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Abstract. We compute the number of conjugacy classes in p-groups of order p™ and exponent

p" 2 classified by Ninomiya in 1994. This enables us to obtain the commuting degrees of these

groups.
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1 Introduction

The commuting degree d(G) of a finite group G is defined as

H(z,y) € G x G :xy =y}
|G?

and d(G) measures how close G is to being abelian. This notion is introduced
by Erdos and Turan in [5] while studying symmetric groups. It is evident that
d(G) = 1if and only if G is abelian. A well-known result due to Gustafson [9] in
1973 states that d(G) < 5/8 for all finite non-abelian groups G with equality if
and only if G/Z(G) = Cy x Cy. Also, he shows that d(G) < (p?>+p—1)/p? for all
non-abelian finite p-groups G. Since then the commuting degree of groups has
studied extensively by many authors. Rusin [21] in 1979 classifies all finite groups
with d(G) > 11/32 up to central factors. Lescot [13] in 1995 studies commuting
degrees in more details and shows that any two isoclinic finite groups have the
same commuting degrees. Also, Guralnick and Robinson [§] in 2006 give various
general upper and lower bounds for commuting degrees of finite groups. See
[2, [, 6], 10l 111, 14] for further details.

Erdos and Turan in [5] show that

d(G) =

_ k&)
Gl
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for every finite group G, where k(G) denotes the number of conjugacy classes
of G. Hence, studying the commuting degree of finite groups is equivalent to
studying the number of their conjugacy classes. Erdés and Turan in [5] show
that k(G) > logsylog, |G| for any finite group G giving rise to a general lower
bound for commuting degree of finite groups. Poland [19] strengthen the lower
bound to k(G) > log, |G| for finite nilpotent groups G. Extending a result of
Pyber [20], Keller in [I2] establishes the best known general lower bound for
k(G). He shows that
log, |G|
(logy log, |G)T

for all finite groups G with € being an explicitly computable constant. Moreover,

kE(G) > ¢

log, ’G‘

kE(G) > e——22——
©) log, logs ’G‘

when G is a finite solvable group.

Miller [15] 16} [17] in 1901-1902 studied finite p-groups of order p" and expo-
nent p"~2. Later, in 1994, Ninomiya [I8] gives a complete and tidy classification
of all finite p-groups of order p” and exponent p"~2. The aim of this paper is to
compute the number of conjugacy classes of these groups and use it to compute
their commuting degrees.

Our results are based on the following classification theorems of Ninomiya.

Theorem 1.1 (Ninomiya [18]). Let G be a non-abelian p-group of odd order p"
and exponent p"~2. Then G is isomorphic to one of the following groups:

(a) n>3:

(1) Gy = {a,b,c:a”" = = =[a,b] = [b,c] = 1,[a,c] = b,);

(5) Gs = {a,b,c: a?" =P =P = [a,b] = 1,]a,c] = b, [b,c] = aPnfB>;
(6) Gg = {(a,b,c: a’" i =P =P = [a,b] = 1,[a,c] =b,[b,c] = arp7173), where
r is a quadratic non-residue modulo p;
2 3

(7) Gz = {a,b,c:a?" =W =cP =[b,c] =1,[a,c] = b,[a,b] = a?" ),

(b) n>4:
(2) Go=(ab:a” " =b" =1,[a,b] = a?"");
(3) Gs=(a,bc:a?" =t = =[a,d] =[b,d =1,[a,b] =a®" °);
(4) Gy=(a,byc:a?" " =b =P =[a,b] = [a,c] =1,[b,d = a?" ");
(

b
b

(¢) n>5:

2 2 4

5) Ga = (0 @™ =" = Llant] = ™™,
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(9) Gy ={a,b:a" " =b°" =1,[b,a] = bP);
(d) n > 6:
(10) Gio = (a,b:a?" " =1,a?" " =0bP",[a,b] = bP);
(e) p* =3*%
(11) Gy1 = {a,b,c:a® = b3 = [a,b] = 1,a® = 3, [a,d] = b, [¢,b] = a®).

Theorem 1.2 (Ninomiya [18]). Let G be a non-abelian 2-group of order 2" and
exponent 22, Then G is isomorphic to one of the following groups:

(a) n >4
(1) Gy ={a,b:a® " =b*=1,[a,b] = a®"");
(2) Go=(a,b,c:a® " = =la,d] = [b,d =1, " =1 [b,a] = a?);
(3) Gs=(a,bc:a® " =02 =c*=[a,d = [b,d = 1,[b,a] = a?);
(4) Gi={abe:a® " == = [o.d = [0t =1, [ = a®");
(5) Gs = {a,bc:a® > =b2=c = [a,b] = [b,d = 1, [a,c] = b);
(b) n=5
(6) G = (a,b: a2"72 — bt =1,[b,a] = a2);
(7) Gr=lab:a® " = b =1 [a,b] = a® "2,
(8) Gs = (a,b: R b,a] = a%);
(9) Go = {a,b:a® " =b* =1,[a,b] = b?),
10) Gy o = b= ) = )= 1) = )
(11) Gu = (abe:a® " =t = = o, = [b.c] = 1 [a.0] = 72);
(12) Giz = {a.be:a® " =12 = ¢ =[a,}] = L[e.a] = a?, b, = a?" "),
(13) Gis = {a,be:a” " =12 = =[a,b] = [be] = 1, [a,c] = a~2b);

(14) Gia = (a,b,c: a® " =02 = [a,b] = [b,d = 1,a2" " = & [a,d =

a2,

(15) Gis = (a,b,c: a?" " =02 =2 = [b,d = 1,[a,b] = a® ", [a,d =
a2 -2y,

(16) Gig = (a,b,c: a?" " = b2 = 2 = 1,[a,b] = [b,d = a¥ ", [a,d =
zn*3—2>.

(17) Gir = (a,b,c:a® " =2 =2 =[b,d =1,[a,b] = a?" ", [a,c] = b,);
(18) G1g = {(a,b,c: a :bzzl,b:cz,[a,b]:a2n3

(c) n>6
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(19) Gig = (a,b: a®""
(20) Goo = {a,b:a®" > = b =1, [a,b] = a®" ' ~2);
2

(21) Goy = (a,b:a?" " =1,a2""" = b4 [a,b] = b2);
(22) Gz = (a,b,c: a? =02 =% =[a,b] = 1,[a,c] = a¥ b, [b,c] =

az"—5>.

(23) Gaz = (a,b,c:a?" " =02 =2 = [a,b] = 1,[a,c] = a®" "~2b,[b, ] =
aQn—3>;

(24) Gag = {a,b,c:a? > =02 =2 = [b,d = 1,[a,b] = a®" ", [a,d =
a2n—472>;

(25) Gas = (a,b,c:a® " =02 =[bc] =1,a2"" =2, [a,b] = a?"",

[a,c] = a2”—472>;
(d) n=5:

(26) Gag = (a,b,c:a® =b>=[b,c] =1,c® = a*, [a,b] = a*, [a,c] = b).
We intend to prove the following results.

Theorem A. The number of conjugacy classes of the group G;(p) of odd order
p" is given in Table I, fori=1,...,11.

Theorem B. The number of conjugacy classes of the group G;(2) of order 2™
s given in Table II, fori=1,...,26.

2 Preliminary results

In this section, we shall present a series of theorems and lemmas in order to
prove our results.

Theorem 2.1 (Ahmad, Magidin, and Morse [I, Theorem 1.2(ii)] ). Let G be
a 2-generator p-group of nilpotency class 2. If G has order p™ and has derived
subgroup of order p7, then G has

pn—Q'y—l (p7+1 _|_p'y _ 1)
conjugacy classes.

Remark. Every group with two at least distinct abelian maximal subgroups is
nilpotent of class at most two.

Lemma 2.2. Let G be a finite group and H be a subgroup of G such that
G =HZ(G). Then k(G) = k(H)[Z(G) : HN Z(GQ)].
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In the sequel, we consider p-groups having an abelian maximal or second-
maximal subgroup.

Lemma 2.3 ([3l Lemma 1.1]). Suppose G is a non-abelian finite p-group with
an abelian mazimal subgroup. Then |G| = p|Z(G)||G].

Lemma 2.4. Let G be a non-abelian p-group of order p™ with an abelian maz-
imal subgroup. If |Z(G)| = p™, then

E(G) =p" ("™ 4 p? - 1),

Proof. Let M be an abelian maximal subgroup of G. Since M is a normal
subgroup of G and Cg(g) = M for all g € M \ Z(G), M contains p™ + (p"~! —
p™)/p = p" 2+ p™ — p™~! conjugacy classes of G. On the other hand, as M
is an abelian maximal subgroup of G, we must have that Cg(g) = (Z(G), g) is
a subgroup of G of order p™*! for all g € G\ M, which implies that G \ M
contains (p" — p"~1)/p?~™m~! = p™+l — p™ conjugacy classes. Therefore,

E(G) =@ 2 +p™ —p™ )+ (" = p™) =p" P 4 pm T
as required. QED

Lemma 2.5. Let G be a non-abelian 2-generated p-group of order p™ with [G :
Z(@)] = p*. Suppose G has an abelian second-mazimal subgroup N but no
abelian maximal subgroups. If the centralizers of non-central elements of N are
maximal subgroups of G, then

k(G) =p"°(p* +p* - 1).

Proof. First observe that N/Z(G) is non-cyclic for otherwise N = (Z(G), g) for
some g € G and hence Cg(g) is an abelian maximal subgroup of G contradict-
ing the hypothesis. Let N/Z(G) = (xZ(G),yZ(G)). Then Cg(z) and Cg(y) are
distinct maximal subgroups of G, which implies that N = Cq(z)NCq(y) is a nor-
mal subgroup of G. Also, the p + 1 cyclic subgroups (x1Z(G)), ..., {(xp+1Z(G))
of N/Z(G) yield p + 1 distinct maximal subgroups Cg(z1),...,Cq(xps1) of G.
Since G is generated by two elements it follows that every maximal subgroup of
G is equal to Cg(z;) for some 1 < i < p+1. From the hypothesis, we know that NV
contains p" 4+ (p" 2 —p"~*) /p = p" 3 4p"~* — p"~ conjugacy classes of G. On
the other hand, if g € G\ N, then g belongs to a maximal subgroup of G so that
g € Cg(z;) for some 1 < i < p+ 1. If C(g) is a maximal subgroup of G, then
Ca(g) = Cq(z;) for some 1 < j < p+1, from which it follows that Cg(z;) is an
abelian maximal subgroup of G, a contradiction. Thus Cg(g) = (Z(G), z;, g) is
a second maximal subgroup of G. Accordingly, the number of conjugacy classes
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of G'in G\ N is equal to (p" — p"~2)/p? = p"~2 — p"~4. Therefore, the number
of conjugacy classes of G is equal to

]C(G) — (pn—?) +pn—4 _ pn—5) + (pn—2 _ pn—4) — pn—2 +pn—3 _ pn—5,

as required. QED

3 Proof of our theorems

We are now in the position to prove our main theorems.

Proof of Theorem A. Let p be an odd prime and G := G;(p). The center and
derived subgroup of G;(p) is computed in Table I.

It is not difficult to see that G has an abelian maximal subgroup (a,b),
(a,bP), (a,c), {(a,b), (a,b), {a,b), (aP,b,c), (a,bP), (a,b) for i =1, 2, 3, 4, 5, 6,
7,9, 11, respectively. Hence, by Lemma we obtain k(G).

If i =8 and n > 6, then G is a 2-generated p-group of nilpotency class 2 so
that, by Theorem [2.1] we get k(G) = p" 5 (p® + p? — 1).

Now, assume that either ¢ = 8 with n =5, or ¢ = 10. By Lemma [2.3] G has
no abelian maximal subgroups. A simple verification shows that (Z(G), a?, bP) is
an abelian subgroup of G such that the centralizer of its non-central elements are
maximal subgroups of G. Indeed, Cg(aP'b?’) = (Z(G),a'’, aP, bP) is a maximal
subgroup of G for any 0 < 4,7 < p with (i,7) # (0,0) as G is nilpotent of class
<3, 2/ :=[b,a)f € Z(G), and

(@b )P = aP'bPi[b, a](2) » = qPippd ii-1)/2,,

for some z € Z(G). Therefore, by Lemma k(G) = p">(p* + p? — 1). The
proof is complete. |
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Table I. Groups of odd orders

G Z(Q) G’ k(G) Cond.

Gy <ap’ b> = Cp"‘3 X Cp ([a,c]) = C:D pn—S(p2 +p— 1)

Gy | (aP,b") = Cpn-s x Cy (@ )= C, PP +p—1)

Gs | (a#,0) = Cpns x G, (@) =G, PP +p—1)

G4 (a) = Cpn— (@) =G, PP +p—1)

Gs (aP) 2 Cpns (@ " la,d) =Cyx Gy | pni(2p - 1)

Gs (aP) 2 Cpn—s (@ " la,d) =Cyx Cp | pri(2p - 1)

Gr (aP) 2 Cpns (@ o, d) =Cyx Gy | pri(2p* - 1)

Gy ((12p2> =0 <ap74g Cp2 _1?))3 +p*—1 n=>5
(aP") 22 Cpa (@ ™"y = O, PP +p?P—1) | n>5

Gy | (aP,bP) = Cpu-s x C, ) = O, p" 3(p+p—1)

Gio (a”") = Cps (b7) = Cy PP+ PP — 1)

G11 a®) = Cs (a3, ]a,c]) = C3 x C3 17

Proof of Theorem B. Let G := G;(2). The center and derived subgroup
of G(2) is computed in Table II.

It is not difficult to see that G has an abelian maximal subgroup (a,b?),
{a,c), (a,c), (a,b), (a,b), (a,52), (a,b%), (a,52), {a,b%), (a,), (a,¢), {a,b), {a,b),
{a,b), (a®,b), {a,b), (a,b) for i =1,2,3, 4,5,6,7, 89,10, 11, 12, 13, 14, 21,
22, 23, respectively. Hence, Lemma can be applied to compute k(G).

If i = 17, then by Lemma[2.3] Lemma [2.5] and the fact that the centralizers
of non-central elements of (a2, b) are maximal subgroups of G, we obtain k(G) =
11275,

If i = 19, then G is a 2-generated 2-group of nilpotency class 2. Hence, by
Theorem [2.1] we get k(G) = 112775,

Now, assume that i € {15,16,18,20,24,25}. First observe that we can
rewrite G1¢ and Gy as

G16 = <a’7 b7 C: a2n_2 = b2 = I:b; C] == ]., 02 == [a7 b] == a2n_3’ [aa C] — a2n_3_2>
by replacing ¢ by ac and
G20 = <a7 b,C : a2n72 == C4 - 17 b = 627 [a; C] = (l2n74_2>

by replacing (b2,b) by (b, c). From Table II and Lemma one can verify that
G has no abelian maximal subgroups. However, G has a maximal subgroup
M := (a,b) whose all maximal subgroups are abelian. Notice that a® = a2 1
so that {(a,b) = (a) x (b) = Cyn—2 x Cy with Ny := (a), Ny := (a? b), and
N3 := (a?,ab) being the three abelian maximal subgroups of (a,b). Let M* =
N1 N NyN N3y = (a2). Then [M : M*] =4 for NN NaN N3 = Ny NNy In
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particular, M* = Z(M). If n = 5, then we apply GAP [7] to compute the
number of conjugacy classes of G. Hence assume that n > 6.

Let ¢ € M\ Z(G). A simple verification shows that Cg(g) is a maximal
subgroup of G if and only if g € ((a2) \ (a2 ")) U (a®" " )b. To show this, first
assume that g = a’ for some 0 < i < 2"2. Since Cg(a) = (a), the number
i is even. Then (a,b) = Cg(a?) C Cg(g) so that Cg(g) = (a,b) is a maximal
subgroup of G provided that g ¢ Z(G). Next assume that g = a’b for some
0 < i < 2772, Since (a?,a’b) C Cg(g) and (a2, a’b) has four cosets (a?,a’b),
a(a?,a'b), c(a? a’b), and acla?,a’d) in G, we observe that Cg(g) is a maximal
subgroup of G if and only if either ¢ € C(g) or ac € Ci(g). If ¢ € Ca(g) (resp.
ac € Cg(g)), then [c,a’b] = 1 (resp. [ac,a’b] = 1) and this holds if and only if
2773 | 4 (resp. 2”4 | i but 2773 t4). Hence Cg(g) is a maximal subgroup of G
if and only if 27=* | 4. Thus M contains

1Z(O)] + (@) \ Z(@) U{a™ ]+ 1IM\ ((a?) U {0 3b)
(271—3 _ 2) 4 4 2n—1 _ (2n—3 4 4)

2 + 4
— 2n—3 + 2n—4 o 2n—5 + 9

=924+

conjugacy classes. Note that the above arguments show that M; := Cg(a?) =
(a,b), My := Cg(b) = (a%,b,c), and M3 := Cg(a2" ') = (a%, b, ac) are maximal
subgroups of G' containing the subgroup (a?,b) of G' of index 4, which implies
that G = Cg(a?) U Cg(b) U Cg(a?""b). Thus |Ca(g)| = 8 for all g € G.

Now, let g € G\ M. Since Cj(g) is a proper subgroup of M, we must have
Cu(g) € N; for some 1 < i < 3 so that Cg(g) = Cn,(g){g) with ¢? € N;. If
|Cc(g)] > 8, then M*NCq(g) D Z(G) as

[M*Ca(g)| = IM"Cn;(9)(9)] < [Nifg)| = 2|Ni| < |G|
and consequently

M*|[Calg)| _ Calg)
|G| 8
by Table II. Let z € M* N Cg(g) \ Z(G). Then
Cg(z) 2 (N1, N2, N3, Ci(9)) = (M, Calg)) = G

[M* N Calg)l >

as N1, Na, N3,Cq(g) are abelian, a contradiction. Therefore, |Ca(g)] = 8 and
consequently G\ M has (2" —2"~1)/2"=3 = 4 conjugacy classes. It follows that

E(G)=2""3 4 2n74 _9n75 16,

Finally, if ¢ = 26, then |G| = 32 and consequently k(G) = 11 by GAP. The
proof is complete. |
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Table II. Groups of even orders

€ Z(G) €l k(Q) Cond.
Gy (a2, 0%) 2 Cyn—s x Cs @ 7y =, 5.2n—3
G (" ¢) 2 Cy x Cy (a2) = Cyn—s M-246
Gs (", ¢) 2 Cy x Cy (a2) = Cyn—s m-246
Gy (a) = Con-2 (@@ )=y 5.9n-3
Gs (a®,¢) & Can-s x Oy ([a,c]y = Cy 5.2n3
G (a7 b%) = Cy x Oy a2) = Cyn_s m-246
Gy (@@ 7 b?) 2 Cy x Oy (a2) = Cyn-s m=246
Gs by = C (a?) = Cyn—s 2246
G <a2, b2> > (Oyn-3 X Cy b2y Oy 5.2773
G1p <CLQ, C> = an—s x Cy <a2"_ > =N 5.27—3
G (2" ¢) 2 Cy x Cy (a) = Cyn—s m=246
Gia (a®" by = Cy (a2) = Cyn—s m-246
Gis | (@® 7 a%[a,d]) = Co x Cy ([a, c]) =2 Can-s 2n=2 4+ 6
G | (@® 7 a?[a,d]) = Co x Cy ([a,c]) = Con—s m-246
Gy <CL27L_3> =~ (0 <a2> = Cyn-3 5.-2"75 16
Gig (a2 L_3> =~ (0 <a2> = Cyn-3 5.-2"75 16
Gi7 (a*) = Cyns (@ la,d) 2 Cyx Cy | 112775
Gis <a2n_3> =0y (la,c]) = Con—s 5- 2”1_45 +6 Z ; g
Gho (a*) = Cyns W y~c,y 11275
G (@) =y (a2) = Cyn_s 5.2775 46
Gar <a2> = an—:s <b2> ~(Cy 7.274
Gag (a2b> = (Cyn-3 <[a, C]) =~y 7.2n4
Gas ((ac)®) = Cy (la, c]) = Con-s 2" +6
Gy (@) =2y (la,c]) = Con—s 52775 46
Gas (@) =20y (la,c]) = Con—s 52775 46
G26 (a4> = 02 <b, [a, bD = 02 X Cg 11

Following Theorems A and B and the fact that d(G) = k(G)/|G| for any
finite group G, we have indeed computed the commuting degrees of groups under
considerations.
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