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1 Introduction

In this paper we completely describe the algebra of contact symmetries of
the following linear elliptic equation E

(x+ y)(uxx + uyy) + ux + uy = 0. (1)

This equation appears in two recent papers [13, 14] devoted to the study of
Ricci flat metrics under particular symmetry assumptions. Namely, it is assumed
that the spacetime (M, g), with g being a Lorentzian metric on M , admits a
non-abelian bidimensional Killing algebra Kil (g).

Furthermore, it is assumed that the distribution D⊥ orthogonal to Killing
distribution D is integrable and transversal to D. Under these assumptions, it
can be proved [13] that there exist local coordinates (ξ, η, p, q) on M such that:

a) Killing leaves are described by equations ξ = c1, η = c2, with c1, c2 ∈ R.

b) Vector fields X = ∂
∂p , Y = ep ∂∂q are the generators of Kil (g), linked by

relation [X,Y ] = Y
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c) D⊥ is spanned by vectors ∂
∂ξ ,

∂
∂η

Such coordinates are called adapted. If Killing field Y is light-like, then the
most general Ricci flat metric of the above type takes, in adapted coordinates,
the form:

g = 2f
(
dx2 + dy2

)
+ µ

[
(u (x, y) − 2q) dp2 + 2dpdq

]
, (2)

where: µ = DΦ + B, with D,B constants and Φ harmonic function; f =
± (∇Φ)2 /

√
|µ|; u (ξ, η) is a solution of equation

∆u+ (∂ξ ln |µ|) ∂ξu+ (∂η ln |µ|) ∂ηu = 0 (3)

Consider the coordinate change x = µ+µ̃, y = µ−µ̃, with µ̃ harmonic conjugate
of µ. Then, it is easily checked that, in the new coordinates, equation (3) is
transformed into (1). Therefore, in order to find concrete Einstein metrics of
the form (2), it is necessary to find exact solutions of (1). The most efficient
way to do this consists in finding symmetries of (1) and then using them to
generate solutions.

The paper is structured as follows. In section 2 the necessary preliminary
definitions and theorems on jet spaces, contact symmetries and conservation
laws are briefly recalled. Then in section 3 these techniques are applied to com-
pute contact symmetries of equation (1) which are shown to be point ones. The
corresponding flows are used to explicitly generate new solutions of (1). Finally,
in the last section, Lagrangian formalism for equation (1) is discussed.

2 Preliminary Definitions

Jet spaces are fundamental objects in differential geometry. Namely they are
the basis for a geometrization of partial differential equations. Here, we give the
definition of a jet bundle (for further details see [3], [10]). Roughly speaking, a jet
bundle of order r can be seen as a smooth manifold whose coordinate functions
of a chart can be interpreted as “independent” and “dependent” variables, and
by the derivatives of the latter with respect to the former up to order r. More
precisely, let π : E →M be a vector bundle, with dimM = n and dimE = n+m.
Let U ⊂ M be a neighborhood of M such that π−1(U) ' U × R

m. Let (xλ, ui),
λ = 1 . . . n, i = 1 . . .m, be coordinates on π−1(U), with (xλ) coordinates on U .
A local section of π is locally given by ui = f i(x1, x2, . . . , xn).

Two local sections s and s̃ of π are said to be r-contact equivalent at the
point x ∈ M if their Taylor expansions around this point coincide up to order
r. This relation is of course an equivalence relation. We shall denote by [s]rx an
equivalence class. The definition of r-contact is intrinsic.
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Let us examine the above definition in coordinates. Let σ = (σ1, σ2, . . . , σr),

with 1 ≤ σi ≤ n and r ∈ N, be a multi-index, and |σ| def
= r. Then s and s̃ are

r-equivalent at the point x if

∂|σ|f i

∂xσ1 · · · ∂xσr
(x) =

∂|σ|f̃ i

∂xσ1 · · · ∂xσr
(x), 0 ≤ |σ| ≤ r. (4)

where s and s̃ are locally expressed by

ui = f i(x1, x2, . . . , xn) and ui = f̃ i(x1, x2, . . . , xn).

The set Jr(π) of the all the equivalence classes [s]rx is called the jet bundle of
order r and it has a natural manifold structure. A chart (V, xλ, ui) on E induces
the chart (V r

n , x
λ, uiσ) on Jr(π) where V r

n = {[s]rx : s(x) ∈ V }. The set of such
charts is an atlas on J r(π). The coordinates uiσ on V r

n are determined by

uiσ([s]rx) =
∂|σ|f i

∂xσ

∣∣∣∣∣
x

where ui = f i(xλ) describes locally the section s. See [12,17] for technical details.
We have the following natural maps:

(1) the embedding jrs : M - Jr(π), x - [s]rx ,

(2) the projection πk,h : Jk(π) - Jh(π), [s]kx - [s]hx k ≥ h.

The Cartan plane Cθ at the point θ ∈ Jr(π) is the span of the planes
Tθ (jrs(M)). We have the Cartan distribution θ → Cθ on Jr(π). A diffeomor-
phism of Jr(π) is called a contact transformation if it is a symmetry of the
Cartan distribution. A vector field on J r(π) which preserves the Cartan distri-
bution is called a contact field.

1 Remark. A point θ = [s]r+1
x of Jr+1(π) is completely characterized by

Tπr+1,r(θ) (jrs(M)).

We can lift a contact transformation G of J r(π) to a contact transformation
G(1) of Jr+1(π). In fact in view of Remark 1 we can interpret a point θ ∈ J r+1(π)
as the pair

(
πr+1,r(θ), Tπr+1,r(θ)(jrs(M))

)
. Then we can define G(1) by:

G(1)(θ) = G(1)
(
πr+1,r(θ), Tπr+1,r(θ)(jrs(M))

)

=
(
G(πr+1,r(θ)), G∗(Tπr+1,r(θ)(jrs(M)))

)

Of course we can lift contact fields by lifting their local flows.

2 Theorem (Lie-Bäcklund). Any contact field on J r(π) with r ≥ 1 is:
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(1) an (r − 1)-lift of some contact field on J1(π) if m = 1 and r > 1 ;

(2) an r-lift of some vector field on E if m > 1 and r > 0.

A differential equation E of order r is a submanifold of J r(π). A linear
equation is a linear subbundle of J r(π) → M . A (local) solution of E is a
section s of π such that jrs(M) ⊂ E . The 1-prolongation E1 of the equation E
is the set

E1 = {θ ∈ Jr+1(π) |πr+1,r(θ) ∈ E , Tπr+1,r(θ)(jrs(M)) ⊂ Tπr+1,r(θ)E}.

By iteration we can define the l-prolongation E l.
A classical symmetry of E is a contact field on J r(π) tangent to E . A sym-

metry which is a lift of a vector field of E is called a point symmetry. A contact
field on J∞(π) tangent to E∞ is called a higher symmetry.

A vector field on J∞(π) lying in the Cartan distribution C is called a trivial
field as it is tangent to all integral manifolds of C. We notice that the Cartan
distribution on J∞(π) is integrable and it is spanned by the total derivatives

Dλ =
∂

∂xλ
+
∑

j,σ

uj
σ,λ

∂

∂ujσ

In the case of Jr(π) with r < ∞ the unique trivial field is the null vector
field.

3 Theorem. Any contact field X on J∞(π) is of the form

X = �ϕ +H

where �ϕ =
∑

j,σ Dσ(ϕj) ∂

∂uj
σ

, H is a trivial vector field and Dσ stands for

Dσ1 ◦Dσ2 ◦ · · · ◦Dσr .

Now we are interested in non-trivial symmetries, that is symmetries of the
form �ϕ. Locally, if the equation E is described by





F 1 = 0
F 2 = 0

...
F k = 0

then the vector field �ϕ is a symmetry of E if

�ϕ(F i)|E∞ = 0.
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In this case we call ϕ = (ϕ1, ϕ2, . . . , ϕm) the generating section of the symmetry
�ϕ.

If we define the matrix operator

`Fϕ = `F iϕ
def
= �ϕF

i ,

we have that ϕ is a higher symmetry of E if and only if

(`Fϕ)|E∞ = 0 (5)

The operator `E = `F |E∞ is called the operator of universal linearization of
E . Locally we have that ϕ is a symmetry if

`E(ϕ̄) =
∑

j,σ

∂F i

∂ujσ
D̄σ(ϕ̄j) = 0

where the bar denotes the restriction to E∞.

In view of Lie-Bäcklund theorem, it is easy to realize that, in the case m = 1,
generating functions of contact symmetries are all functions on J 1(π) satisfying
equation (5). If, in particular, such functions are linear in the 1-jet variables, it
can be shown [3] that the corresponding symmetries are liftings of point ones.

We also define the formal adjoint `∗F of `F by

`∗F =


∑

j,σ

(−1)σDσ ◦ ∂F
i

∂ujσ




T

Equation E is said self adjoint iff its linearization operator is self adjoint.

A vector function (P1, P2 . . . Pn), where Pλ ∈ C∞(J∞(π)) is called a con-
served quantity if

∑n
λ=1 D̄λ(Pλ) = 0 and a trivial conserved quantity if

∑n
λ=1

Dλ(Pλ) = 0.

3 Contact symmetries

In this section we shall calculate contact symmetries of Equation E defined
by (1). According to definitions given in section 2, it can be interpreted as
a submanifold of the second order jets space J2(π) of the trivial bundle π :
R

2 × R −→R
2. Let (x, y, ulx,my)l,m≥0, where ulx,my = uxx . . . x︸ ︷︷ ︸

l−times

yy . . . y︸ ︷︷ ︸
m−times

, be a

chart on J∞(π).
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With respect to these coordinates the total differentiation operators Dx and
Dy read

Dx =
∂

∂x
+
∑

l,m≥0

u(l+1)x,my
∂

∂ulx,my
,

Dx =
∂

∂x
+
∑

l,m≥0

ulx,(m+1)y
∂

∂ulx,my

and the infinite prolongation of E is

E∞ =
{
Dl
xD

m
y (F ) = 0, l,m ≥ 0

}

where F = 0 defines E .
Since the functions u(l+2)x,my on E∞ can be expressed in terms of (x, y, ux,sy,

usy)s≥0 then we take the functions

x, y, u, ux, uy, uxy, uyy, uxyy, uyyy, . . . , ux,hy, u(h+1)y, . . . h = 3, 4, . . .

as internal coordinates on E∞.
Symmetries of E are functions ϕ satisfying (5). In our case

`E = (x+ y)
(
D̄x ◦ D̄x + D̄y ◦ D̄y

)
+ D̄x + D̄y.

In particular any solution of E is itself a symmetry of it.

In view of the Lie-Bäcklund theorem, the generating functions of contact
symmetries of the equation (1) have the form

ϕ = ϕ(x, y, u, ux, uy) (6)

We notice that in this case ϕ = ϕ̄. A straightforward computation shows
that `E(ϕ) is a second degree polynomial in uxy and uyy of the following form

A1

(
u2
xy + u2

yy

)
+A2uxy +A3uyy +A4 (7)

Since the Ai’s are functions of x, y, u, ux, uy and derivatives of ϕ, (5) holds iff

A1 = A2 = A3 = A4 = 0.

Equations A1 = A2 = A3 = 0 respectively read

ϕuxux = −ϕuyuy

ϕxuy = −
(
uxϕuuy + uyϕuux + ϕyux − ux + uy

x+ y
ϕuxuy

)

ϕxux = uyϕuuy − uxϕuux + ϕyuy − ux + uy
x+ y

ϕuyuy

(8)
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where the ϕab’s, with a, b = x, y, u, ux, uy, denote partial derivations of ϕ with
respect to the jet variables.

By considering the compatibility conditions

(
ϕxuy

)
uy

+ (ϕxux)ux
= 0(

ϕxuy

)
ux

= (ϕxux)uy

one immediately gets

ϕuux =
−ϕuyuy + ϕuxuy

2 (x+ y)
,

ϕuuy =
ϕuyuy + ϕuxuy

2 (x+ y)
.

(9)

In view of (9) the second and third equations in (8 ) become

ϕxuy =
ux + uy
x+ y

ϕuxuy − ϕyux ,

ϕxux = −ux + uy
x+ y

ϕuyuy + ϕyuy

(10)

respectively.

Then a straightforward computation shows that in virtue of the first equation
of (8) the compatibility conditions for equations (9) and (10) imply that

ϕuyuy = 0, ϕuxuy = 0.

There follows, in view of equations (8) and (9), that ϕ has the form

ϕ = a(x, y, u) + b(x, y)ux + c(x, y)uy

with b and c satisfying conditions

cx = −by,
bx = cy.

(11)

Now equation A4 = 0 is a second degree polynomial in ux and uy of the
following form

auu(u
2
x + u2

y) +B1(x, y, u)ux +B2(x, y, u)uy +B3(x, y, u) = 0. (12)
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Hence auu = B1 = B2 = B3 = 0 and by setting a = a1(x, y)u + α(x, y) one
gets:

B1 = 2a1x −
cx + cy
x+ y

+
b+ c

(x+ y)2
,

B2 = 2a1y +
cx − cy
x+ y

+
b+ c

(x+ y)2
,

B3 =

(
a1xx + a1yy +

a1x + a1y

x+ y

)
u+ αxx + αyy +

αx + αy
x+ y

where we have used the compatibility condition

cxx + cyy = 0 (13)

for equations (11).
Then by deriving equations B1 = 0 and B2 = 0 with respect to x and y,

respectively, and adding the results one gets

a1xx + a1yy + 2

(
a1x + a1y

x+ y

)
= 0. (14)

Note that B3 = 0 iff

a1xx + a1yy +
a1x + a1y

x+ y
= 0

αxx + αyy +
αx + αy
x+ y

= 0

(15)

therefore the first equation of (15) together with (14) implies

a1x + a1y = 0
a1xx + a1yy = 0

that is
a1x + a1y = 0
a1xy = a1xx = a1yy = 0

In the end, by summing up the previous results and integrating the remaining
equations B1 = 0 and B2 = 0, one can rearrange arbitrary constants to get the
most general solution of (5) in the following form

ϕ = [k1 (x− y) + k2]u+
[
k1

(
x2 − y2 − 2xy

)
+ k3x+ k4

]
ux

+
[
k1

(
x2 − y2 + 2xy

)
+ k3y − k4

]
uy + α

(16)

where the ki’s are constants and α = α(x, y) is an arbitrary solution of E .
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4 Proposition. Contact symmetries ϕ = ϕ(x, y, u, ux, uy) of the equation
E are point symmetries of form (16).

Therefore, the algebra of contact symmetries splits into the semidirect sum
of the infinite dimensional Abelian ideal of solutions of equation (1) and of the
subalgebra generated by:

u , ux−uy , xux+yuy , (y2−x2 +2xy)ux+(y2−x2−2xy)uy +(y−x)u. (17)

Vector fields on E corresponding to (17) are:

X1 = u ∂
∂u , X2 = − ∂

∂x + ∂
∂y , X3 = −x ∂

∂x − y ∂
∂y

X4 = −(y2 − x2 + 2xy) ∂
∂x − (y2 − x2 − 2xy) ∂∂y + (y − x)u ∂

∂u

Each one-parameter subgroup generated by Xi sends every solution u =
f(x, y) of (1) into the following solutions:

u1 = ekf(x, y)

u2 = f(x− k, y + k)

u3 = f(ekx, eky)

u4 =
f
(
x+k(x2+y2)

z , −y+k(x
2+y2)

z

)

z

where z = 2k2(x2 + y2) + 2k(x− y + 1).

4 Lagrangian formalism

In this section we shall discuss the variational aspects of the equation E .
First, we prove that E is variational, that is E = {E(L) = 0} for some La-
grangian L = L(x, y, uσ), where E is the Euler operator. Let us recall that, in
our situation, the Euler operator is

E =
∑

σ

(−1)|σ|Dσ

∂

∂uσ

5 Proposition. The equation E is self-adjoint.

Proof. This amount to prove that `F = `∗F , that is that the equation E satisfies
the Helmholtz conditions. For any ϕ ∈ C∞(J∞(π)), we have that

`∗F (ϕ) = Dxx ((x+ y)ϕ) +Dyy ((x+ y)ϕ) −Dx(ϕ) −Dy(ϕ)

= Dx (Dx((x+ y)ϕ)) +Dy (Dy((x+ y)ϕ)) −Dx(ϕ) −Dy(ϕ)

= (x+ y)(Dxx(ϕ) +Dyy(ϕ)) +Dx(ϕ) +Dy(ϕ) = `F (ϕ).
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QED

A self-adjoint equation is (locally) variational [3,7,10], the Lagrangian being
L =

∫ 1
0 uF (λu) dλ = uF , where F = 0 defines the equation. This Lagrangian,

in our case, is of course a second order one. However, in our case a first order
Lagrangian L = L(x, y, u, ux, uy) can be easily found. In fact, for such an L,
E(L) must be linear with respect to second derivatives. Hence, by condition
E(L) = F one gets:

L =
1

2
(−x− y)(u2

x + u2
y) + F1uy + F2 + F3ux

with Fi = Fi(x, y, u) satisfying

∂F2

∂u
− ∂F3

∂x
− ∂F1

∂y
= 0.

Since two Lagrangians define the same Euler-Lagrange equation if they differ
for a total divergence one can factor out such total divergence, and obtain the
following

6 Proposition. The equation E is the Euler-Lagrange equation of the La-
grangian L = 1

2(−x− y)(u2
x + u2

y).

Now we see if symmetries (16) are divergence symmetries. This means that
they preserve the Lagrangian density Ldx ∧ dy up to total divergences. The
condition that a symmetry ϕ = b− a1ux − a2uy is a divergence symmetry is

X(1)
ϕ L+ LDiv(a1, a2) = Div(q1, q2) (18)

for some vector functions (q1(x, y, u), q2(x, y, u)). We call variational symmetries
the symmetries for which the right hand side term of (18) is equal to zero. Below
we discuss the variationality of symmetries (17).

(1) The symmetries xux + yuy and u are not divergence symmetries. In fact
their left hand side term of (18) are equal respectively to −L and 2L.
Then (u + 2xux + 2yuy) is a variational symmetry. By virtue of Noether
theorem we can associate a conserved quantity. It has the following form:

p = g + fuy + (x2 + xy)(u2
x − u2

y) + ((u+ 2yuy)(x+ y))ux

q = h− fux + (y2 + xy)(u2
y − u2

x) + ((u+ 2xux)(x+ y))uy

(19)

with f, g, h ∈ C∞(E) such that

hu + fx = 0 , hy + gx = 0 , fy − gu = 0 (20)

We notice that the conditions (20) make (g + fuy, h− fux) a trivial con-
served quantity, then we can factor it out from (19).
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(2) The symmetry ux − uy is variational. Taking into account the considera-
tions of previous case, a straightforward computation shows that

p =
1

2
(x+ y)u2

x − (x+ y)uxuy −
1

2
(x+ y)u2

y

q =
1

2
(x+ y)u2

x + (x+ y)uyux −
1

2
(x+ y)u2

y

is the a non trivial conserved quantity associated to such a symmetry.

(3) The symmetry (y2 − x2 + 2xy)ux + (y2 − x2 − 2xy)uy + (y − x)u is a
divergence symmetry but not variational. In fact the left hand side term
of (18) is equal to

u(x+ y)(ux − uy) = Div

(
1

2
(x+ y)u2,−1

2
(x+ y)u2

)
.

In this case also the Noether theorem holds true.

p =g + fuy +
3

2
u2
xy

2x− 1

2
u2
xx

3 +
1

2
u2
xx

2y +
1

2
u2
xy

3

− uxuyx
3 − 3uxx

2uyy + −uxx2u− uxuyy
2x+ uxuy

2

+ uxuyy
3 +

1

2
u2
yx

3 − 1

2
u2
yx

2y − 3

2
u2
yy

2x− 1

2
u2
yy

3

q = − fux + h− 1

2
u2
yx

3 − 3

2
u2
yx

2y − 1

2
u2
yy

2x+
1

2
u2
yy

3

− uxuyx
3 − uyx

2u+ uxx
2uyy + 3uxuyy

2x+ uxuyy
3 + uyuy

2

+
1

2
u2
xx

3 +
3

2
u2
xx

2y +
1

2
u2
xy

2x− 1

2
u2
xy

3

with f, g, h ∈ C∞(E) such that

hu + fx = −u(x+ y) , gu − fy = u(x+ y) , gx + hy = 0

Acknowledgements. We wish to thank A. Vinogradov for drawing our
attention to equation (1).
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[5] I. Kolář, P. Michor, J. Slovák: Natural Operations in Differential Geometry,
Springer-Verlag, Berlin, 1993.

[6] I. S. Krasil′shchik, V. V. Lychagin, A. M. Vinogradov: Geometry of Jet Spaces
and Non–linear Partial Differential Equations, Gordon and Breach, New York, 1986.

[7] I. S. Krasil′shchik, A. M. Verbovetsky: Homological methods in equations of
mathematical physics, Open Education and Sciences, Opava (Czech Rep.) 1998,
arXiv:math.DG/9808130.

[8] G. Manno, R. Vitolo: The geometry of finite order jets of submanifolds and the varia-
tional formalism, submitted.

[9] G. Manno: Jet methods for the finite order variational sequence and the geodesic equa-
tion, Ph.D. thesis, September 2003.

[10] P. J. Olver: Application of Lie groups to differential equations, Springer-Verlag , New
York, 1993.

[11] J. F. Pommaret: Systems of partial differential equations and Lie pseudogroups, Gordon
and Breach Science Publishers, New York, 1978.

[12] D. J. Saunders: The Geometry of Jet Bundles, Cambridge Univ. Press, 1989.

[13] G. Sparano, G. Vilasi, A. M. Vinogradov: Vacuum Einstein metrics with bidimen-
sional Killing leaves I: local aspects, Diff. Geom. Appl., 16 (2002).

[14] G. Sparano, G. Vilasi, A. M. Vinogradov: Vacuum Einstein metrics with bidimen-
sional Killing leaves II: global aspects, Diff. Geom. Appl., 17 (2002).

[15] A. M. Vinogradov: Local symmetries and conservation laws, Acta Applicandae Math-
ematicae, 2 (1981), 21–78.

[16] A. M. Vinogradov: The C-spectral Sequence, Lagrangian Formalism and Conservation
Laws I and II, Jour. of Math. Analysis and Appl., 100, n. 1 (1984), 1–129.

[17] A. M. Vinogradov: An informal introduction to the geometry of jet spaces, Rend. Se-
minari Fac. Sci. Univ. Cagliari, 58 (1988), 301–333.

[18] A. M. Vinogradov: Cohomological Analysis of Partial Differential Equations and Sec-
ondary Calculus, Amer. Math. Soc., 2001.


