Note di Matematica 21, n. 1, 2002, 113-125.

Generalizations of Fibonacci and Lucas
sequences

Nihal Yilmaz Ozgiir

Balikesir Universitesi, Fen-FEdebiyat Fakultest
Matematik Bolumu, 10100 Balikesir/Turkey
nihal@balikesir.edu.tr

Received: 9 September 2001; accepted: 20 March 2002.

Abstract. In this paper, we consider the Hecke groups H(,/q), ¢ > 5 prime number, and
we find an interesting number sequence which is denoted by d,,. For ¢ = 5, we get d2n, = Lan+t1
and dony1 = VBFani2 where Loy is (2n + 1)th Lucas number and Fbny2 is (2n + 2)th
Fibonacci number. From this sequence, we obtain two new sequences which are, in a sense,
generalizations of Fibonacci and Lucas sequences.
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Introduction

Hecke groups H(\) are, in some sense, the generalizations of the well-known
modular group

az+b
cz+d

PSL(2,Z):{ | a,b,c,d € Z, ad—bc:l}.

They are the discrete subgroups of PSL(2,R) (the group of orientation pre-
serving isometries of the upper half plane U) generated by two linear fractional
transformations

R(z):—% and T'(z) =z + A

where A is a fixed positive real number. Hecke groups H(\) have been introduced
by Erich Hecke, [4]. Hecke asked the question that for what values of A these
groups are discrete. In answering this question, he proved that H(A) has a
fundamental region iff A > 2 or A = )\, = 2COS(%), q € N, ¢ > 3. Therefore
H(\) is discrete only for these values of .

The most interesting and worked Hecke group is the modular group H(\3) =
PSL(2,7Z) obtained for ¢ = 3. In this case all coefficients of the elements of
H ()\3) are integers. The next two important Hecke groups are H(v/2) and H(v/3)
obtained for ¢ = 4 and 6, respectively. For these groups, the underlying fields
are the quadratic extensions of Q by the algebraic numbers /2 and /3, that is,
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Q (vV2) and Q (v/3). It is known that H(),) is isomorphic to the free product
of two finite cyclic groups of orders 2 and ¢, i.e. H(\;) = Cy x Cy, [1].

Here we are going to be interested in the case A > 2. In this case, the
element S = RT is parabolic when A = 2, or hyperbolic when A > 2. It is
known that when A\ > 2, H(\) is a free product of two cyclic groups of orders 2
and infinity, [8], so all such H(\) have the same algebraic structure, i.e.

H\) =0y *Z

so that the signature of H(\) is (0;2, 00;1). In particular, we deal with the case
where A = /g, ¢ > 5 prime number, and denote the group by H(,/q).

On the other hand, Edouard Lucas (1842-1891) made a deep study of se-
quences which is called “generalized Fibonacci sequences”, that begin with any
two positive integers, each number thereafter being the sum of the preceding
two. The simplest such series, 0,1,1,2,3,5,8,13,21, ..., is called the Fibonacci
sequence by Lucas. The next simplest series, 2,1,3,4,7,11,18, ..., is then called
the Lucas numbers in his honor. The Fibonacci rule of adding the latest two to
get the next is kept, but here we begin with 2 and 1 (in this order). The position
of each number in this sequence is traditionally indicated by a subscript, so that
Fy=0, Iy =1, Fy, =1, F3 =2, and so on. F}, refers to nth Fibonacci number.
Explicitly the Fibonacci sequence can be defined as follows:

Fn: n—1+Fn—2an22 (1)

with two boundary conditions: Fyp =0, F; = 1.
The Lucas sequence is defined as follows where we write its members as L,
for Lucas:

Ly = Ly1+Lyo n>1 (2)
Ly = 2
Ly = 1.

The nth Fibonacci number is in the following formula:
1
F,=—

1+v5\" [(1-v5\"
A1) (5] ®

The formula that gives the nth number of the Lucas sequence exactly is

1+v5\  [(1-v5\"
T
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Lucas numbers have lots of properties similar to those of Fibonacci num-
bers and the Lucas numbers often occur in various formulas for the Fibonacci
numbers. For example: The nth Lucas number is equal to F,_1 + Fp41, i.e.

Ln =rtpn1+ Fn+1 (5)

for all integers n. The product of F,, and L, is equal to F5,. Another recurrence
relations for the Fibonacci and Lucas numbers are

Fn+4 = 3Fn+2 _Fna (6)
and
Ln+4 == 3Ln+2 - Ln (7)

For more details about the Fibonacci and Lucas sequences, see [2], [3], [5] and [7].

We came across an interesting number sequence which is denoted by d,,
when we were studying the principal congruence subgroups of the Hecke groups
H(,/q), ¢ > 5 prime number. The sequence d,, is defined as follows:

d, = ﬁdn—l —dp—2, n>2 (8)
dy = 1, di = /.

For ¢ = 5, we get the sequence

d, = \/5dn—l —dp—2, n>2
dy = 1, dy = V5.

It is surprising that do, = Lony1 and dopi1 = V5Fa,19, and each d,, (for all
q) has similar properties L,, and F),. In some sense ds are generalizations of
Ly, and F), including both of them for ¢ = 5. In this paper we will introduce
this sequence and get two new sequences from this. Firstly we will give a brief
information about the Hecke group H(,/q).

1 The Hecke Group H(,/q)

In the case A = /q, ¢ > 5 prime, the underlying field is a quadratic extension
of Q by /g, i.e. Q(y/q). A presentation of H(,/q) is

H(yq) = (R,S; R* =5 = (RS)™ =1)

where S = RT. By identifying the transformation % with the matrix (‘g g) ,
H(,/q) may be regarded as a multiplicative group of 2 x 2 matrices in which a

matrix is identified with its negative. R and S have matrix representations

(2 )m()
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respectively. All elements of H(,/q) are of the following two types:

NAERNAY o
(i) (C\/a d >7a,b,c,d€Z, ad — gbc =1

(avi b\ L
(u)( 4 d\/a>7a,b,c,d€Z, gad — bc = 1.

But the converse is not true. That is, all elements of type (i) or (ii) need not
be in H(,/q) (see [6]). Those of type (i) are called even while those of type ()
are called odd. The set of all even elements form a subgroup of index 2 called
the even subgroup. It is denoted by H.(/q), [9].

When we were determining the group structure of principal congruence sub-
groups of H(,/q), we needed the powers of the transformation S which is one of
the generators of H(,/q). We were looking for the answer of the question that
for what values of n satisfy

S™ = +1 (mod p), pis an odd prime,

we needed to compute nth power of S, for every integer n. Notice that the
transformation S is hyperbolic with fixed points

_Va—4-q d _—va-4-4 9
_72 and zo = ()

Z1 B

and therefore of infinite order. It is hard to compute S™ easily. The next section
we will try to compute nth power of S. Note that S is an odd element of H(,/q),
so odd powers of S are odd and even powers of S are even elements.

2 Powers of the Transformation S

In this section we will prove that

—dp—o —dp_1
Sn — n n )
< dn—l dn
by induction. Therefore the problem to compute S™ is reduced to compute the
explicit formula of d,,.

Proposition 1. The n th power of S is

n __ _dn72 _dnfl
S _< dn—l dn >

where dg =1, d1 = \/q and dp, = \/qdp—1 — dy—2, forn > 2.
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PROOF. First we prove

Sn — < bnfl _dnfl )
dn—l \/adn—l + bn—l .

Remember that S = < (1) ) Let us write

Then we have

#=(V ) (V)= 20) =0 o)
1 Vq 1 q Vi q-1 dy  \/qdy + by
Hence assertion is true for n = 2. Let us assume that

Snfl

< bn—2 _dn—2 >
dn72 \/adan + bn72 '
Then we have
o ( bos  —dys ) ( 0 -1 >
n—2 \/adn—2 + bn—2 1 \/6
_ ( s ~(y/Gdn—2 + bn—2) )
\/adan + bnf2 \/a(\/zldnf2 + bn72) - dnf2

_ ( bnfl _dnfl )
dn—l \/adn—l + bn—l .

Notice that by = —dy, b,_1 = —d,_2 and b, = —d,_1. If we write dy = 1, we
get by = —dy and hence we proved that

S — ( _dnf2 _dnfl )
dn—l \/adn—l - dn—? .
QED

Thus we have a real number sequence which can be defined as

dn = \/adn—l — dn_g, n Z 2 (10)
do = 1, di = /7.

Now we have to compute d,,.
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Proposition 2. d,, is in the following formula for all n:
d _ 1 \/a + \/(]——4 n+1 B \/7 _ \/q_—4 n+1
" Vg—14 2 2 '

PRrROOF. To solve the equation (10), let d,, to be a characteristic polynomial
r™, which appears to quickly reduce (10) to

(11)

= = s g+ 1=0
with the roots
V4t vg—4
T

r,2 =

The general solution of the equation d,, = r™ will be all possible combinations
of roots 1 and r9. Let us write

dn:A<L vg) +B<ﬂ7 vq)
2 2
Constants A and B can be found from the boundary conditions dy = 1 and
= /q- We have

dy = 1=A+B,
N

and so
2Vq=AVa+Va-49)+1-A)a—+Vaqg—4).

Hence we find

A YAVt g ViAoV
2 /g — 1 20/g—4

Then we get the formula of d,, as follows:

- (A5 (A5

2va—4
(=) ()
2/q -4 2
1 [(ﬁ—i—\/qf)wrl_(\/—_\/q——él)n]‘
2 2

q—4

QED
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For ¢ = 5, we arrive at familiar expressions for Fibonacci and Lucas numbers.
We have da, = Loy 1, (2n + 1)th Lucas number, and don 1 = V5Fan12, (2n +
2)th Fibonacci number. Indeed, from (11) we get the sequence

L 1+\/5 n+1 \/3_1 n+1
n = 9 - 5 .

If n is even, then n + 1 is odd and hence we can write

n+1 n+1
14+ 5 1—+/5
dp = < \/_> + ( \/_> = Ln+1-

2 2

If n is odd, then n + 1 is even and we can write

n+1 n+1
w-A B ((50) -(50) )| vene

VAN 2
So we get
g2 _ < —Lop—1 —FonV/5 )
Fouv/5  Lopt1
and

g2l _ < —F5,V5 —Lopii >
Lon+1  FaniaVb

in the Hecke group H(,/q).
In general, the sequence d,, has similar properties of F;,, and L,, for all q.

Proposition 3. We have
don = (q — 2)don—2 — dan—2 (12)

and

don+1 = (¢ — 2)dan—1 — dop—3. (13)

PrRoOOF. By (10), we get dop—3 = \/adQn—4 — dop_5 and so doy,—3 + dop_5 =
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V/qd2n—4. Using this last equation and (10), we obtain

d2n =

Vqdan—1 — dan—2
Va(\/qdan—2 — dap—3) — don—2
(¢ — 1)dan—2 — \/qdon—3

don—2 — qdan—4 + /qdon—s5
don—2 + (\/qdon—3 — dopn—4a) — qdon—sa + \/qdon—s
don—2 — dop—a — qdon—a + \/q(d2n—3 + dan—5)
don—2 — dop—s — qdon—s + +/q(\/qd2n—4)

don—2 — d2p—4.

N. Yilmaz Ozgiir

Similarly, from (10), we find dg,—2 + d2n—4 = /qd2,—3 and then

dop+1

Vqdon — dap—1
Va(v/qdan—1 — dap—2) — dop—1
(¢ — Ddan—1 — \/qdon—2

(-1
(-1
(
(g—2
(q—2
(

Ydon—1 — /q(\/qdon—3 — don—4a)

Ydon—1 — qdon—3 + \/qdon—a

q —2)dan—1 + (\/qd2n—2 — don—3) — qd2n—3 + \/qdon—4
)
)
)

Note that for ¢ = 5, we have

and

dop = 3dap—2 — dop—4

dop41 = 3dap—1 — dap—3,

don—1 — don—3 — qdon—3 + \/q(don—2 + don—4)
don—1 — dopn—3 — qdon—3 + /q(\/qd2n—3)
dap—1 — dap—3.

QED

that is, we have Lop+1 = 3Lop—1 — Loy—3 and /5 o420 = 3V5Fy, — V5 oo,
80 Fopyo = 3F3, — Fy,_9 which are coincide (7) and (6), respectively.
From d,, we have two subsequences. Indeed, let us consider the polynomials

Uug

1, uy=q—2

Un = (q - 2)un—l —Up_2, N> 2.

(14)
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Then we have
don+1 = Unr\/q. (15)
Now we will prove this by induction. As dy = ug./q, d3 = u1,/q, assume that
don—1 = da(n—1)41 = Un—1,/q- From (13), we have
dony1 = (¢ —2)don—1 — don—3 = (¢ — 2)da(n—1)+1 — d2(n—2)+1
= (¢ = 2)un-1Vq — un—2yq = [(¢ — 2)un—1 — un—2] V4
= Un\/q.
Similarly, if we consider the polynomials
v = l,vy=q—1 (16)
Up = (@—2)vp—1 —Up_2, n>2,
we have
doy, = Up. (17)
Indeed, as we have dy = vg, dy = vy, assume that do, o = d2(n—1) = Up_1.
From (12), we have
don = (q—2)don—2 — don—a = (¢ — 2)da(n—1) — do(n—2)
= (q—2)vp—1 — Vp—2 = Up.

Note that for ¢ = 5, v,’s are Lucas numbers with odd index and u,’s are
Fibonacci numbers with even index. Now we want to generalize the sequences
Uy, and v,. First consider the sequence u,, and generalize into a sequence of
which elements of even index are u,,’s. Let us define

Uspt2 = up
and compute U, using the equalities
Usp, = Uzp—1 +Uzn—2
Usni1 = (q—2)Um—1 — Usp—3.
Then we have
U = 0
u =1
U = 1
Us = ¢
U = ¢
Us = ¢*—5q+5
Us = ¢>—4q+3
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For even indexed elements of the sequence, the condition
u2n - u?n—l + Z/l2n—2 (18)

is hold. We will investigate whether this condition holds for odd indexed ele-
ments or not. From Usy 12 = Uspt1 + Uay, we have

Uspt1 = Uopia —Usp

(q = 2)Uan — Uap—2 — Uay,

(q = 3)Uop — Uzp—2 = (q — 3)(Uzn—1 +Uop—2) — Uz 2
(q = 3)Uzn—1+ (q — 4)Uop—2

Uzn—1+(q — 4)(Uzn—1 + Uy —2)

= Usp—1+ (¢ — 4)Uzp.

Therefore only for ¢ = 5, we have the Fibonacci sequence.
Let us now generalize v, into a sequence of which elements of odd index are
vy’s. Similarly, let us define
Vont1 = vn

and compute V,, using the equalities

V2n+1 - VQn + V2n—1
Vo = (¢ —2)Van—2 — Vop_a.

Then we have

Vo = 2

Vi = 1

Vo = qg—2

Vs = q-—1

Vi = ¢ —4q+2

Vs = q2—3q+1

For odd indexed elements of the sequence, the condition
Vant1 = Van + Von—1 (19)
is hold. Again similarly an easy calculation shows that

Vo = (¢ — 4)Van—1 + Von—a.
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So only for ¢ = 5, we get the Lucas sequence.
Therefore we get two new sequences, U,, and V,,, which are not generalized
Fibonacci sequences except g = 5. Explicitly U, can be defined as follows:

Un = (q—2)Up—2 —Up—g,n >4 (20)

with the boundary conditions: Uy = 0,U; = 1,Us = 1 and U3 = g — 3. V,, can
be defined as follows:

Vo=(q=2Vuo—Voan>4 (21)

with the boundary conditions: Vg =2, V1 = 1,V = ¢ —2 and V3 = g — 1. For
q = 5, we have polynomial representations of Fibonacci and Lucas numbers. In a
sense, Uy, is a generalization of F), and V), is a generalization of L,,. Furthermore,
the sequence d,, defined in (10), contains both of even indexed elements of U,
and of odd indexed elements of V,,. The sequences U, and V, have similar
properties of Fibonacci and Lucas numbers F;, and L,,. For example we have
the following propositions:

Proposition 4.
Vp = n+1 T+ Up—1. (22)

PROOF. Since V1 =Uy+Us =0+1=1and Vo =U1+U3 =1+q—3 =qg—2,
assume that the identity is true for n =1,2,3,...,k — 1 and show that it holds
for n = k. We have

Vi = (¢—2)Vh—2 — Vi1 = (¢ —2)Up—1 +U—3) — Ui—5 + Uy_3)
= (¢—2)Up—1 —Up—3+ (¢ — 2)Up—3 — Uy_5
Upy1 + Up—1.

QED

Proposition 5. The product of U, and V,, is equal to Usy,, that is,

PROOF. As we have Uy = 1 = U1V; and Uy = q — 2 = Us)s, assume that
Uon—2 = Up—1Vn—1. Now we can compute U, V,. From (22), we have U, V), =
U (Un+1 + Up—1) and using definitions we find

UV = Un((q—2)Un—1 —Up—3) +Un-1((q — 2)Un—2 — Upn_4)
= (q—2)UnUp—1 + (q = 2)Un-1Up—2 — UnUy—3 — Up_1Up 4
= (q—2)Un-1(Upn +Un—2) —UnUp 3 — Up1Up_4
= (q—2)Un-1Vn-1 —Ulhp—3 — Up_1Up_4.
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If n is even, we know that U,, = U,,_1 + U,_2. Using this and n — 2 is even, we
have
Zf{nvn = (q - 2)unflvn71 - unfi’)(unfl + Z/{n72) - unfl(un72 - Z/{nf3)
= (q - 2)Z/{nflvnfl - un73un71 - uan(unf?) + unfl) + unf?)unfl
= (q - 2)Z/{nflvnfl - un72vn72-
By the assumption, we get that
unvn = (q - 2)“271—2 - u2n—4 = u2n-

If n is odd, we know that U,, = (¢ — 4)Up—1 + Up—2. Since n — 2 is odd, we have
Up—2 = (q — 4)Uy—3 + Uy, —4. Hence, we obtain

UV = (¢ — 2)Up—1Vn—1 — Un—3((¢ — H)Up—1 + Up—2)
—Up—1(Un—2 — (¢ — 4)Un-3)
=(q—2)Un-1Vn-1 —Upn—oUpn—3 +Upn—1) — Up_3Un_1(q — 4)
+Up—3Un—1(q — 4)
= (q = 2)Un-1Vn-1 —Un—2Vy 2.

Then by assumption, we have
unvn = (q - 2)1/{27172 - u2n74 = u2n-

Therefore assertion is true for all n. QED
Finally we have the following theorem:

Theorem 1. In the Hecke group H(\/q), ¢ > 5 prime, the nth powers of S
are obtained as the following forms:

g2 _ ( —Von—1 —Uan \/q )
Uon\/G  Vont1

and

g2l _ < ~Uon\/q  —Vant1 > '
Vont1  Usnt24/q

ProoF. From Proposition 1, we know that

n __ _dn—2 _dn—l
o= ( dnfl dn ) .
By the definitions U,, and V,, and the equalities (15) and (17), we have

dont1 = Un+/q, 50 dony1 = Uopi2/q
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and
dop = vp, 50 d2y, = Vop41.

Thus we have dg,—2 = v,—1 = Vop 1 and d2,—1 = un—1,/q = Uopn/q. Therefore,

as we have
—dop—2 —dop—1
S2n _ n n ,
< dan—1 dan )

we find
g2n _ ( —Von-1 —Uan\/q )
Uon\/G  Vont1 )

Similarly, we have

—doy— —d
S2n+1 — ( 2n—1 2n )
dop,  dopt1

and so,

G2l ( ~Uon\/G  —Vant1 > .
Vont1  Uznt2+/q

QED
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