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1 Introduction

In this paper we completely describe the algebra of contact symmetries of
the following linear elliptic equation £

This equation appears in two recent papers [13,14] devoted to the study of
Ricci flat metrics under particular symmetry assumptions. Namely, it is assumed
that the spacetime (M, g), with g being a Lorentzian metric on M, admits a
non-abelian bidimensional Killing algebra Kil (g).

Furthermore, it is assumed that the distribution D+ orthogonal to Killing
distribution D is integrable and transversal to D. Under these assumptions, it
can be proved [13] that there exist local coordinates (§,n,p,q) on M such that:

a) Killing leaves are described by equations £ = ¢1, n = ¢g, with ¢1,¢2 € R.

b) Vector fields X = a%, Y = epa% are the generators of Kil (g), linked by
relation [X,Y] =Y
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c¢) D+ is spanned by vectors 6%, a%

Such coordinates are called adapted. If Killing field Y is light-like, then the
most general Ricci flat metric of the above type takes, in adapted coordinates,
the form:

g =2f (da® + dy?) + p [(u (z,y) — 2¢) dp* + 2dpdq] , (2)

where: p = D® + B, with D, B constants and ® harmonic function; f =
+ (V®)? /\/Iul; w (€,n) is a solution of equation

A+ (9 In |u]) g+ (Dy In 1) Ou = 0 (3)

Consider the coordinate change x = pu+pu, y = p— i, with 7 harmonic conjugate
of p. Then, it is easily checked that, in the new coordinates, equation (3) is
transformed into (1). Therefore, in order to find concrete Einstein metrics of
the form (2), it is necessary to find exact solutions of (1). The most efficient
way to do this consists in finding symmetries of (1) and then using them to
generate solutions.

The paper is structured as follows. In section 2 the necessary preliminary
definitions and theorems on jet spaces, contact symmetries and conservation
laws are briefly recalled. Then in section 3 these techniques are applied to com-
pute contact symmetries of equation (1) which are shown to be point ones. The
corresponding flows are used to explicitly generate new solutions of (1). Finally,
in the last section, Lagrangian formalism for equation (1) is discussed.

2 Preliminary Definitions

Jet spaces are fundamental objects in differential geometry. Namely they are
the basis for a geometrization of partial differential equations. Here, we give the
definition of a jet bundle (for further details see [3], [10]). Roughly speaking, a jet
bundle of order r can be seen as a smooth manifold whose coordinate functions
of a chart can be interpreted as “independent” and “dependent” variables, and
by the derivatives of the latter with respect to the former up to order r. More
precisely, let m: E — M be a vector bundle, with dim M = n and dim £ = n+m.
Let U C M be a neighborhood of M such that 7=1(U) ~ U x R™. Let (2*, u?),
A=1...n,i=1...m, be coordinates on 7~!(U), with (z*) coordinates on U.
A local section of 7 is locally given by u! = fi(z!,22,..., 2").

Two local sections s and § of « are said to be r-contact equivalent at the
point x € M if their Taylor expansions around this point coincide up to order
r. This relation is of course an equivalence relation. We shall denote by [s]] an
equivalence class. The definition of r-contact is intrinsic.
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Let us examine the above definition in coordinates. Let o = (01, 09, ...,0,),
with 1 < 0; < 7n and 7 € N, be a multi-index, and |o| % 7. Then s and 3 are
r-equivalent at the point x if

olel fi olel fi

61"71 e 8ZEUT x) 8:E01 . axg',r ($)7 0 — |0" =T (4)

where s and § are locally expressed by
u' = fi(zt, 22, .. ,2") and u'= fi(xl,x2, A

The set J"(m) of the all the equivalence classes [s]}, is called the jet bundle of
order 7 and it has a natural manifold structure. A chart (V,z*, u’) on E induces
the chart (V,", 2, ul) on J"(r) where V" = {[s]%: s(z) € V'}. The set of such
charts is an atlas on J" (7). The coordinates u%, on V;" are determined by

olel i

b ((sl}) = 52

T

where u’ = f?(2*) describes locally the section s. See [12,17] for technical details.
We have the following natural maps:

(1) the embedding j,s: M — J"(7), x —— [s],,

(2) the projection 7y p: J*(7) — J'(7), [s]k —— [s]? k> h.
The Cartan plane Cy at the point § € J"(w) is the span of the planes
Ty (jrs(M)). We have the Cartan distribution § — Cp on J"(m). A diffeomor-
phism of J"(m) is called a contact transformation if it is a symmetry of the
Cartan distribution. A vector field on J"(7) which preserves the Cartan distri-
bution is called a contact field.

1 Remark. A point § = [s]7T! of J""!(7) is completely characterized by
Try i1 0 0) (rs(M)).

We can lift a contact transformation G of J"(m) to a contact transformation
G of J7+1 (). In fact in view of Remark 1 we can interpret a point 6 € J" ()
as the pair (mp11,(6), T, ©)(jrs(M))). Then we can define G by:

Tr41,r

G(0) = GY (111, (0), Ty, (o) Grs(M)))

) T Tr41,r

= (G(T"r+1,r (0))a G (Tﬂrﬂ,r(e) (]TS(M))))

Of course we can lift contact fields by lifting their local flows.
2 Theorem (Lie-Bécklund). Any contact field on J"(w) with r > 1 is:
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(1) an (r — 1)-lift of some contact field on J*(7) if m =1 andr > 1 ;
(2) an r-lift of some vector field on E if m > 1 and r > 0.

A differential equation & of order r is a submanifold of J"(7). A linear
equation is a linear subbundle of J"(7) — M. A (local) solution of £ is a
section s of 7 such that j.s(M) C €. The I-prolongation E' of the equation &
is the set

E' ={0eJ (m) | mr1,0(0) €E, Ty o) (Grs(M)) C Ty 0)E -
By iteration we can define the [-prolongation &'

A classical symmetry of £ is a contact field on J"(7) tangent to £. A sym-
metry which is a lift of a vector field of E is called a point symmetry. A contact
field on J°°(7) tangent to £ is called a higher symmetry.

A vector field on J*°() lying in the Cartan distribution C is called a trivial
field as it is tangent to all integral manifolds of C. We notice that the Cartan
distribution on J°°(r) is integrable and it is spanned by the total derivatives

0 .0
Dy = — J
AT 9 * ]Z':ua”\ oul.

In the case of J"(7) with r < oo the unique trivial field is the null vector
field.

3 Theorem. Any contact field X on J*°(r) is of the form
X=9,+H

where Dy = 3, Da(cpj)ﬁ, H is a trivial vector field and Dy stands for
Dy 0Dgy,0---0D,,.

Now we are interested in non-trivial symmetries, that is symmetries of the
form 9,. Locally, if the equation £ is described by

Fl=0
F2=0
Fk =0

then the vector field 9, is a symmetry of £ if

D, (F")|g = 0.
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In this case we call ¢ = (1,2, ..., vm) the generating section of the symmetry
Do
If we define the matrix operator

lpp = Lpip = D,FT,
we have that ¢ is a higher symmetry of £ if and only if
(Lpp)le= =0 (5)

The operator {g = {p|ge is called the operator of universal linearization of
&. Locally we have that ¢ is a symmetry if

OF" _ ,
te(@) = 3 S Do) = 0

j?o-

where the bar denotes the restriction to £°°.

In view of Lie-Backlund theorem, it is easy to realize that, in the case m = 1,
generating functions of contact symmetries are all functions on J!(7) satisfying
equation (5). If, in particular, such functions are linear in the 1-jet variables, it
can be shown [3] that the corresponding symmetries are liftings of point ones.

We also define the formal adjoint ¢ of £ by

T
Fi
G= (-1, 28

J
ouy

j?o-

Equation £ is said self adjoint iff its linearization operator is self adjoint.

A vector function (Py, Ps...P,), where Py € C*(J*(m)) is called a con-
served quantity if Y 5_; Dx(Py) = 0 and a trivial conserved quantity if > \_;
DA(Py) = 0.

3 Contact symmetries

In this section we shall calculate contact symmetries of Equation £ defined
by (1). According to definitions given in section 2, it can be interpreted as
a submanifold of the second order jets space J2(7) of the trivial bundle 7 :
RQ x R —>R2. Let (‘T,y,ulx,my)l,mzo, where Ugmy = UTT...TYY ... Y> be a

l=times m_times

chart on J*(7).



8 D. Catalano, G. Manno, F. Pugliese

With respect to these coordinates the total differentiation operators D, and

D, read

0 0

Dy = —+ Z U(14-1)x,my )
oz 1o Uiz my
0 0
Dy =—_—+ Z Uiz, (m+1)y
ox et Oz my

and the infinite prolongation of & is
£% = {D;D;”(F) -0, L,m> o}

where F' = 0 defines £.
Since the functions u;4.2)z my on £ can be expressed in terms of (%, Y, Uz, sy
Usy)s>0 then we take the functions

Ty Y, Uy Ug, Uy, Ugy, Uyy, Uzyys Uyyys - - - > Uz hys U(ht1)ys - - - h=3,4,...

as internal coordinates on £°°.
Symmetries of £ are functions ¢ satisfying (5). In our case

le =(x+vy) (onl_)x—}-DyoDy) —}-Dx—I—Dy.
In particular any solution of £ is itself a symmetry of it.

In view of the Lie-Béacklund theorem, the generating functions of contact
symmetries of the equation (1) have the form

Y= (P(xay>uauﬂfauy) (6)

We notice that in this case ¢ = @. A straightforward computation shows
that l¢(¢) is a second degree polynomial in u,, and uy, of the following form

Aq (uiy + uf/y) + Agumy + Aguyy + Ay (7)
Since the A;’s are functions of z, y, u, uz, uy and derivatives of ¢, (5) holds iff
A=Ay =A3=A,=0.

Equations A; = Ay = Az = 0 respectively read

Puzuz = ~Puyuy
12 ——<u<p + Uy Py, + @ —Lfi_uygp )
TUy T Uty yFuug YUy z+ y Ug Uy (8)
Ug T Uy
Paug = UyPuuy — YzPuus T Pyuy — — T Puyuy

r+y
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where the pg’s, with a,b = z,y,u, ug, u,, denote partial derivations of ¢ with
respect to the jet variables.
By considering the compatibility conditions

(Sozuy)uy + (SOxuz)uT =0
(Sowuy)ux = (Spgcuz)uy

one immediately gets
—Puyuy T Puguy,

T T e ry) (9)
_ Puyuy + Pugu,
Puuy, T olzru) T+ )

In view of (9) the second and third equations in (8 ) become

_ Ug T Uy
(P;ruy -  + y Sauwuy - (Pyuxy
(10)
Uz + Uy
Pruz = — T4y Puyuy + Pyuy

respectively.
Then a straightforward computation shows that in virtue of the first equation
of (8) the compatibility conditions for equations (9) and (10) imply that
Spuyuy = 07 SDUmUy = 0'
There follows, in view of equations (8) and (9), that ¢ has the form
¢ = a(z,y,u) + b(z, y)us + c(z, y)uy

with b and ¢ satisfying conditions

Cx = —by,
by = cy. (11)

Now equation A4, = 0 is a second degree polynomial in u, and u, of the

following form

Qo (U2 + uz) + Bi(z,y, w)ug + Ba(z,y,u)uy + Ba(x,y,u) = 0. (12)
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Hence ay, = B1 = By = B3 = 0 and by setting a = a1(z, y)u + a(z,y) one
gets:
Cx+ ¢y n b+c

B1:2a1— )
Tozty  (z4y)?

Cl‘_cy b+C
x+y (a:—i—y)Q’

B2 = 2aly +

a1y + A1y O + Oy
Bs = e Ty b
3 (a1m+a1yy+ Tty >u+am+ayy+ Tty
where we have used the compatibility condition
Caz + Cyy =0 (13)

for equations (11).
Then by deriving equations By = 0 and By = 0 with respect to z and y,
respectively, and adding the results one gets

A1z + a1
Alzg + azlyy + 2 <;'Tyy> =0. (14)

Note that B = 0 iff

A1z + A1y
Az + Qlyy + ——— =
r+y

(15)
Qg + ay

azz‘FOéyy‘FT_i_y:

therefore the first equation of (15) together with (14) implies

a1z + a1y = 0
Azx T Qlyy = 0
that is
a1y + A1y = 0
Qlepy = Qlgxy = Qlyy = 0

In the end, by summing up the previous results and integrating the remaining
equations B; = 0 and Bs = 0, one can rearrange arbitrary constants to get the
most general solution of (5) in the following form

o=k (z—y)+ko]u+ [kzl (m2 —y? - ny) + ksx + k:4] Uy, (16)
+ [k:l (ac2 — %+ 2acy) + ksy — k:4] Uy +

where the k;’s are constants and o = «o(z,y) is an arbitrary solution of £.



Contact symmetries of the elliptic Euler-Darboux equation 11

4 Proposition. Contact symmetries ¢ = p(z,y,u, uy, uy) of the equation
E are point symmetries of form (16).

Therefore, the algebra of contact symmetries splits into the semidirect sum
of the infinite dimensional Abelian ideal of solutions of equation (1) and of the
subalgebra generated by:

U, Uy — Uy, TUp+yuy, (Y2 — 2 2ry)ug + (v — 2 — 22y)uy + (y — 2)u. (17)
Vector fields on E corresponding to (17) are:

_ 0 __90 ) _ ) 9
X1 =ugy,, Xz——@-i-a—y,X:i——l"%—ya—y

Xy=—( — 2 +2zy) & — (v* —2* = 22y) & + (y — 2)uy

Each one-parameter subgroup generated by X; sends every solution u =
f(z,y) of (1) into the following solutions:

ut = e f(x,y)
u® = f(e*x, ety)

atk(z®+y®) —ytk(z>+y?)
Ut = f( z ' z )

z

where z = 2k*(2? + y?) + 2k(z — y + 1).

4 Lagrangian formalism

In this section we shall discuss the variational aspects of the equation £.
First, we prove that £ is variational, that is & = {E(L) = 0} for some La-
grangian L = L(x,y,us), where E is the Euler operator. Let us recall that, in
our situation, the Euler operator is

E= Z (_1)\0| D i
- o
o

Oug
5 Proposition. The equation £ is self-adjoint.

Proof. This amount to prove that £z = (7., that is that the equation & satisfies
the Helmholtz conditions. For any ¢ € C*°(J*°(w)), we have that

Up(p) = Dao((z+y)p) + Dyy ((z +y)¢p) — D) — Dy()
= Dy (Dz((z +y)p)) + Dy (Dy((z 4+ y)p)) — D) — Dy(e)
= (x + y)(Dm(SO) + Dyy(sa)) + Dx(@) + Dy(@) = EF(SO)'
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QED

A self-adjoint equation is (locally) variational [3,7,10], the Lagrangian being
L= fol uF(Au)d\ = uF, where F' = 0 defines the equation. This Lagrangian,
in our case, is of course a second order one. However, in our case a first order
Lagrangian L = L(x,y,u, uy, uy) can be easily found. In fact, for such an L,
E(L) must be linear with respect to second derivatives. Hence, by condition
E(L) = F one gets:

1
L= 5(—x —y)(ul +uy) + Fruy + Fo + Faug
with F; = Fj(z,y,u) satisfying
OF, 0F; OF
ou Ox oy
Since two Lagrangians define the same Euler-Lagrange equation if they differ

for a total divergence one can factor out such total divergence, and obtain the
following

=0.

6 Proposition. The equation £ is the Fuler-Lagrange equation of the La-
grangian L = 1(—z — y)(u? + u%)

Now we see if symmetries (16) are divergence symmetries. This means that
they preserve the Lagrangian density Ldx A dy up to total divergences. The
condition that a symmetry ¢ = b — aju, — asu, is a divergence symmetry is

XS)L + LDiv(ay,a2) = Div(q1, ¢2) (18)

for some vector functions (q1(z,y, u), g2(x, y,w)). We call variational symmetries
the symmetries for which the right hand side term of (18) is equal to zero. Below
we discuss the variationality of symmetries (17).

(1) The symmetries zu, + yu, and u are not divergence symmetries. In fact
their left hand side term of (18) are equal respectively to —L and 2L.
Then (u + 2zu, + 2yu,) is a variational symmetry. By virtue of Noether
theorem we can associate a conserved quantity. It has the following form:

p=g+ fuy+ (2 + zy)(ud — u) + ((u + 2yuy)(z + y))uy )
19
q=h— fuz+ (y* + zy)(u — u?) + ((u+ 2zu.) (2 + y))uy

with f,g,h € C*°(E) such that
hu+fmzovhy+gx:07fy_gu:0 (20)

We notice that the conditions (20) make (g + fuy, h — fu,) a trivial con-
served quantity, then we can factor it out from (19).
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(2) The symmetry u, — u, is variational. Taking into account the considera-
tions of previous case, a straightforward computation shows that

1 1
p=@+ Y)uz — (z + y)uguy — @+ y)u

1 1
=3+ Y)us + (2 + y)uyug — 5@+ y)u;

is the a non trivial conserved quantity associated to such a symmetry.

(3) The symmetry (y* — 2% + 2zy)u, + (y* — 22 — 22y)uy + (y — z)u is a
divergence symmetry but not variational. In fact the left hand side term
of (18) is equal to

-+ 9) (e = ) = Div (o + ),

1

—5 @+ y)u2> .

In this case also the Noether theorem holds true.

3 1 1 1
p=g+ fuy+ 5’%269237 - 5“3333 + §U§$2y + 5“3;?93
— ugcuyac3 — 3u$x2uyy + —uxeu — uxuyy%: + uzqu

1 1 3 1
+ ugcuyy:3 + Euzwg — Euzmzy — §u§y2m — Euiy?’

1 3 1 1
q=— fuz+h— §u§x3 - §u§x2y — iuzy% + §u§y3
— Uy — Uy U + UpT Uy Y + Buguy YT + uguyy® + uyuy?
1 3 1 1
+ §u325:c3 + ngfv2y + §u§y2x — §u§y3
with f,g,h € C*°(E) such that

hu+fx:_u(x+y)a gu_fy:u(x+y)7 gx+hy:0
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