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Abstract. The set of j-planes with spreads in PG(3, K), for K a field admitting a quadratic
field extension K is shown to be equivalent to the set of all det K -monomial partial flocks of a
quadratic cone. Using this connection, when K is GF(2"), the set of j-planes is determined and
j =0,1, or 2 and correspond to the linear, Walker /Betten or Payne conical flocks, respectively.
When K is the field of real numbers, the set of j-planes is completely determined and j is any
real number > f%.
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1 Introduction

The ‘geometry’ of flocks of quadratic cones has now reached into many
diverse areas of incidence geometry. For example, it is known that if there is a
translation plane of order ¢ with spread in PG(3,q) that admits a Baer group
of order ¢ (fixes a Baer subplane pointwise) there is a corresponding flock of
a quadratic cone. In Johnson [2] it was shown that the ¢ — 1 orbits of length
q of the Baer group on the components of the spread define reguli that share
the pointwise fixed subspace, which, in turn, defines a partial flock of deficiency
one of a quadratic cone. Payne and Thas [7], then show that any deficiency one
partial flock may always be extended to a flock of a quadratic cone. This means
that the net of degree ¢+ 1 defined by the components of the Baer subplane is a
regulus net and by derivation of this net, there is an associated translation plane
with spread in PG(3,q) where the Baer group now becomes an affine elation
group. We call such elation groups ‘regulus-inducing’.

Hence, translation planes admitting regulus-inducing elation groups are e-
quivalent to flocks of quadratic cones. However, using the fundamental analysis
of Baker, Ebert and Penttila [1], it has now been shown in Johnson [4] that it
is always possible to connect flocks of quadratic cones with translation planes
admitting cyclic homology groups.

1 Theorem (Johnson [4]). The set of translation planes of order q* with
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spread in PG(3,q) that admit cyclic affine homology groups of order q + 1 is
equivalent to the set of flocks of a quadratic cone.

So, there are intrinsic connections and a complete equivalence between the
set of translation planes ¢ admitting regulus-inducing elation groups and with
the set of translation planes of order ¢? admitting cyclic homology groups of
order q + 1.

An important class of translation planes of order ¢ admitting cyclic ho-
mology groups of order ¢ + 1 are the j-planes that cyclic collineation groups
of order ¢? — 1, within which there is an affine cyclic homology group of order
q + 1. Another equally important subset is the class of planes obtained from a
Desarguesian plane by the replacement of a (¢ + 1)-nest of reguli. These planes
admit a collineation group of order (q+1)(¢?> —1)/2, that contains two distinct
cyclic affine homology groups of order ¢q + 1.

One of the questions that we are concerned with in this article is how the
j-planes are related to flocks of quadratic cones. We consider this in the general
case of j-planes in PG(3, K), for K a field that admits a quadratic extension.

In Baker, Ebert and Penttila [1], the connection with a flock is not particu-
larly with a given translation plane but with a set of translation planes and the
connection between what are called ‘regular hyperbolic fibrations with constant
back’.

A ‘hyperbolic fibration’ is a set Q of ¢ — 1 hyperbolic quadrics and two car-
rying lines L and M such that the union L U M U @ is a cover of the points
of PG(3,q). The term ‘regular hyperbolic fibration’ is used to describe hyper-
bolic fibrations such that for each of its ¢ — 1 quadrics, the induced polarity
interchanges L and M. When this occurs, and (z1,x2,y1,y2) represent points
homogeneously, the hyperbolic quadrics have the form V (z3a; + z122b; + 23¢; +
yie; +y1yafi +y2gi), for i = 1,2,...,q—1 (the variety defined by the quadrics).
When (e;, fi,9:) = (e, f,g) for all i = 1,2,...,q — 1. The regular hyperbolic
quadric is said to have ‘constant back half’.

We recall the principle theorem of Baker, Ebert and Penttila [1].

2 Theorem (Baker, Ebert, Penttila [1]).
(1) Let H: V(afa; +z129b; + x3¢i + yie + yiyaf +vy29), fori=1,2,...,q—1
be a regular hyperbolic fibration with constant back half.

Consider PG(3,q) as (x1,22,x3,24) and let C' denote the quadratic cone
with equation 1Ty = x%

Define

mo:xq =0, m : x10; + xoc; + x3b; + 14 =0, for 1,2,...,qg—1.
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Then
{r;,7=0,1,2,...,q -1},

is a flock of the quadratic cone C.

(2) Conversely, if F is a flock of a quadratic cone, choose a representation as
{m;,7=0,1,2,...,q — 1} above. Then, choosing any convenient constant
back half (e, f,g), and defining H as V (x3a; +z122b; + T3¢ + yie +y1ya f +
y29), fori=1,2,...,q— 1, then H is a regular hyperbolic fibration with
constant back half.

But all of this works for infinite translation planes as well. In particular, it
is possible to construct infinite flocks of quadratic cones and translation planes
admitting regulus-inducing elation groups. But here we are interested in how
certain homology groups in translation planes produce flocks of quadratic cones
in the finite case and also what happens in the infinite case. In particular, we
consider regulus-inducing homology groups in PG(2, K), where K is the field
of real numbers and show how easy it is to determine such planes from an
arbitrary real function that is continuous and non-decreasing on the positive
real numbers.

Is also of interest to consider collineation groups isomorphic to the mul-
tiplicative group of a field L, since often the group becomes what we call a
H-group, where H is a multiplicative endomorphism of L — {0}. When L is ei-
ther finite or the field of real numbers, such that H is Lebesque integrable then
H(t) = ct/, where j is a real number. In this setting, we obtain a ‘j-plane’. In
this situation, we may utilize the connection between regulus-inducing homology
groups and partial flocks of quadratic cones to show that the associated partial
flocks are monomial. When L is isomorphic to GF(2"), all monomial flocks are
known by the work of Penttila and Storme [8]. Hence, this implies that all j-
planes are determined. When L is the field of real numbers, again analysis of
the associated det K *-partial flock completely determines all possible j-planes.

2 Homology groups and regular hyperbolic fibrations
revisited

In order to understand the method of going back and forth between flocks
of quadratic cones and translation planes admitting affine homology groups, we
remind the reader of the constructions of Johnson [4] by revisiting the various
results.

3 Lemma.
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(1) Let H be a hyperbolic fibration of PG(3,q) (a covering of the points by a
set A of hyperbolic quadrics union two disjoint carrying lines). For each
quadric in A, choose one of the two reguli (a regulus or its opposite). The
union of these reguli and the carrying lines form a spread in PG(3,q).

(2) Conversely, any spread in PG(3,q) that is a union of hyperbolic quadrics
union two disjoint carrying lines produces a hyperbolic fibration.

4 Lemma. Let w be a translation plane with spread in PG(3,K), for K a
field isomorphic to GF(q), that admits a cyclic affine homology group H. Let T’
be any H-orbit of components.

(1) Then there is a unique Desarquesian spread ¥ containing I' and the axis
and coaxis of H.

(2) Furthermore, we may represent the coazis, axis and I' as follows:
r=0,y=0,y=amm?™t =1;me KT

where m is in the field KT, a 2-dimensional quadratic extension of K, so
K™ is isomorphic to GF(q?).

(3) A basis may be chosen so that ¥ may be coordinatized by K+ as [}‘t uﬁgt] ,
for all u,t in K, for suitable constants f and g.

(4) If {1,e} is a basis for K+ over K then e¢* = eg + f, and ¢ = —e + g,
et = —f. Furthermore, (et + u)?' = 1 if and only in matriz form
et +u=[} uigt]} such that u(u + gt) — ft?> = 1.

(5) The opposite requlus
y=zdm;mitt =1,

may be written in the form

ysz _OJ [;ft uigt};u(u—i—gt)—fﬂ:l.

5 Lemma.

(1) The spread for m has the following form:

U t

and M; a set of 2 x 2 matrices over K, where i € p, some index set., Let

];u(u+gt)—ft2:1

R; = {y = M;T; T = 1} , fori € p.
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(2) Then R; is a regulus in PG(3, K).

6 Lemma. The quadratic form for R; is

V(ﬂm[é_ﬂ]Mhﬁ—yB nyﬁ.

t t
xM; [(1) ff] Mlat is self-transpose and thus equal to xM; {(1] ff} M}azt.

7 Theorem. Let w be a translation plane with spread in PG(3,K), for K
a field. Assume that © admits an affine homology group H
so that some orbit of components is a requlus in PG(3, K).

(1) Then m produces a regular hyperbolic fibration with constant back half.

(2) Conversely, each translation plane obtained from a regular hyperbolic fi-
bration with constant back half admits an affine homology group H, one
orbit of which is a regulus in PG(2, K).

H is isomorphic to a subgroup of the collineation group of a Pappian
spread ¥, coordinatized by a quadratic extension field K™,

Hx~ (g ge Kt —{0)),
where o is the unique involution in Galg K.
(3) Let H be a regular hyperbolic fibration with constant back half of PG(3, K).

The subgroup of T'L(4, K) that fizes each hyperbolic quadric of a regular
hyperbolic fibration H and acts trivially on the front half is isomorphic to

(p, (9" 9 € KT —{0))),

where p is defined as follows: If > = ef + g, f,g in K and (e,1) o = KT

I0
1 0
p=] 0]

then p is [0 P], where
In particular, <g“+1;g ceKT — {O)> fizes each regulus and opposite requlus
of each hyperbolic quadric of H and p inverts each requlus and opposite regulus
of each hyperbolic quadric.
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3 General matrix forms

If we consider the arbitrary case of spreads in PG(3, K), the connection
between translation planes admitting appropriate affine homology groups and
flocks of quadratic cones is not direct when K is infinite. We recall the pertinent
theorem of Johnson [1].

8 Theorem. A reqular hyperbolic fibration with constant back half in
PG3,K), K a field, with carrier lines x = 0,y = 0, may be represented as
follows:

o(efo 2l ol 2)v)

o+1
for all 6 in {Uft u—igt] su,t € K, (u,t) # (0,0)} ,

where

(R s | W

corresponds to a partial flock of a quadratic cone in PG(3, K), and where f and
g are functions on det K.

9 Theorem. The correspondence between any spread 7 in PG(3, K) corre-
sponding to the hyperbolic fibration and the partial flock of a quadratic cone in
PG(3,K) is as follows:

If w is

U t
“O’y‘o’y‘“’“[ﬂu,w G(u,w]

then the partial flock is given by [676”5 f}(fgguti)} with

O,y = det [}Lt U —i gt} ’
9(0ut) = g(uG(u,t) + tF(u,t)) + 2(uF(u,t) — tfG(u,t)),
—f(Out) = 6F(ut),Gut):
where
Oy, = det M;

and
F(u,t) G(u,t)

= +
OF (u,t),G(u,t) = det FGlut) Flut)+ gGlu,t) €det K.
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10 Theorem. If we have a hyperbolic fibration in PG(3, K), there are cor-
responding functions given in the previous theorem such that the corresponding
functions

s(1) = s°t + sg(t) — f (1)
are injective for all s in K and for all t € det K.
Indeed, the functions restricted to det K+ are surjective on det K.

Furthermore, we obtain.

11 Theorem. Any partial flock of a quadratic cone in PG(3, K), with defin-
ing set A (i.e., sot ranges over A and planes of the partial flock are defined via
functions in t) equal to det KT, whose associated functions on det K+, as above,
are surjective on det K+ (K some quadratic extension of K ), produces a reg-
ular hyperbolic fibration in PG (3, K) with constant back half.

4 Real hyperbolic fibrations

Let R denote the field of real numbers. In Johnson and Liu [5], there is quite
a variety of flocks of quadratic cones in PG(3,R).

Let —f(t) denote a continuous, non-decreasing function on the reals such
that f(0) = 0, such that lim;, 1o (—f(¢)) = £oo. It is shown in Johnson and
Liu [5] that the functions ¢, are bijective, so that there is an associated flock of
a quadratic cone in PG(3, R). Let —f(1) = —f. Then

{j tiwrer).

is a field, and note that the determinant is u? — t2f, which is non-negative, since
—f(1) > 0. Furthermore, when ¢ > 0 if and only if —f(¢) > 0, so it follows the
conditions of the theorem of the previous section are valid. Thus, there is an
induced hyperbolic fibration over the reals R

We first observe that if

C1 = {(v,s);0° + —fs* =1},

is an ellipse with center (0,0) in the real affine plane II and P = (u,t) is any
point of II then the line joining (u,t) and (0,0) nontrivially intersects C; in a
point (v, s). This means that there is a real number k such that k(v, s) = (u, t).
This implies that any spread in PG(3, R), that admits an affine homology group
one orbit of which is a regulus then the spread is a union of the axis and coaxis
x =0,y = 0 and a union of reguli, where the reguli are defined as follows:

per=clly ol
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such that 7" is a determinant 1 matrix in the associated field

(i s}

We have chosen the notation so that F'(k,0) = F'(k) and G(k,0) = G(k). Recall
that we have generally:

5u,t g((su,t) . . U t
[0 —f(8us) 0u,p = det ft u+gt|’

9(0ut) = g(uG(u,t) + tF(u,t)) + 2(uF(u,t) —tfG(u,t)),
—f(Out) = OF(u),Glut) »

where 0y, = det M;, and

P Gut) =N rQut) Flu,t) + gG(u, t)

It then follows that F'(u) = 0 for all u and G(u)?(—f) = —f(u?). For conve-
nience, we note that for any w,t, the derivation of the corresponding regulus of

a given hyperbolic quadric spread will change G(u,t) to —G(u, —t), since the

involution ¢ is given by the matrix Hé _OIH. In other words, we may take as

one spread
G(u) =V f(u?)/f.

Actually, [S G?u)] and [8 G?u)] [0 4] = [7)” 7G0(u) }, are in the same regulus
(hence, we require G(—u) = —G(u)). That is, we may assume that u is posi-

- 0 .
. within the

tive. Therefore, we may assume that we also have | , _ F—2)/f

spread. Hence, we obtain the following theorem:

12 Theorem. Let —f(x) be any continuous function on the reals R, such
that f(0) = 0, which is non-decreasing and lim, .+~ —f(z) = £oo.
Then there is a spread of PG(3,R)

Uu 0
r=0y=0v=z ] iy

T:{[}Lt Z];uQ—ft2:1}.

Furthermore, the spread produces a hyperbolic fibration.

}T, u>0

where f = f(1) and
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Let h(u) = /f(u?)/f for u > 0 and assume that h(—u) = —h(u). Then

k0 voos| kv ks
0 h(k)| |fs v| |h(k)fs h(k)v]|’
where the determinant of | fi L]is 1.
In general, the determinant of [ it 5] is positive, hence, for k£ > 0, there is a

given matrix with determinant k = 6, +. Now assume that H is a multiplicative
homomorphism on R — {0}. Then

1 0 0 0
)10 H@uy)™t 0 0f
G= 0 0 u i ;u,t € R — {0}
0 0 ft u

is a group isomorphic to R™. Moreover, the matrix

[(1) H(gu,t)} [}Lt 73] N [H((S:,t)ft H((Sit)u ’

has determinant 6, +H (0,,¢) = kH (k?). Now let kv = u and ks = ¢, and h(k) =
kH (k?). This means that

f(k*) = fK*H (h?*)?,

or rather that
f(v) = foH(v)?, v > 0.

In other words, suppose H is a multiplicative endomorphism defined on
the positive real numbers. Then there is an associated collineation group G
isomorphic to R — {0}, which fixes two components x = 0,y = 0 and acts
transitively on the remaining components of the spread. Conversely, let h be a
multiplicative endomorphism on the positive real numbers such that h(u) > 0,
where u > 0.

Now to connect to the notation:

U 0
r=0,y=0,y==x
e [o T/ f
we would require that
f(v) = foH(v)?, v > 0.

is continuous on the positive reals, is non-decreasing and has range all positive
reals. If H is a function differentiable on the positive reals then H(v) = v’, for
some real number. In this case, we consider

f(v) = fo¥ T for v > 0.
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To be non-decreasing, we would require that f(2j + 1) > 0 and to have range
all positive reals requires that f > 0 and so

2j4+1>0.
As this function may be extended to a continuous function with the property

required, we obtained an associated hyperbolic fibration plane.

13 Theorem. Let h be an endomorphism on the positive real numbers such
that f-h(\/v)?, for v > 0 is continuous, strictly increasing and surjective on the
positive real numbers. Then, there is an associated flock and partial flock and
therefore an associated hyperbolic fibration.

We generalize this over any field that admits a quadratic extension field K™

with matrix field
U t
{[ft um} ,u,teK}.

14 Definition. Let K be a field which admits a quadratic extension field
K. Consider the following group

1 0 0 0
{ [8 H((Suo,t)*1 2 ? ] : 22+ xg — f is K-irreducible, u,t € K, not both 0,
0 0 ft utgt

. U t
H an endomorphism on {%,t = det {ft u—i—gt] su,t € K}}

1 0 U t
{x—O,y—O,y—x[O H((Su,t):| {ft u+gt],u,t€K}

is a spread in PG(3, K), we call this an H-spread and the corresponding trans-
lation plane, an H-plane. Clearly, there is an associated affine homology group
obtained from post-multiplication of [}Lt u Jfgt] of determinant 1.

Hence, the spread components other than x = 0,y = 0 are

U t
vy |:H(5u,t)ft H((Su,t)(u + gt):| g

where T is the group of field matrices of determinant 1. There is therefore, an
associated partial det K *-partial flock.

5 j-planes

In Johnson, Pomareda and Wilke [6], j-planes are constructed and developed
in the finite case. Here we wish to consider this is a more general manner and
over any PG(4, K), where K is a field.
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15 Definition. Let K be a field and K+ a quadratic field extension of K

represented as follows:
kr=1|" P ltek
St udgt] '

Consider the following group:

1 0 O 0
0467 0 0

GK+7j = 0 qé’t U t ’ E K’ (u’ t) # (0’0) )
0 0 ft u+gt

where j is a fixed integer and d,,; = det [}‘t uﬁgt].

A ‘j-plane’ is any translation plane m containing x = 0,y = 0 and y = =
that admits G},j as a collineation group acting transitively on the components
of m —{x =0,y =0}.

16 Proposition. A j-plane produces a regular hyperbolic fibration with con-
stant back half and hence a corresponding det K+ -partial flock of a quadratic
cone in PG(3,K).

17 Theorem. A j-plane with spread set

1 0 u t
{x—O,y—O,y—x[O 52,1&] [ft u+gt],u,tGK,(u,t)#(0,0),K aﬁeld},

produces a monomial det KT partial flock of a quadratic cone with monomial
functions

FBug) = FO2, g(8ug) = 9ol

18 Theorem. An H-plane with spread set
1 0 u t
= = = . . K
{x Oy=0y=2 [0 H(é{ht)} [ft u+gt} Ut € A,
(u,t) # (0,0), K aﬁeld},

produces a det K+ partial flock of a quadratic cone with functions:

g((su,t) = QH(5u,t)5u,t
f((su,t) = fH((su,t)z(Su,t-
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PRrOOF. Let 7 be a j-plane, so has a spread set of the following form:

1 0 U t
{x_ovy_ovy_x[o 5‘17,,7t:| I:ft u+gt:|7’U,,t€K,(u,t)7é(0,O)},

where 6,4 = det [ f ujgt].
Again, we have

5u,t g((su,t) . _ U t
[ 0 —f(6uz) Ou = det ft o u+gt|’
9(0uz) = g(uG(u,t) + tF(u,1)) + 2(uF (u,t) — tfG(u, 1)),
—f(Out) = OF(ut),Gut):
F(u,t) G(u,t) }

where 0y, = det M;, and dp(y1),G(ut) = det [fG(u,t) Flut)+9Gut)
In this case,

F(u,t) = 5{@ ft, G(u,t) = 5i7t(u + gt).

Hence,

9(0ut) = g(uG(u,t) + tF(u,t)) + 2(uF(u,t) — tfG(u,t))
= 9(“‘%,1&(“ + gt) + téi,tft) + Q(U‘Si,tﬁ - tf(éit(u +gt))) = 955:21~

Also,

— F(8ut) = Opun,Gun) = Fu,t)(F(u,t) + gGlu,t)) — fG(u,t)?
= 00 JH(&,  ft + g(6% (u+ gt) — F(&) 4 (u+ gt))?
= 00 f(F£2 + gt(u + gt) — (u? + 2ugt + g*?))
= 020, f(—(u® + ugt — ft?)) = —f55.

u,t

Hence, ‘
F(Bug) = foit.

This proves the result.

Going through the same argument with H(8,,) in place of &7

w,t» We obtain

g((su,t) = gH((Su,t)(su,t
_f(5u7t) = _fH((Su,t)Q(Su,t-

QED



Homology groups and flocks 89

Let H(u) =", for u > 0, and equal to 0 when v = 0. Define H(—u) = —u",
for u > 0. Consider putative associated functions

g(éu,t) = QH(éu,t)éu,t = 952?21
f((su,t) = fH(éu,t)Qéu,t = féu,t

Now we consider the question is what is the det K+, when K is a field of
real numbers? The elements in this set are u? + ugt — ft2, where ¢> +4f < 0.
Hence, —f > 0 so that we know that u =t = 0, 0 is in the det K and if ¢t = 0,
we obtain the positive real numbers and for ¢t # 0, we see that

y=z>+xg— f >0, for all z.

Hence, det K™ is the set of positive real numbers when (u,t) # (0,0). So, the
question is whether the functions ¢, restricted to the positive reals are surjective
and injective on the positive real numbers, for any s € K.

6 Classification of the real j-planes

19 Theorem. A translation plane 7 is a real j-plane if and only if j is a
real number and j > —1/2. In all cases, there is a partial monomial flock over
the non-negative real numbers. The partial monomial flock may be extended to
a monomial flock over the field of real numbers if and only if (—1)7 is defined
when g is not zero and if and only if (—1)2+1 is defined when g = 0.

PROOF. We know that a real j-plane produces a det K partial monomial
flock with the following functions:

F(t) = fE75 g(t) = g’
where t € det K*. Furthermore, we note that
U t
su,t € K
[ft u—i—gt} 1t € 2,

forces

u? +ugt — ft2 =0
if and only if u =t = 0. When ¢ = 0, and K is the field of real numbers, det K
contains the non-negative reals. And, since g? +4f < 0 (the discriminant must

be negative), it follows that det KT is the set of all non-negative reals. Thus,
consider the functions:

Os 1 Ps(t) = 2t + g(t)s — f(t).
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For each s € K, ¢s must be injective restricted to ¢ > 0, and f(0) =0, g(0) =0
(which we require if the original functions are defined only for ¢ > 0) and
surjective on det K.

Therefore, we consider

hs(t) = st + gt/ Tls — ft2+L
We note that
bs(t) = t((s + gt’ /2)% — (¢® + 2f)t% /4) > 0, for t > 0.

The given function is differentiable on ¢ > 0, regardless of j, hence, the derivative
is
s2+ (G + Dgtls — (2j + 1) f1%.

We claim that for each s, the derivative is > 0. Furthermore, when s = 0,
— ft%*1 is clearly injective for ¢ > 0. For s non-zero, the derivative at 0 is
s2 > 0. Since the derivative function is continuous for ¢ > 0, assume that for
some positive value of ¢, the derivative is negative. Then there is a root of

S+ (G +Dgtfs — (2 + 1) ft¥.

But note considering the functions as a polynomial in s, we assert that the
discriminant is negative. To see this simply note that

((G+Dg)’+42j+ 1) f =G+ 1) (g+4f) - 45> <0

since (g9 + 4f) < 0. Hence, the derivative is > 0, which implies that ¢s is
injective. In order that the function be surjective on det K, we see that we
must have

tli)I& ¢s(t) = oo and t£r51+ ¢s(t) = 0.

We consider the cases: j > 0, and j < 0 (j = 0 produces a Pappian affine plane).
First assume that j > 0. Then the two required limits are clearly valid, since

ds(t) =t((s + gt? /2)* — (g* + 2f)t*7 /4) > 0, for t > 0.
Now assume that j < 0 then lim;_, o ¢5(t) = co. Consider
bs(t) = s°t +t7 (gt — ).

Then we require
10+ (g f )
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Note that when s = 0, we require that limy o, (—f(t) = —ft%*1) = 0. There-
fore, 25 +1 > 0. Thus, we must also have lim, o+ gt/*1 = 0, but if 25 +1 > 0
then j > —1/2 so that j + 1 > 1/2. This completes the proof that a j-plane is
obtained if and only if j > —1/2. The question remains if we may extend the
partial monomial flock to a monomial flock. If so, then the same functions must
be used and must be defined on the negative real numbers. Hence, the ques-
tion is whether (—1)7T! and (—1)%"! are defined, for g non-zero and whether
(—1)%*! is defined for g = 0. In the former case, the necessary and sufficient
condition is whether (—1)7 is defined. If g is non-zero and (—1)7 is defined then
(—t)7 = (=1)7¢, for t > 0, implies that (—t)? is defined. It now follows analo-
gously as in the previous argument that the functions ¢, are defined for all real
elements ¢ and that these functions are bijective on K, implying that there is
an associated monomial flock of a quadratic cone.

Now assume that we have a real H-plane, so that H is an endomorphism
of multiplicative group of non-negative real numbers, which we are assuming
is Lebesque integrable. In this setting, we know that H(t) = t/, for j a real
number. Hence, we have the following corollary.

20 Corollary. The Real H-planes are completely determined as j planes
for j > —1/2, provided H is Lebesque integrable.

7 Extension of partial det K -partial flocks

We have noted that a partial monomial flock may not always be extended
to a monomial flock at least when K is the field of real numbers. However, can
the partial monomial flock be extended to a flock?

21 Theorem. Assume that K is the field of real numbers. Every partial
det KT -partial flock may be extended to a flock in non-countably infinitely many
ways.

PROOF. A partial det K+ exists if and only if the functions ¢(t) = s*t +
g(t)s — f(t) are injective and surjective onto the non-negative real numbers,
where t > 0. Take any function fi(¢) when is defined on (—o0,0] such that
f1(0) = 0 and f; is continuous and non-decreasing and lim;—, o, f1(t) = —oc.
Then define

g2(t) =01if t <0 and ¢1(¢t) = g(t) for t > 0,
fa(t) = f1(t) for t <0 and fo(t) = f(t), fort > 0.

Then clearly,
¢s(t) = s°t + ga(t)s — fo(t)
is bijective on the set of real numbers.
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22 Theorem. For any conical flock plane defined on the real numbers, let P
and N denote the components with positive and negative slopes. Then there are
non-countably infinitely many replacements of N producing conical flock planes.

8 Finite even order

In this section, assume that we have a j-plane of order ¢, where ¢ = 2".
Then there is a corresponding monomial flock of a quadratic cone. These are
completely determined in Penttila-Storme, where is it shown that 7 = 0,1,2
and correspond to the linear, Betten and Payne flocks respectively. Hence, the
associated j-planes are also completely determined. We note that originally the
j-planes for j = 1 are constructed in Johnson [3] and are due to Kantor as a
particular slice of a unitary ovoid (see, in particular, section 3 and (3.6)). Fur-
thermore, for j = 2, the planes are constructed in Johnson-Pomareda-Wilke [6].

Hence, we have the following theorem.

23 Theorem. Let 7 be a j-plane of even order ¢>. Then j = 0,1 or 2 and
the plane is one of the following types of planes:

(1) Desarguesian (j =0 and corresponding to the linear flock),
(2) Slice of a unitary ovoid (j =1 and corresponding to the Betten flock), or

(8) The Johnson-Pomareda- Wilke j = 2-plane (corresponding to the Payne
flock).

References

[1] R.D. BAKER, G. L. EBERT, T. PENTTILA: Hyperbolic fibrations and q-clans, Des. Codes
Cryptogr., 34, n. 2-3 (2005), 295-305.

[2] N. L. JOHNSON: Translation planes admitting Baer groups and partial flocks of quadric
sets, Simon Stevin, 63, n. 2 (1989), 167-188.

[3] N. L. JOHNSON: Ouoids and translation planes revisited, Geom. Dedicata 38, n. 1 (1991),
13-57.

[4] N. L. JOHNSON: Homology groups of translation planes and flocks of quadratic cones, I:
The structure, Bull. Belg. Math. Soc. Simon Stevin, 12, n. 5 (2006), 827-844.

[5] N. L. JounsoN, X. Liu: Flocks of quadratic and semi-elliptic cones, Mostly finite ge-
ometries (Iowa City, IA, 1996), Lecture Notes in Pure and Appl. Math., vol. 190, Dekker,
New York 1997, 275-304.

[6] N. L. JoHNSON, R. POMAREDA, F. W. WILKE: j-planes, J. Combin. Theory Ser. A, 56,
n. 2 (1991), 271-284.

[7] S. E. PAYNE, J. A. THAS: Conical Flocks, partial flocks, derivation, and generalized
quadrangles, Geom. Dedicata, 38, n. 2 (1991), 229-243.



Homology groups and flocks 93

[8] T. PENTTILA, L. STORME: Monomial flocks and herds containing a monomial oval, J.
Combin. Theory Ser. A, 83, n. 1 (1998), 21-41.



