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1 Aim of the Study

Minimal immersed submanifolds ϕ : Mm ↪→ (Nn, h) of a Riemannian mani-
fold play a fundamental role in Differential Geometry. They are characterized
by the vanishing of the mean curvature vector field H = TraceB/m, where B
denotes the second fundamental form of the isometric immersion ϕ.

A particularly elegant way to describe minimal submanifolds is by embedding
their definition within the framework of harmonic mappings in the sense of
Eells-Sampson [14]. More precisely, let C∞(M,N) denote the space of smooth
maps ϕ : (Mm, g)→ (Nn, h) between two Riemannian manifolds, then a map
ϕ ∈ C∞(M,N) is called harmonic if it is a critical point of the energy functional

E : C∞(M,N)→ R, E(ϕ) =
1

2

∫
M
|dϕ|2 vg. (1)
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In particular, ϕ is harmonic if it is a solution of the Euler-Lagrange system of
equations associated to (1), i.e.,

− d∗dϕ = Trace∇dϕ = 0, (2)

where d is the exterior differential operator while d∗ represents the codifferential
operator, see [13, pag. 7-8] for a formal definition. The left member of (2) is a
vector field along the map ϕ or, equivalently, a section of the pull-back bundle
ϕ−1TN : it is called tension field and denoted τ(ϕ). In local coordinates (U, xi)
on Mm and (V, yα) on Nn with ϕ(U) ⊂ V , system (2), which consists of second
order semilinear elliptic partial differential equations, acquires the form

−∆ϕγ + NΓγαβ
∂ϕα

∂xi
∂ϕβ

∂xj
gij = 0 , γ = 1, . . . , n,

where ∆ is the Beltrami-Laplace operator on (M, g) and the NΓ’s are Christoffel
symbols of (N,h).

When ϕ : Mm ↪→ (Nn, h) is an isometric immersion, the tension field of
ϕ : (Mm, ϕ∗h)→ (Nn, h) simplifies to

τ(ϕ) = Trace∇dϕ = TraceB = mH .

This immediately implies that harmonic isometric immersions are precisely
minimal immersions. Thus, the study of minimal immersions naturally leads to
the investigation of harmonic isometric immersions.

More interesting, the elegant perspective of viewing minimal immersions as
harmonic isometric immersions provides a natural pathway to generalizing the
notion of minimal immersions by exploring suitable extensions of the notion of
harmonic maps.

To pursue this idea, we will present in this note two natural generalizations
of minimal submanifolds.

2 Biharmonic submanifolds

In [15], Eells and Sampson, just one year after their celebrated paper on
harmonic maps [14], proposed to study the critical points of the following higher
order energy functional

Er : C∞(M,N)→ R, Er(ϕ) =
1

2

∫
M
|(d∗ + d)r(ϕ)|2 vg . (3)
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When r = 1 we recover the energy functional (1), while, when r = 2, the
functional (3) becomes

E2(ϕ) =
1

2

∫
M
|(d∗ + d)(d∗ + d)(ϕ)|2 vg =

1

2

∫
M
|d∗dϕ)|2 vg

=
1

2

∫
M
|τ(φ)|2 vg , (4)

and it is called the bienergy functional. Critical points of (4) are called biharmonic
maps and can be expressed by the vanishing of the bitension field τ2(ϕ) as follows
(see [25]):

τ2(ϕ) := −∆̄τ(ϕ)− TraceRN (dϕ(·), τ(ϕ))dϕ(·) = 0 , (5)

where ∆̄ = d∗d is the rough Laplacian defined on sections of the pull-back bundle
ϕ−1TN and RN is the curvature operator on (Nn, h). The biharmonic condition
(5) constitutes a fourth-order semi-linear elliptic system of partial differential
equations which is, in its generality, challenging to solve. Nevertheless, over the
past three decades, biharmonic maps have garnered significant attention and
there is a vast literature on the subject. For a comprehensive overview of the
current research status on biharmonic maps, we refer, for example, to the book
[41].

Now, we say that an immersed submanifold ϕ : Mm ↪→ (Nn, h) is a bi-
harmonic submanifold if the immersion ϕ is biharmonic as a smooth map
ϕ : (Mm, ϕ∗h)→ (Nn, h). Thus a submanifold is biharmonic if the mean curva-
ture vector field H satisfies:

∆̄H + TraceRN (dϕ(·),H)dϕ(·) = 0. (6)

Clearly, a minimal submanifold, that is, one with H = 0, is biharmonic.
Consequently, the class of biharmonic submanifolds extends and generalizes that
of minimal ones.

Moreover, we shall refer to biharmonic submanifolds that are not minimal as
proper biharmonic submanifolds.

Unfortunately, this notion of proper biharmonic submanifolds appears too
strong when the ambient space is the flat Euclidean space. In fact, for an
immersion ϕ : Mm ↪→ Rn, the biharmonic condition (6) reduces to

∆H = (∆H1, . . . ,∆Hn) = 0 (7)

where ∆ is the Beltrami-Laplace operator on M , and the mean curvature vector
field is seen as a map H : M → Rn.
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By using the structure equations, B.-Y. Chen in [11] and G. Y. Jiang in [27]
proved that, in the case m = 2 and n = 3, equation (7) implies that |H|2 is
constant. Then, the vanishing of the component of (7) in the direction of the
normal to the surface gives

|B|2|H| = 0

which implies that H = 0. In summary, we have that biharmonic surfaces in R3

are necessarily minimal.

This result, together with the lack of known examples in higher dimensions,
motivated B.-Y. Chen to propose, in [9], the following conjecture, now widely
known as Chen’s Conjecture.

Conjecture 1: Any biharmonic submanifold in Rn is minimal.

Chen’s conjecture is a local conjecture and has been verified in several cases.
For instance, a few years after Chen’s work, Hasanis and Vlachos proved in [21]
that it holds for hypersurfaces in R4. Furthermore, in [19, 20], the conjecture has
been confirmed for hypersurfaces in R5 and R6. However, the general conjecture
remains open and in higher codimension, even the case of surfaces M2 ↪→ R4 is
not yet completely solved.

Things do not change when considering biharmonic submanifolds ϕ : Mm ↪→
(Nn, h) in a space of negative constant sectional curvature. In this case, the
major challenge is to prove the following Generalized Chen’s Conjecture.

Conjecture 2: Any biharmonic submanifold in a space with non-positive
constant sectional curvature is minimal.

Also in this case there are several results supporting its validation (see, for
example, [3, 17, 18, 34, 39, 40]).

Remark 2.1. We should point out that, according to a result of [39], to prove
Conjecture 2 is enough to show that a biharmonic submanifold in a space with
non-positive sectional curvature has constant norm of the mean curvature vector
field.

Remark 2.2. The original formulation of the Generalized Chen’s Conjecture
(see [8]) assumes that the sectional curvature of the ambient space is non-positive
but does not require it to be constant. In this generality, the conjecture is known
to be false, as demonstrated by the existence of a non-minimal biharmonic
hyperplane in R5 equipped with a conformally flat metric with non-constant
negative curvature (see [42]).
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Fortunately, when the ambient space is positively curved, the situation change
in positive. For instance, if we consider isometric immersions ϕ : Mm ↪→ Sn to
the n-dimensional round sphere, the biharmonic condition (6) becomes

∆̄H = mH

and the following are main examples of proper solutions (see [5, 6, 25]):

B1 The canonical inclusion of the small hypersphere

Sn−1(1/
√

2) =
{

(x, 1/
√

2) ∈ Rn+1 : x ∈ Rn, |x|2 = 1/2
}
⊂ Sn.

B2 The canonical inclusion of the standard (extrinsic) products of spheres

Sn1(1/
√

2)×Sn2(1/
√

2) =
{

(x, y) ∈ Rn1+1 × Rn2+1, |x|2 = |y|2 = 1/2
}
⊂ Sn

n1 + n2 = n− 1 and n1 6= n2.

B3 The maps ϕ = ı ◦ φ : M → Sn, where φ : M ↪→ Sn−1(1/
√

2) is a minimal
immersion, and ı : Sn−1(1/

√
2) ↪→ Sn denotes the canonical inclusion.

B4 The maps ϕ = ı◦(φ1 × φ2) : M1×M2 ↪→ Sn, where φi : Mmi
i ↪→ Sni(1/

√
2),

0 < mi ≤ ni, i = 1, 2, are minimal immersions, m1 6= m2, n1 + n2 = n− 1,
and ı : Sn1(1/

√
2)× Sn2(1/

√
2) ↪→ Sn denotes the canonical inclusion.

If we restrict to the case of hypersurfaces ϕ : Mm ↪→ Sm+1, writting H = fη
where η is a unit normal vector field to M , the biharmonic condition (6) can be
splited into its normal and tangential components to obtain that a hypersurfaces
in the sphere is biharmonic if and only if{

∆f −
(
m− |A|2

)
f = 0 Normal

2A(grad f) +mf grad f = 0 Tangential
(8)

where A denotes the shape operator. According to the BMO conjecture (see
[3]), the main examples, B1 and B2 should be the only two examples of proper
biharmonic hypersurfaces in Sm+1. In other words we have the following

Conjecture 3: The examples B1 and B2 (with n = m + 1) are the only
proper biharmonic hypersurfaces of the sphere Sm+1.

Positive solutions of Conjecture 3 are known in the following cases: for surfaces
in S3 [5]; for compact hypersurfaces in S4 [4]; for isoparametric hypersurfaces in
Sm+1, m ≥ 2, [24].
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We observe that the main examples, B1 and B2, represent CMC (f =
constant) biharmonic hypersurfaces in the sphere Sm+1. Also, from (8), we
deduce immediately that a non-minimal CMC hypersurface ϕ : Mm ↪→ Sm+1 is
proper biharmonic if and only if

|A|2 = m.

Thus Conjecture 3, for CMC proper biharmonic hypersurfaces in Sm+1, can
be entirely rephrased as a conjecture in classical differential geometry as follows.

Conjecture 4: The examples B1 and B2 (with n = m + 1) are the only
non-minimal CMC hypersurfaces of the sphere Sm+1 with |A|2 = m.

Remark 2.3. The analog of Conjecture 4 in the minimal case has a defenitive
answer. This is a classical result proved by Lawson [29] and by Chern, do Carmo
& Kobayashi [12]: minimal hypersurfaces in Sm+1 with |A|2 = m are products
Sp(a)× Sq(b) ↪→ Sm+1 with p+ q = m, a2 = p/(p+ q) and b2 = q/(p+ q).

Remark 2.4. Isoparametric hypersurfaces of the sphere Sm+1 have constant
principal curvatures, making them CMC with |A|2 = constant. A classical
problem in differential geometry, known as the Generalized Chern Conjecture,
aims to establish the converse: a CMC hypersurface in Sm+1 with |A|2 = constant
is isoparametric. Since the only isoparametric hypersurfaces in Sm+1 with |A|2 =
m are the examples B1 and B2, Conjecture 4 can be regarded as a special case
of the Generalized Chern Conjecture.

Conjecture 3 and Conjecture 4 remain open and, consequently, the classifica-
tion of biharmonic hypersurfaces in the sphere Sm+1 is still unresolved.

As a final remark, considering Conjecture 4, the situation differs from that of
hypersurfaces in spaces with non-positive sectional curvature (see Remark 2.1).
Specifically, for biharmonic hypersurfaces in Sm+1 the condition |H| = constant
does not automatically imply that is one of the known examples. However,
to prove that a biharmonic hypersurface is CMC is not an easy task either.
Therefore, the following conjecture can be seen as a preliminary step – though
not a definitive one – toward the classification of biharmonic hypersurfaces in
Sm+1.

Conjecture 5: Any biharmonic hypersurface in Sm+1 is CMC.

The latter Conjecture is actually a special case of the following more general
conjecture.
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Conjecture 6: Any biharmonic submanifold in Sm+1 has |H| = constant.

For a deeper understanding of the state of the art regarding classification
and rigidity results for biharmonic submanifolds in the sphere Sm+1, a good
starting point is the paper [16] and the references therein. Additionally, [37]
provides valuable insights on this topic.

3 Biconservative submanifolds

In this section we provide a different way to generalize the notion of minimal
submanifolds. The idea trace back to the work of Hilbert [22] when he defined
the notion of stress-energy tensor for a given variational problem. More precisely,
the stress-energy tensor associated to a variational problem is a symmetric
2-covariant tensor S conservative, that is divS = 0, at critical points of the
corresponding functional.

In the context of harmonic maps as critical points of (1), the stress-energy
tensor was studied in details by Baird and Eells in [2]. Indeed, they proved that
the tensor

S(X,Y ) =
1

2
|dϕ|2g(X,Y )− ϕ∗h(X,Y ) (9)

satisfies

divS(X) = −〈τ(ϕ), dϕ(X)〉,

thus adhering to the principle of a stress-energy tensor, that is divS = 0 when
ϕ is harmonic, i.e. when τ(ϕ) = 0.

If ϕ : Mm ↪→ (Nn, h) is an isometric immersion, we have already observed
that τ(ϕ) = mH. Consequently, for a minimal submanifold ϕ : Mm ↪→ (Nn, h),
the stress-energy tensor is conservative. One might attempt to generalize the
notion of minimal submanifolds by considering those with conservative stress-
energy tensor (9). However, this approach yields no new family of immersions.
Indeed, for any isometric immersion ϕ : Mm ↪→ (Nn, h), the tension field
τ(ϕ) = mH is normal to the immersed submanifold. As a result, we always have

divS = −m〈H, dϕ〉 = 0,

regardless of the immersion.

Hoping for better luck, let us consider the stress-energy tensor associated to
the bienergy (4). In this context, Jiang [26] (see also [30]) constructed an ad-hoc
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(0, 2)-tensor:

S2(X,Y ) =
1

2
|τ(φ)|2〈X,Y 〉+ 〈dφ,∇τ(φ)〉〈X,Y 〉

− 〈dφ(X),∇Y τ(φ)〉 − 〈dφ(Y ),∇Xτ(φ)〉,
(10)

which satisfies the relation divS2 = −〈τ2(φ), dφ〉, thus conforming to the principle
of a stress-energy tensor for the bienergy: divS2 = 0 when ϕ is a biharmonic
map, i.e. when τ2(φ) = 0. We shall call S2 the stress-bienergy tensor.

Remark 3.1. It is interesting to note that both the stress-energy tensor and
the stress-bienergy tensor can be characterized through metric variations rather
than variations of the map. For the harmonic case, see the paper by Sanini [43],
and for the biharmonic case, see [30].

Now, we restrict our focus to isometric immersions ϕ : Mm ↪→ (Nn, h) and
revisit the question we previously posed for the stress-energy tensor S:

Question 1: Can we study the isometric immersions satisfying divS2 = 0?

In this case, the answer is affirmative, since the bitension field τ2(ϕ) of a
submanifold is not always normal to the immersion. Consequently, the condition

divS2 = −〈τ2(ϕ), dϕ〉 = 0

clearly identifies a new class of submanifolds. This reasoning led to the following
definition, introduced in [7].

Definition 3.2. An immersed submaifold ϕ : M ↪→ (N,h) is called biconserva-
tive if divS2 = 0.

We have the following direct consequences.

(1) Any minimal submanifold is also biconservative.

(2) A submanifold ϕ : M ↪→ (N,h) is biconservative if and only if the tangential
component of the bitension field is identically zero, that is τ2(ϕ)> = 0.

We thus have the inclusions between the families of minimal, biharmonic
and biconservative submanifolds, see Figure 1.

Nowadays, the theory of biconservative submanifolds has become a growing
area of study, attracting numerous contributions to the field. For an overview,
the reader may refer to the article by Fetcu & Oniciuc [16] or to the survey by
B.-Y. Chen [10].

In this note, instead of presenting a survey of the current state of the art in the
field, we would like just to highlight some properties of biconservative immersions
that could justify their studies. The focus will be on surfaces ϕ : M2 ↪→ (Nn, h).
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biconservative

biharmonic

minimal

Figure 1. The inclusions between minimal, biharmonic, and biconservative sub-
manifolds.

3.1 Biconservative surfaces and the generaliszed Hopf function

For an immersion ϕ : M2 ↪→ N3(c) of an oriented surface in a three-
dimensional space form of constant sectional curvature c, denote by g = 〈, 〉
the induced metric on M2. By assumption, M2 is orientable and then it is a
one-dimensional complex manifold. If we consider local isothermal coordinates
(U ;x, y), then g = λ2(dx2 + dy2) for some positive function λ on U and {∂x, ∂y}
is positively oriented. Let us denote, as usual,

z = x+ iy , ∂z =
∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
, ∂z̄ =

∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

Then, the classical Hopf function is defined by

Φ(z, z̄) = 〈B(∂z, ∂z), η〉 = 〈A(∂z), ∂z〉. (11)

The Hopf function defined in (11) is the key ingredient in the proof of the
famous Hopf’s Theorem: a CMC immersed sphere in N3(c) is a round sphere.

Among others, Hopf’s proof is based on the following fact: Φ is holomorphic
if and only if ϕ : M2 ↪→ N3(c) is CMC.

The proof of the latter follows by a straightforward computation, taking into
account Codazzi’s equation, which gives

2 ∂z̄Φ(z, z̄) = λ2∂z(f) . (12)

In higher dimension, that is for immersions ϕ : M2 ↪→ Nn(c), n ≥ 4, the
function Φ cannot be defined and a fair substitute is the function

Q(z, z̄) = 〈B(∂z, ∂z),H〉 = 〈AH(∂z), ∂z〉 , (13)

where AH is the shape operator in the direction of the normal vector field H. A
classical result, see [23, 44], states that if the surface ϕ : M2 ↪→ Nn(c), n ≥ 4,
has parallel mean curvature (PMC) then Q is holomorphic.
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A natural question is to ask whether the converse holds, that is:

Question 2: When a surface ϕ : M2 ↪→ Nn(c), n ≥ 4, with Q holomorphic
is PMC or CMC?

This question is interesting also for surfaces M2 ↪→ N3(c). In fact, taking
into account (12), we easily obtain

4 ∂z̄Q(z, z̄) = λ2 [〈A(grad f), ∂x〉 − i〈A(grad f), ∂y〉] . (14)

As a consequence of (14), if we denote by KM the Gaussian curvature of the
surface M , we obtain

Proposition 3.3. Let M2 ↪→ N3(c) be an oriented surface in a space form of
constant sectional curvature c.

(a) If det(A) = KM − c 6= 0, then f is constant if and only if Q(z, z̄) is
holomorphic;

(b) If f is not constant and Q(z, z̄) is holomorphic, then KM = c.

We point out that surfaces satisfying condition (b) of Proposition 3.3 do
exist. For instance, in R3 the cone (z − 1)2 = x2 + y2, z > 0, has Q holomorphic
but it is not CMC. All surfaces satisfying condition (b) of Proposition 3.3 can
be actually classified, see [32] for details.

Going back to Question 2 we shall now give an answer to it without the
assumption that the ambient space is of constant sectional curvature. More
precisely, we shall consider:

Question 3: Does there exist a class of immersed surfaces ϕ : M2 ↪→ Nn

for which the holomorphicity of Q is equivalent to being CMC?

Surprisingly the answer of Question 3 is intimately related to biconservative
surfaces as we shall show below. We begin with a rather general fact

Proposition 3.4 (see [32] and [36] for a generalized version). Let T be a
symmetric (0, 2)-tensor field on a Riemannian surface (M2, g) and set t =
TraceT . Assume that M2 is orientable and div T = 0 on M2. Then T (∂z, ∂z) is
holomorphic if and only if t = constant.

Let now M2 ↪→ Nn be a surface in an n-dimensional Riemannian manifold
and denote by g the induced metric. Then the stress energy tensor S2, defined
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in (10), is indeed a symmetric (0, 2)-tensor on (M2, g) and, in this case, the
expression (10) of S2 reduces to

S2(X,Y ) = −2|H|2〈X,Y 〉+ 4〈AH(X), Y 〉 .

Taking the trace of S2 we have

t = TraceS2 = 4|H|2.

Moreover, since g(∂z, ∂z) = 0, we obtain

S2(∂z, ∂z) = 4 〈AH(∂z), ∂z〉 = 4Q(z, z̄) .

Thus, as a direct consequence of Proposition 3.4, we obtain the following
answer to Question 3 which offers a compelling justification for studying bicon-
servative surfaces (see also Figure 2).

Theorem 3.5. Let M2 ↪→ (Nn, h) be a biconservative surface in an n-dimensional
Riemannian manifold. Then Q(z, z̄) is holomorphic if and only if |H| = constant.

In the set of
biconservative surfaces

M2 ↪→ Nn

CMC ⇔ Q is holomorphic

Figure 2. The solution to Question 3.

3.2 Biconservative surfaces in 3-dimensional space forms

In this last part we shall concentrate to the case of surfaces M2 in a 3-
dimensional space form N3(c) of constant sectional curvature c. As already
pointed out, a surface ϕ : M2 ↪→ N3(c) is biconservative if and only if the
tangential component of the bitension field is identically zero, that is, taking into
account that the tangential component of τ2 given in (8) remains the same when
the ambient space is replaced by any space with constant sectional curvature, if
and only if

A(grad f) + f grad f = 0. (15)

We then obtain immediately from (15) that a CMC surface in a 3-dimensional
space form is biconservative. Moreover, we have already mentioned that B.-Y.
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Chen proved in [9] that a biharmonic surface in R3 is CMC. The same result was
also proved in [5, 6] for surfaces in N3(c) with c 6= 0. We then have the inclusions
shown in Figure 3 between minimal, biharmonic, CMC and biconservative
surfaces in N3(c).

Biconservative

CMC

Biharmonic

Minimal

Figure 3. Inclusions between the families of minimal, biharmonic, CMC, and
biconservative surfaces in a 3-dimensional space form N3(c).

From this, it becomes clear that the primary interest is on non-CMC bicon-
servative surfaces, that is grad f 6= 0 at some points. Let ϕ : M2 ↪→ N3(c) be a
biconservative surface and assume, for simplicity, that grad f 6= 0 everywhere on
M . Then, from (15), the vector field

e1 =
grad f

| grad f |
is a principal direction with corresponding principal curvature

λ1 = −f = −1

2
(λ1 + λ2)

where λ2 is the principal curvature corresponding to the principal direction
e2 ⊥ e1. Consequently, biconservative surfaces ϕ : M2 ↪→ N3(c) are Linear
Weingarten surfaces with

3λ1 + λ2 = 0.

This served as the starting point for obtaining a geometric characterization
of biconservative surfaces ϕ : M2 ↪→ N3(c), as stated in the following result,
originally proved in [7] and later presented in this form in [33].

Proposition 3.6. Let M2 be a surface of a space form N3(c) with nowhere
zero grad f . Then, M2 is biconservative if and only if it is rotational and the
principal curvatures satisfy 3λ1 + λ2 = 0. Moreover, the profile curve lies in a
totally geodesic surface N2(c) ⊂ N3(c) and its curvature is given by κ = −λ1.
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Example 3.7. For example, a biconservative surface ϕ : M2 ↪→ R3 with
grad f 6= 0 at any point and f > 0 is, locally, the SO(2)-invariant immersion

ϕ(ρ, ϑ) = (x(ρ) cosϑ, x(ρ) sinϑ, z(ρ))

with
dz

dx
=

C x1/3√
x2/3 − C2

, C > 0 .

In the Figure 4, the continuous line represents a plot of the profile curve of
the local surface described above. The figure also includes the dashed symmetric
extension of the profile curve. Together, the continuous and dashed lines define
the complete profile curve of a complete SO(2)-invariant biconservative surface
in R3.

x

z

C3

y0

Figure 4. Plot of the profile curve of a biconservtive surface in R3.

Gluing, along their boundaries, maximal biconservative surfaces with grad f 6=
0 at any point, we obtain smooth non-CMC biconservative surfaces in N3(c),
with grad f 6= 0 at any point of an open dense subset of the resulting domain.
The behavior of such surfaces, particularly concerning their completeness, was
studied in detail by Nistor in [35] and by Nistor & Oniciuc in [38]. In [35], Nistor
posed the question of whether, among the surfaces constructed above, closed
(compact without boundary) biconservative surfaces exist in S3. In the final part
of this excursion, we present an approach to finding a positive answer to this
question. First recall the following interpretation of biconservative surfaces in
space forms.

Proposition 3.8 ([33]). A biconservative surface in a 3-dimensional space form
N3(c), with nowhere zero grad f , is a rotational surface whose profile curve is a
critical point of the following bending-energy functional:

Θ(γ) :=

∫
γ
κ1/4 ds defined on the space of curves in N2(c).



206 S. Montaldo

Thus, the curvature κ of the profile curve satisfies the corresponding Euler-
Lagrange equation:

κ3/4 d
2

ds2

(
1

κ3/4

)
− 3κ2 + c = 0. (16)

The converse is also true.

Now (16) admits the following prime integral

κ2
s =

16

9
κ2
(

16 d κ3/2 − 9κ2 − c
)
, d ∈ R, (17)

which can be written, putting u =
√
κ, as

u2
s =

4

9
u2
(
16 d u3 − 9u4 − c

)
=

4

9
u2Q(u). (18)

The graph of Q(u), depending on the value of the curvature c, is shown in
Figure 5. Note that only the region with u > 0 should be considered.

u4d
3

256d4

27 − cd > d∗ =
4√27 c

4

c > 0

u4d
3

256d4

27 − c

c ≤ 0

Figure 5. The graph of Q(u) according to the value of the curvature c.

Setting u = x2 and y = xs (18) becomes

y2 =
x2

9
Q(x2)

which represents an algebraic curve C. A standard analysis, using the square
root argument, shows that the trace of the curve C is closed when c > 0 and
d > d∗ = 4

√
27 c/4, while it is not closed when c ≤ 0. Thus, if c > 0 the curve

α(s) = (x(s), y(s)) is a curve in the trace of the closed curve (C). When the
curve α is defined in the maximal interval, since it can be seen as the integral
curve of a smooth vector field without singularities, from the Poincaré-Bendixon
Theorem, we deduce that α(s) is periodic. Consequently, x(s), u(s) = x2(s) and
κ(s) = u(s)2 are periodic.
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In summary, by setting c = 1, we have shown that the profile curve of a
non-CMC biconservative surface in S3 has periodic curvature. Since the surface
is rotational, to guarantee the existence of a closed biconservative surface in
S3, we must demonstrate that the profile curve γ itself is periodic, not just its
curvature.

To this end, let γ : I → S2 be the profile curve of a biconservative surface
M2 ↪→ S3. We can verify, using (16), that the vector field

J = −1

4
κ1/4T − 3

4
κ−7/4N

is a Killing vector field along γ in the sense of Langer & Singer [28]. Then,
according to [28], J is the restriction to γ of a Killing vector field ξ of S2. Therefore,
we can choose spherical coordinates x(ϑ, ψ) = (cosϑ sinψ, sinϑ sinψ, cosψ) of
S2 so that its equator gives the only integral geodesic of ξ. We shall denote by
P0 the north pole in the chosen spherical coordinates (see Figure 6).

S2

γ

P0

ξ

γ′

J

Figure 6. The profile curve γ in S2, the integral curves of the Killing vector field
ξ and its restriction J along γ.

At this point, denoting by ρ the period of the curvature κ, a standard
argument (see, for example, [1]), establishes that the curve γ is periodic if there
exist two integers m,n ∈ Z, with no common factor, such that its progression
angle in one period of the curvature satisfies∫ ρ

0
ϑ′(s) ds =

n

m
2π ,

where:

� the integer m indicates that the period of γ is T = mρ;

� the integer n indicates how many times the curve goes around the pole P0

of S2.
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Finally, using the prime integral (17), we compute

I(d) =

∫ ρ

0
ϑ′(s) ds =

∫ ρ

0

12κ7/4
√
d

16dκ3/2 − 1
ds

and obtain the following technical result, proven in [33].

Proposition 3.9. The function I(d) is strictly decreasing in d and satisfies, for
any d ∈ (d∗,+∞),

π < I(d) <
√

2π.

By selecting integers m and n such that

gcd(m,n) = 1 and m < 2n <
√

2m

then we have

π <
n

m
· 2π <

√
2π.

Thus, for these chosen values of m and n, Proposition 3.9 guarantees the existence
of a d ∈ (d∗,+∞) such that:

I(d) =
n

m
· 2π.

In conclusion, we establish the announced existence result.

Theorem 3.10. There exists a discrete, biparametric family of closed non-CMC
biconservative surfaces in the round 3-sphere S3.

Remark 3.11. None of the surfaces in Theorem 3.10 is embedded in S3. In fact,
it is not hard to deduce that for the surface to be embedded, the profile curve
must close in a single round. That is, when n = 1, there must exist an integer m
such that:

π <
2π

m
<
√

2π

which is not possible.

Example 3.12. Choosing, as an example, m = 3 and n = 2 we can (numerically)
plot both the profile curve in S2 of the non-CMC closed biconservative surface
and its stereographic projection in R3, see Figure 7.

Remark 3.13. We point out that the full classification of complete, simply
connected or not, non-CMC biconservative surfaces in N3(c) was finally obtained
in [38].
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Figure 7. The profile curve (on the left) and the stereographic projection of the
corresponding closed biconservative surface (on the right) in the case m = 3 and
n = 2.

Remark 3.14. The construction of closed biconservative surfaces in S3 was
extended in [31], demonstrating the existence of a discrete two-parameter family
of non-CMC closed biconservative hypersurfaces in Sm+1 for any m ≥ 2.

The theory of biconservative surfaces can be naturally described in three
dimensional homogeneous spaces. In this context, it would be natural to pursuit
the following problem.

Open problem. Study the compact non-CMC biconservative surfaces in
three dimensional homogeneous spaces.
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