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COMPLETE LIFTS OF TENSOR FIELDS ON A PURE CROSS-SECTION IN THE TENSOR
BUNDLE T, (M,)

A.A. SALIMOV. A. MAGDEN

1. INTRODUCTION

Let M,, be a differentiable manifold of class C™ and finite dimension 7. and let TJ,(M,,) be
the tensor bundle of M,,: that is, the bundle of all tensors of type (1,¢) in M,. Then T,_,i,(M”),
g > 0 1s also a differentiable manifold of class C-~; the dimension of Tff, (M,,) 1s n(1 4 n9).

The main purpose of the present paper is to study the behaviour on the pure cross-section
of the complete lifts of tensor fields in a manifold M, to its tensor bundle TJ(M”), g > 0.
Our main interest focuses on complete lifts of tensor fields of type (1, 1) and tensor fields of
type (1,2). The results obtained are to some extent similar to results previously established
for tangent bundles (see [1], [2]). However there are various important differences and it
appears that the problem of lifting tensor fields to the tensor bundle Tﬁ', (M,)),q >0 on the
pure cross-section presents difficulties which are not encountered in the case of the tangent
bundle. Our method related with applications of the Tachibana and Yano-Ako operators i1s a
new method.

Throughout we use the following notations and conventions:

m: T,(M,) — M, is the projection T;,(M”) onto M,,.

ii. The indices I = (i, i),J = G, ), K = (k, k), ... run from 1 to n(1 + n%), the indices

[,],k,---tfrom | to n and the indices T,},E, .- fromn+ 1 ton(1l +n?). The so-called Einsteins
summation convention is used.

iii. (M) is the ring of real-valued C™ functions on M,. T\(M,) denotes the module over
S(M) of C™ tensor field of type (p, q).

iv. Vector fields in M,, are denote by V, W - ... The Lie derivative with respect to V is
denoted by Ly. Tensor field of type (1, 1) 1s denoted by ¢ and tensor field of type (1,2) by S.

2. COMPLETE LIFTS OF VECTOR FIELDS ON A CROSS-SECTION

Let x' be local coordinates in a neighborhood U of a point X € M,,. Then a tensor ¢ of type
(1,9) at X which is an element of 7, (M,) is expressible in the form (x', 7, .., ), where ;, . ; are

components of # with respect to the natural frame ;. We may consider (', #,...; ) = (' xh)
as local coordinates in a neighborhood n='(U) of T,(M,). To a transformation of local

. o of . . ; . .
coordinates of M, : X = x' (x'), there corresponds in Tf}, (M,,) the coordinates transformations

o ’
X =x'(x"

(iy A J VENEI
= Ay Al 1, = A AL X

(") @y 7y
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[t we put xil = If,f then we may write (2. 1) as

J i
I I £f
Xo=x e X )y,

Let V be a vector field on M, and V' be its components with respect to a coordinate
neighborhood U(x') C M,,. Making use of the Jacobian matrix (A" ) = ( S ) 1.e.

)X i Al 0
- 0--; ( (ky (i) ) ) ) (22)
\ ax' gx' ’Jq,t 0 i(Ag }A; A }A;
arx’ -
ax'’

we have a vector field “V on T (M) whose components are “V:
( :'Vﬁ . hi

$ ey " i (23)
Vf — I;_f”a ﬁ.l‘" Z r,i{:; ;,qa iy Vo,

. =1

—
8

with respect to the coordinate neighborhood 7t~ (U)(:x, x™) C T)(M,), where o= f
If @« € T{(M,), it is regarded, in a natural way (by c::mtractmn) as a function in TI(M,,)

which we denote by tx. If « has the local components {I{ ~“in a coordinate neighborhood
U(x') C M, then te has the local expression

-y

(x = olt) = f’}]m{qf": i

with respect to the coordinates (,rf,.t‘?) in 7t~ (V). Using (2.3), we can easily verify that
“V(x) = (Lyx), forany & € T{(M,,).

Therefore, <V 1s the complete lift of V to TL,:,(M”) 5] (when g = 0, see [2, p. 27-29]). If we

put ¢ = O then “V/ are the components of the complete lift of V from a manifold M,, to its
tangent bundle T(M) [3].

Suppose that there 1s given a tensor field & € "EJI(M”) in M,,. Then the correspondence
X — &y, &x being the value of & at X € M, determines a mapping o¢ : M, — TJ(M,,],,
such that 7w o 0¢ = idy;,, and the n dimensional submanifold o¢(M,) of T' (M,,) 1s called the

cross-section determined by &. It the tensor field & has the local components £, -y (x"), the
cross-section o¢(M,) 1s locally expressed by

o
1
e
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with respect to the coordinates (x”, X" in T‘(M,,) Differentiating (2.4) by x', we see that the
n tangent vector fields B; to o¢(M,,) have components

a.IH 6!} )
By = [ == 2.5
=(32)=(,.8 o

with respect to the natural frame {9,,9} in Tf}(M,,).
On the other hand, the fibre is locally expressed by

|"'"
V' = const,

’f :’f h,

Il”'hq‘ “...IF'}

\
d

we see that the n' T4 tangent vector fields C_. to the fibre have components

F

o xf 0
(C"y = — | = (6;;-;. ) (2.6)
! Ox! jbm S e’m,

with respect to the natural frame {9, 97} in 7, (M,).
We consider in 1~ (U) C TQ(M”), n(l + n?) local vector fields B; and C_ along o¢(M,).

They form a local family of frames {B;, C- } along o¢(M,,), which is called the adapted (B, C)

b, being considered as parameters. Thus, on differentiating with respect to x' = £,...; ,

tf

-frame of 0¢(M,) in o (U). From ‘V = V") ,+ ‘"Vﬁa}; and °V = VB, + Vi C_, we easily
obtain V" = VB! + Vi C‘i, cyh = ff""B‘;*’ + Vi C’E. Now, taking account of (2.3) on the

cross-section &, and also (2.5) and (2.6). we have Vi = Vi, Vi = —ﬁv&‘f,...;;
Thus, “V has along o¢(M,,) components of the form

{'V = (_ﬂﬁ::?j | ) (2?)

with respect to the adapted (B, C)-frame.

3. COMPLETE LIFTS OF TENSOR FIELD OF TYPE (1,1) ON A PURE CROSS-SECTION

A tensor field & € T, (M,) is called pure with respect to @ € T|(M,), if

PLES =@l ==l E L,

In particular vector fields will be considered to be pure.

Let ,..,q,(M,,) denotes a module of all the tensor fields & € .a.,q(M”) which are pure with
respect to ¢. We consider the Tachibana operator on the module T‘(M,,) (see [4]):

(P&, = PROmE), j — ©01E, j —
d . (3. 1)
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After some calculations we have
k i _ I i m
aY {1 . . = | . J— ,.f . )
(IL,.’.‘&),{“LI HJV‘C-““M (pj” V‘t—-ﬁjq; (3.2

forany V € LT..,:I}(M”).

Suppose that A € ‘ZE}J,(M”) with local components A{,...,-q in U(x') C M,. Making use o
(2.8), we have a vertical vector field

'V'Af 0
Vi _ ) | 3
A (VAE) (A‘f;l...,'q> (3.3,

with respect to the coordinates (' x)in TN (U) C Tff,(M,j).
Using (3.3), we can easily verify that YA(tx) = x(A) o7t = Y(x(A)),1.e. YA € T,}} (Tf:, (M,))
1S the vertical lift of A € "Ié,(M,,) [5] (when g = 0, see [2, p. 6]). From (2.5), (2.6), (3.3) and

YA =VAIB; + VA’ C_, we easily obtain YA = 0, VA’ = VA" = Al ., . Thus the vertical lift
VA also has components of the form (3.3) with respect to the adapted (B, C)-frame of oc(M,).

Now, we consider a pure cross-section G?(M”) determined by ¢& € ‘EJI(M”). We define a
tensor field ‘¢ € T[(T|(M,)) along the pure cross-section of (M,) by

<,.- ‘PEVY= (@(V), YV e ThM,), -
oA = (@A), VA € THM,), ~

where @(A) € "E;,(M,,) and call ¢ the complete lift of @ € T|(M,) to T{.},(M”) along o (M,).

Let “X components of “ ¢ with respect to the adapted (B, C)-frame of the pure cross-section
o¢ (M,). Then, from (3.4) we have

= (@)X @)
< ¢ KV 4l V K .. (35}
oy A" = ((ANK, (i)

S
™
<

Py
|

where V(0(A)) = (v o) = (i ).

VANt PHAT
| i
First, consider the case where K = k. In this case, (1) of (3.5) reduces to

“Of VI + @bV = () = (@(V)F = of. (3.6)

Since the right-hand side of (3.6) are functions depending only on the base coordinates x', the

left-hand side of (3.6) are too. Then, since V! depend on fibre coordinates, from (3.6) we
obtain

‘o7 =0. (3.7)

From (3.6) and (3.7), we have ‘@ V' = “@}v/ = @'V being arbitrary, which implies

RCHENGH (3.8)
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Thus, from (3.7) and (3.8) we see that @ is projectable with projection ¢ [6].
When K = E (if) of (3.5) can be rewritten, by virtue of (3.3), (3.7) and (3.8), as 0 = 0.
When K = k, (i) of (3.5) reduces to

‘ofVA! + < tVAl = V(p(a))

or

'

!IL §1 ) rfj Y|
(D!.A“ (prrz ky---ky —([}.”6 61&{;‘4#']---'1

for all A € T\(M,), which implies

P; = @58 -8, (3.9)

I

F_ Y e J-||I|=
where x' = xf = ok,

When K = k, (i) of (3.5) reduces to

@IV + @iV = (o). (3. 10)
We shall investigate components "cpf. From (3.2) we have

4 ((:ﬁ' ‘i)m] -k, + <P ﬁv‘é,{] ky, T E@{V}E. (3 ll)
Using (2.7), from (3.11) we have
”k({ﬁwa)i ok, T (P;'f’if"ia.
— VA(I’JFE, -k, -+ (F)f] 6” ﬁ. ({J'_; E,:]l
= VR~ 8- el V! = *‘*‘(cp(V))E

or ) .
(@& i VI =8 - @V = =“(e(V) (3.12)

From (3.10), (3.9) and (3.12) we write

(@ + (P& )V =0

or

—(®y ‘E)m,

Thus the complete lift “¢ of ¢ has along the pure cross-section D'?(M”) components

ok — K -
Q= 9D, (P;—U
{ - T (3.13)

Eh(pf;{ — ({]} E‘)Hq (P - (171.1 ,{, C 6?

with respect to the adapted (B, C)-frame of crf(M,,), where ® ¢ is the Tachibana operator.
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Remark 1. The formula (3.2) is valid if and only if @& 1s the Tachibana operator, 1.e.
in the form (3.13) is unique solution of (3.4). Therefore, if @ is element of ‘I}(TJ(M,,)), Su

that (V) = “@(‘V) = (@(V)), D(YA) = “@(YA) = Y(@(A)), then § = ‘.
It we write g = O, then (3.13) 1s the formula of the complete lift to the tangent bundle alo
the cross-section o¢(M,,) (see [2, p. 126]).

Remark 2. On putting B* C , we write the adapted (B, C)-frame of ﬁ"&(M,,) as By
[B;,B_}. We define a coframe B! of oy (M) by B/ (B;) = &]. If By = B9 y, then we have

B/'By =&,

where BJ, = B’(9 ). From (2.5), (2.6), (3.13) and (¥), we see that covector fields B/ ha
components

o

EE (B ) J’HO)
B' = (Bj) = (=08, .80 518

’q

with respect to the natural frame {dx", dx"}.
Taking account of representation

‘@ =“@)B @B

and

=

= ‘@(dx*,91) = ‘@iB, @ B/ (dx", 1)
= “old®(B)B (3 1) = “@ldx*(BY o w)B,
=  “@)B]éyB; = “©)B; By,

and also (2.5), (2.6), (3.13) and (**), we have along O‘Lf(M”) the formulas

.,___k - .

‘P = @,“p; =0,

:q,)% _ CI’JI' 0f| . 6;‘1,

P = —(RLE)) OOy — ORDEN

Thus, “@ has along the pure cross-section U?(M”) components of the form (see [7])

oo~k k ¢~k
P = @), ¢; =0,
¢ ""E _ ;l o
(p"f - (p!.] 6 | ‘b‘,{qx
. ""E I il Hi’
('pf - tvkl...kifa f”{'pf E (alfu A]...”?...L

a=1

with respect to the natural frame {9, 0 ﬂ} of Uf(M”) in 7t— ' (U).
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Theorem 3.1. The complete lift © : End M, — End T{}(M”) along the pure cross-section
UE(M,,) 1S @ monomorphism.

Proof. The peculiarity
(P o, +beos 5’):"‘:‘"“‘&; = ﬂ({bgl&)iﬁl,,,kq + b({I:ma);lew‘v’a.,[:: cR

of the Tachibana operator and from (3.13), we find that, © . End M,, — End T‘,",{M,,) 1S a linear.
From (3.4), we write

(@ oP)(V) = ‘(@ o)(V)) = (@(h(V))
“OEP(V)) = ‘@Y V) = (“@ o Y)Y V),
(9 o P)A)) = "((h(A))

= “@("(P(A)) = “@(D("A)) = (‘@ o P)(*A).
With respect to the above Remark, we find

(o) ="@oY, (3. 14)

that is, ¢ is a homeomorphism. However, “@ = 0 if and only 1if ¢ = 0, 1.e. “1s a
monomorphism.

‘(@ o W)(VA)

Theorem 3.2. Let / be the field of identity transformation of End M,,. Then, ‘I 1s the field of
identity automorphism of End T, (M,).

Proof. By (3.4), we write
{H[V) — ((I(V)) — {‘V = f{fT;}[M“}[’{IV),
EI(VA) — U(I(A)) = VA = e‘*d}r;:“w”}(v/q)

and hence, we have I = r'd?;:“w”,. From (3.14) and Theorem 3.2., we have

Theorem 3.3. If ¢ € £ (M,,} deﬁnex an almost complex structures on M,,, so does “¢ on
TJ(M”) along the pure cross-section ¢ (M,,).

4. COMPLETE LIFTS OF TENSOR FIELDS OF TYPE (1,2) ON A PURE CROSS-SECTION
A tensor field & € ‘ij(M;i) 1s called pure with respectto § € "E»]l{Mn), if

I rr ol __or f

"k‘;"jl'”jq =5; ]*‘La*’ g T S *ELH

I ¢r ___ ! _— !
S“.E’jl ”'Jl.tj‘ - S{f] E-)'}qu - - S'Uf.f EIJ]'] caa gt

Let X % (M,,) denotes a module of all the tensor fields & & A,EI(M,,) which are pure with respect
to the 5. We consider the Yano-Ako operator on the module 'TI(M,,) (see [8]):

@58y = TiOnEos, = s DSl
(4. 1)
T Z E'?; M- aﬂ S:TI o Sf:”':,a J E::r',:”g o ‘Sr:’ ma f'-af: g

h=1
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After some calculations we find
V(DSE iy = (B &)y — Smin LVE] .. (4.2)

for any V € T (M,), where, Sy is the tensor field of type (1,1) in M, defined by Sy(W) =
S(V,W)and ®g, ¢ is the Tachibana operator.
We now consider a pure cross-section O‘E(M,,) determined by the pure tensor field & €

%EI(M,,) with respect to the S. We define a tensor field °S € T, (T,(M,)) along the pure
Cross-section O“E(M”) by

SV = ST VY, WV Va € TH,)
S(A,Va) = V(Sv,(A), VA € TY(M,),
SCVy,YB) = “(Sv,,(B)), VBE€ETLM,),
‘S(VA,YB) =0

(4. 3)

and called “S the complete lift of S € T3(M,,) to T, (M,) along o7 (M,)).

Let" S*“ 1,1, b€ components of °S with respect to the adapted (B, C)- frame of r:r '(M,,). Then,
from (4. 3) we write

c-Sfl cvflc L»> _:(S(VI‘V,})) (f)
S ALVE VS, G (4.4)
-{‘S ¢ V.;r;l L’BI,J — F(Si,fl (B))K1. (”f) '
S, VAL VL = 0, (iv)
where 0 0
V
S;ﬂ A po—— T — )
(Sr:(4)) (““’(5\:’3 (A)}k) (Sf;uv’ Ay ---kt,>
0 0 k
V k I
S"B — I — 1-F:'f-...r-
( ! |( )) (V(SF (B))ﬁ'> (S_;:.” BT » ) X ky J"-u’
| hy
Substituting K = & in (1) of (4.4) and calculating in the same way as 1n 43, we obtain
¢ ok c ok ok . ¢ ok ok
Shh —_ Shf': SFIEZ — 0, Sfl"l — S“Irxzi (4. 5)
When K = k, (i) of (4.4) reduces to
{‘S ivf] V + Si!{V!]{V _l_(Si.l’(Vf] V+
| ' (4.6)
+eSEeyhevh = <5y, o)),

{1

We will study components ‘:'S‘;"Jr ‘Sf“ ‘S"‘- and ¢ S"“ of the complete lift ¢S. When K = k
(u} and (iv) of (4.4) can be 1ew11ttf:n by vutue of (3 3) and (4.5) as 0 = 0. For a case where

— k. (iv) of (4.4) we have S“" — 0. When K = k, from (ii) of (4.4) we write
{Sff A.r'lc V _|_ {S:jlf AFI.;ng + {'S?_'IL VAIIPV%:—E—

0875, VAl v = Vs
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or ) B
{S? 2 YAl evy = Y(Sv,A)
¢ ok 5 h 7 h  ¢r <y 48 {>
57,170 V3 = SpyVaAR ., = SenBl O, Aryoor, V3
VA € (M), YV, € Ty(M,), which implies
(i ﬁ. I w ! '-r-tln'
Sﬁ."ﬁ S.&‘H': bi: S bkq‘
where x! = %!, . We also have by (iii) of (4.4)
' 1':. J‘_.],
Ss ; gml . 5&;&
where x? = = tyy.oor,
Thus, by v1rtue of (4.7) and (4.8), (4.6) reduces to
S V:’H'Vl'[j _|_ Sf! 6“ o 6":;{‘1;?]{"/!’34_
hty Vi V2 e ke 1Y
+ Sh 5| l OL‘H V!H Vh F(S(Vla VE))I
From (4.2) and (3.2), we obtain
VIV @sv, vy &ty ok, = V3 (@00 &)ty k, = V3 S LV E

/ i m
— ﬁ-ﬁ'f‘v’hvﬂakrukq -V IS:’ m["\” E* - F SH.'I"-]?VIE‘

or

I ! B J
2 Yy ({I)SH" ‘.f'ﬂa)h."-nl Ky + vll [ m*C’l F—:m -k, T V3 SHHHE’V E'm — f‘-ﬁ'{ Vi +1"J2](Er’:i
By virtue of (3.9), (4.10) reduces to

({I}SH” Va IE') Lisky -k, + vhShmf’V E*m -k, + "15.-nhﬁl Eﬂ,”

= 1'“1? (Psv,.v, }f(—,)m ky -k, 4+ v Sa’m - ‘6&:1:1;: -f;ll---r'f,—}_
+ L’z'STiLm Ly B, = ((flw. VBt ) VIEVE
Si’l‘-l 6{}£Vl’][vw S

5|f"-

or
(P &)} ) V“‘ l S 6"" L Seylhicyl
S(Vi V) Sl sk -k, > k, koY1 Y2

L Sh I.I e . 6;‘1(1;1’;]{1’/2‘} — (S(V]-. V..}J) \G/Vlj V'-' E #{}(M”)

Comparing (4.9) and (4.11) we get

S,' = —({I}Sa);,; ky--

i1 e S VIR = —<(S(V, V)

T,(M,) 35

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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Thus, the complete lift S € T (T (M,)) of § € ‘#Eé(M”) has along the pure cross-section
G, (M,) components:

Sk, = Sh, S =csho =gk =t =0,

i/ A WA

¢ .It. . i y 'jfj ¢ I . I o I ) ) =y ":]'
Shh T S !_’6 ﬁ_ } Shh — S:‘I].‘i|bk| ' Dk,;‘ (4. I—.)
th = ‘—({I‘Sa)nu.

with respect to the adapted (B, C)-frame of 0‘% (M), where ®g¢ 1s the Yano-Ako operator.

If we write ¢ = 0, then (4.12) 1s the formula of the complete lift to the tangent bundle
along the cross-section o¢(M,) ([2, p. 126]). By similar devices (see §3) from (4.12) we have
components of the complete lift ‘S along the pure cross-section with respect to the natural
frame {90, 0 ?} (191, [10]).
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