !
+wozvov—wovozv+w ovozov—-—wiozovoyv.

Inductively, we know that the first term on the right-hand side i1s contained in vy,4+1(R). By
our hypothesis, this holds also for the second term, and trivially for the remaing ones. The
proof 1s complete.

Our principal result is the following:

Theorem 6. Let (R, +,) be an associative ring and (U] a chain of submonoids of (R, +)
satisfying (7), for all vi,v_; € R such that vy x v_; = Q.
If Q(R) C Pi[U], we have
Y (Q(R)) = Q(P,[U])
foralln € N.

Proof. The proof is by induction on n. The case n = 1 1s trivial. Let n € N, and assume
that v,,(Q(R)) < Q(P,[U]). In order to prove that v, (Q(R)) < OQ(P,+[U]), it sufficies to
show, in view of Lemma 1, that [a, b] € P,4[U] for all a € v,(Q(R)), b € Q(R). Now, for
all d € R, we have

[a,b]od =(1+a )1 +b Yaob)od
=(1l+b" Yaob)o(l +a )d
+a o(l+b")aob)od
+aod(l+a )od(l+b")—aobo(l —a )d(l +b7)

[Du, Lemma 3]

By the inductive hypothesis, we have a € P,[U]. Thus, by Corollary 4, (1+57) (aob) € P4
[U] and, by (6), (1 + b Yaob)o(l +a~)d € U,y42 N Pri2[U].

By our inductive hypothesis, this holds also for the remaining terms. Thus, by (6), the proof
1S complete.

Corollary 7. Let (R, +, ) be an associative ring. For all n € N we have

Yn(Q(R)) < Q(vn(R))

Proof. Let [U] be the descending chain of submonoids U, O U, O ... of (R, +) defined by
U; := vj(R), for all j € N. By Proposition 5, the chain [U] satisfies (7), for all vi,v_; € R
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such that v; x v_; = 0. Moreover, P,[U] = y,(R), for all n € N. Thus, by Theorem 6, the
proof 1s complete.

Corollary 8. Let (R, +, -) be an associative ring. For all n € N we have
Ya(QR)) < Q(R"M)

Proof. Let [U] be the descending chain of submonoids U, O U, 2 ... of (R, +) defined by
Ui =: RU) for all j € N. Evidently the chain [U] satisfies (7), for all v;,v_; € R such that
vi *¥v_; = 0. We show that v,(Q(R)) C U,, forall n € N. It suffices to show that [a, b] € U,
forall a € v,—1(Q(R)) (n>1), b € Q(R). Now, since a € y,_1(0O(R)), Theorem 6 implies
thata € P,_[U]. Henceaob € U,,. Therefore [a,b] = (1 +a (1 +b" )aob) € U,. Thus
the proof i1s complete.
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