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1 Introduction

In linear elastostatics, the classical Signorini problem [23] requires to find
the equilibrium of an elastic body subject to external forces and resting on a
rigid support E C 0f in its reference configuration 2. Precisely, if €2 is subject
to suitable volume and surface forces f : O — R3 and g : 9Q\ F — R3 such that

L(u) = /f-udx+/ g-u dH? (1.1)
Q OO\E

is the load potential and u : Q — R3 is the displacement field, then, by assuming
that H?(E) >0, the variational formulation of the Signorini problem consists in
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finding a minimizer of the functional

E(u) = /Q Q(x, E(u)) dx — L(u) (1.2)

among all u in the Sobolev space H'(£2; R?) such that u-n >0 H? a.e. on E
where n is the inward unit vector normal to 9Q and H? is the two-dimensional
Hausdorff measure. As usually happens, here E denotes the linear strain tensor,
C represents the classical linear elasticity tensor and

Q(x,E) = %ETC(X)IE

is the corresponding strain energy density (see [8]). A classical result (see [6])
states that a minimizer exists if £(v) <0 for every infinitesimal rigid displace-
ment v such that v-n>0 H?-a.e. on E and £(v)=0 if and only if v-n =0
H2-a.e. on E. More recently a proper generalization of the latter formulation
has been given by assuming that the set F has positive Sobolev capacity and
accordingly modifying the obstacle condition by requiring v-n > 0 on E up to
a set of null capacity (shortly, q.e. on E): the existence of minimizers for this
general setting was proved in [2, Theorem 4.5]. Although the original formula-
tion given in [23] may look different from the generalized notion exploited in
[2], it can be shown (see Remark 2.1) that if the set E C 01 is regular in an

appropriate sense then the two frameworks coincide.

In the recent paper [16] it has been shown that, under sharp conditions on
L, there exists a sequence of (suitably rescaled) functionals Gy, of finite elasticity
such that inf G;, converges to the minimum of £ and that in addition there are
examples in which this convergence fails. The aim of this paper is to show that
at least in the planar obstacle case, namely when £ C 9Q N {x-e3 =0} Z 0
(being (e;), i = 1,2,3, the canonical basis of R3) a similar result holds also
for incompressible energy densities. More in detail, denoting by y : Q — R?
the deformation field and by h > 0 an adimensional parameter, we introduce a
strain energy density W :  x R3*3 — [0, +00], which is frame indifferent and
minimized at the identity, and the family of energy functionals

Fily) =h" /Q W (x, Vy(x)) dx — h™ ' L(y — x)

where L is defined as in (1.1) and W/ is the incompressible strain energy density
(coinciding with W if det Vy = 1 and set equal to +oo otherwise). We define

7 f}{(y) if yeAd
gh(y) = . . 1/0y. ™3
+00 otherwise in H*(Q;R?),
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where FE, the portion of the elastic body that is sensitive to the obstacle, is
such that cap £ > 0, and where A = A(FE) denotes the class of admissible
deformations (i.e., those y € H'(£2;R?) such that y-e3 > 0 quasi-everywhere on
E, i.e., up to sets of null capacity). Moreover we have to assume that £L(y—x) < 0
for every rigid deformation y € A. Indeed, if there exists a rigid deformation
y € A such that £L(¥ —x) > 0, then

Gl(¥)=-h"L(F—x) > —coas h — 0T,

Therefore, since a rigid deformation y(x) = Rx 4+ ¢ with R € SO(3), ¢ =
(c1,c2,c3) € R3, belongs to A whenever c3 > — (Rx); on E, we have to assume

L(R-IDx+c)<0 forevery R € SO(3) and every c € R3
s.t. c3 > — (Rx); on E. (1.3)

In the main result of this paper (Theorem 2.8 below) we show that if £ satisfies
the necessary condition (1.3) together with £(e3) < 0 and

L((Rx—x)1e1+ (Rx—x%x)2e2) <0 VR € SO(3), (1.4)

and if W satisfies some standard assumptions to be detailed in the next section,
then

lim inf G/ = min g,

h—0 H1(Q;R3) H(Q;R3)
where, with the notation D? for Hessian of W(x, -), the limit functional is char-
acterized as

G (u) :—/QQI(X,E(U))dX— max L(Ru)

RESE,E

if u-es > 0 quasi-everywhere on F, and
Gl(u) == 400 otherwise in H'(Q;R3),

where

1
s ~FT D*W(x,I)F if TrF=0
Q' (x,F) := 2

400 otherwise,

Scr = {R € SO3): L(R-I)x) — inf ((Rx)3)L(e3) =0 }

xek

In general, G! differs from the expected limit functional £, defined by replac-
ing Q@ with Q! in (1.2). However, under the hypotheses on E and £ that were
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previously detailed, it has been proven in [16] (see Lemma 2.6 below) that ei-
ther S p = {I} or Sc. g = {R € SO(3) : Reg = e3}. If Sg p={I} then clearly
G'=&!, hence in this case we recover the minimum of the Signorini problem in
linearized elasticity as the limit of the nonlinear energies inf g,{. In particular, if
() is contained in the upper half-space, E = 0Q N {x3 = 0}, if f = fes, g = ges
and L satisfies conditions (1.3)-(1.4) and L(e3) < 0, then since L(v) = L(RvV)
for every R € Sg g we get min G =min &7 hence inf Q’i — min &! in this case.

Plan of the paper. In section 2 we rigorously provide assumptions on the
obstacle, on the external forces and the global energy functionals. Then, we
state the main variational convergence result. In Section 3 we give the proof
of the main result after having proved suitable technical lemmas. With respect
to the analysis from [16] about the compressible case, some care is needed in
constructing the suitable upper and lower bounds while simultaneously taking
care of the obstacle condition and the incompressibility constraint.

2 Notation and main results

In the following, 2 will denote the reference configuration of an elastic body.
Q) is always assumed to be a nonempty, bounded, connected, Lipschitz open set
in R3.

2.1 The obstacle

Notations x = (x1,x9,23) and y = (y1,¥2,y3) will be used to represent
generic points in R3, with components referred to the canonical basis (e;), i =
1,2,3. In the Signorini problem, the elastic body rests on a frictionless rigid
support E C 9. The set E will be assumed to be planar, i.e., contained in
{x3 = 0}, and of positive capacity, according to the next definition.

For every compact set K C RY we define the Sobolev capacity of K by
setting, see [1, Section 2.2],

capK:inf{HwH}qu(RN) cweCPRY), w > 1onK} .
If G C RY is open we define
cap G := sup{cap K : K compact, K C G},
and for a generic set F' C R3

cap F := inf{cap G : G open, F C G}.
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A property is said to hold quasi-everywhere (q.e. for short) if it holds true
outside a set of zero capacity. We introduce (see [2]) a canonical representative
of a set F', called the essential part of F' and denoted by Fiss, which coincides
with F' whenever F' is a smooth closed manifold or the closure of an open subset
of RV: for every set F C R? we define

Fess = ﬂ{C : Cis closed and cap(F\C) =0 }.
As shown in [2], we have

F.s is a closed subset of F, cap(F'\ Fess) =0,
cap F' =0 if and only if F,,s = 0.

Moreover, if cap F' > 0 and x € F,4, then cap(F N B,.(x)) > 0 for every r > 0.

Throughout the paper we will assume that the set E giving the obstacle
condition satisfies

EcoQn{zs=0}#0 and cap E > 0. (2.5)

We recall that every function in H'(2;R?) has a precise representative
defined quasi-everywhere on the whole Q. Indeed, if u € H'(;R3) and v €
H!(R3;R3) is a Sobolev extension of u, it is well known (see [1, Proposition
6.1.3]) that the limit

1
* = lim ———
Vi) 758 |B(x) B (x)

V(&) d¢

exists for q.e.x € R3. The function v* is called the precise representative of v
and is a quasicontinuous function in R3, meaning that for every £ > 0 there
exists an open set V' C R? such that cap V' < ¢ and v* is continuous in R3\V. It
has been proven in [16] that if vi, vo are two distinct Sobolev extensions of u
then vi(x) = vi(x) for q.e. x € Q. Therefore if u € H'(Q;R?) we may define
its precise representative for quasi-every x € Q by

* T 1 Ie)
u*(x) = lrlﬁ)l B Br(x)v(f) dg, g.e. x €, (2.6)

where v is any Sobolev extension of u. The function u* is pointwise quasi-
everywhere defined by (2.6) and is quasicontinuous on 2 i.e., for every ¢ > 0
there exists a relatively open set V' C € such that cap V' < € and u* is continuous

in Q\ V.
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Remark 2.1. If w € H'(2) then its negative part w™ is in H() too. More-
over, both (w™)* and (w*)~ are quasicontinuous in Q and (w™)* = (w*)™ = w™
a.e. in Q. Then, by [11], (w™)* = (w*)~ q.e. in Q. Therefore the condition
(w™)* = 0 q.e. in Egqs is equivalent to w* > 0 q.e. in Fegs. In particular, as
it was pointed out in in [16], Theorem 2.1 of [5] entails that if E.ss C 02 is
Ahlfors 2-regular and H?(FEess) > 0, then the condition w > 0 q.e. on Feg is
equivalent to w > 0 H? a.e. on E,g, so the classical framework of [2, 23, 12] is
equivalent to ours in this case.

2.2 The elastic energy density

Let R3*3 denote the set of 3 x 3 real matrices, endowed with the Euclidean
norm |F| = /Tr(FTF). We let symF := 3(FT + F). SO(3) will denote the
special orthogonal group. Let £3 and B? denote respectively the o-algebras of
Lebesgue measurable and Borel measurable subsets of R? and let W : Q x
R3*3 — [0, 4+00] be £3 x B%- measurable satisfying the following standard as-
sumptions, see also [19, 20]:

W(x,RF) = W(x,F) YReSO(3) VFeR>3, for a.e. x€Q, (2.7)
mFi‘n W(x,F)=W(x,I)=0 fora.e xec (2.8)

and as far as it concerns the regularity of W, we assume that there exist an
open neighborhood U of SO(3) in R3*3, an increasing function w : Ry — R
satisfying lim; g+ w(t) = 0 and a constant K > 0 such that for a.e. x €

W(x, ) € C2(U), |D*W(x,I)] < K and

2.9

|ID*°W(x,F) — D*W(x,G)| <w(|[F-G|), VF,Gel. (29)
Moreover we assume that there exists C > 0 such that for a.e. x € Q

W(x,F) > C(d(F,S0(3)))?  VF € R3*3, (2.10)

where d(-,S0O(3)) denotes the Euclidean distance function from the set of ro-
tations. In order to consider incompressible elasticity models, starting from a
function W as above we introduce the incompressible strain energy density by
letting, for a.e. x € €},

W(x, F) if detF =1

2.11
+00 otherwise. ( )

W!(x,F) := {
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We recall some basic properties that follow from the above assumptions, see
[19, 20]. For a.e. x € Q there holds

1
lim h2W(x,1+ hF) = ~FID*W(x,I)F =
h—0 2

= % symF D*W(x, ) symF vV FeR3*3

hinting to the linear elastic energy density as limit of the nonlinear energies,
with C(x) = D*W(x, 1), and

1
3 FID*W(x,I)F > C|symF|*>  VFcR3>*3,

where C' is the constant in (2.10). Taking (2.9) into account we have, for a.e.
x € Q,

h2
W(x, T+ hF) = = symF D*W(x,1I) symF| < h2w(h|F|)|F? (2.12)

for every F € R3*3 and every h > 0 such that I+ hF € U.

We mention a class of energy densities W (the so called Yeoh materials
[22, 19]) fulfilling the assumptions above (2.7)—(2.10) and for which the main
result of the present paper (see Theorem 2.8 below) applies (for simplicity, we
consider the homogeneous case):

3
= c([F[* - 3)F

k=1

with ¢ > 0. It is easy to check that with this choice the energy density satisfies
all assumptions from (2.7) to (2.9) while inequality (2.10) has been proven in
[17]. Tt is worth noticing that when material constants are suitably chosen then
also the classical Ogden-type energies may fulfill the assumptions from (2.7) to
(2.10) and we refer to [17] for all details.

2.3 External forces

We introduce a body force field f € L6/5(Q,R3) and a surface force field g €
L*3(99, R?). From now on, f and g will always be understood to satisfy these
summability assumptions. The load functional is the following linear functional

L(v) ::/f-vdx—l—/ g vdH?(x), v e H'Y(Q,R?).
Q o9
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We note that since 2 is a bounded Lipschitz domain, the Sobolev embed-
ding H'(,R3) — L%(Q,R3) and the Sobolev trace embedding H'(Q, R3) —
L*(09Q, R3) imply that £ is a bounded functional over H'(£2, R?) and throughout
the paper we denote its norm with || £||..

For every R€SO(3) we set

= ic3 > — mi
Cr:={c:c3> xIenElis(Rx)?’}

and we assume the following geometrical compatibility between load and obsta-
cle
LI(R-I)x+¢c)<0 VR € SO(3), Vc € Cr (2.13)

together with
L(Rx—x),e,) <0 VR € SO(3), (2.14)

the summation convention over the repeated index o = 1,2 being understood
all along this paper. It can be shown that condition (2.13) is equivalent to (see
[16, Remark 3.4])

L(e3) <0=L(e1) = L(ea), ®(R,E, L) <0 VReSO(3), (2.15)
where we have set

OR,E, L) :=L(R—-I)x) — L(e3) min (Rx)3

XeEess

and from now on we will use (2.15) in place of (2.13). It has been shown in [16]
that conditions (2.14) and (2.15) are compatible and that they do not imply
each other, see also Remark 3.3 below. We next state three auxiliary lemmas,
in order to better clarify the role of conditions (2.14) and (2.15). Proofs may be
found in [16]. In the following, A denotes the cross product.

Lemma 2.2. Assume that (2.14) holds. Then,
L(aAX)gea) =0 and L((aA(aAX))aes) <0 VaeR> (2.16)

Remark 2.3. It is worth noticing that, by inserting a = e; or a = es, the
condition (2.16) entails L£(x3e2) = 0 and L(x3e;) = 0 respectively.

Lemma 2.4. Assume (2.5) and (2.13). Then
(1) L(e1) = L(ez) =0 and L(es) < 0;
(2) L(esAx)=0;
(3) L(es A (e3Ax)) <0;
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(4) there exists Xz in the relative interior of the convex envelope of Eess such
that
L(aN(x—x)) =0 VaeR?

Remark 2.5. We emphasize that conditions (1) and (4) in Lemma 2.4 together
with (2.5) and L(e3) < 0 coincide with conditions (4.9)—(4.11) of [2, Theorem
4.5], which provides the solution to Signorini problem in linear elasticity. We
also emphasize that the whole set of conditions (1)—(4) appearing in the claim
of Lemma 2.4 together with condition (2.5) on the set E is not equivalent to
admissibility of the loads as expressed by (2.15). This phenomenon is made
explicit in [16, Example 3.6].

Finally, by setting
Sce={ReSOB3):®R,E,L)=0}, (2.17)
we have
Lemma 2.6. Assume that (2.5), (2.15) hold and that L(e3) < 0. Then

either Sgp={1} or Scp={Re€SO(3):Res=e3}.

2.4 Energy functionals

If F fulfils (2.5) the incompressible Signorini problem in linear elasticity can
be described as the minimization of the functional &7 : H'(Q,R3) — RU{+o0}
defined by

/ Ql(x,E(u))dx — L(u) ifuecd
u) ;= Q
+00 otherwise in H'(Q,R3),

el

where E(u) :=symVu, Q(x,F):=3FICxx)F, C(x):=D*W(x,I),
Q(x,F) it TrF=0
Q' (x,F) =

+o00 otherwise

and where A is defined by
A= {ue H' (R : uj(x)>0 qe. x€E}.

The meaning of such constraint is that the deformed configuration of £, namely
{y(x):=x+ u(x), x€ E}, is constrained to remain in {ys3 > 0}.
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For every y € H!(Q,R3) we introduce the set

M(y) := argmin { /ﬂ Vy —R|?dx: R € SO(S)} . (2.18)

Thus, due to the rigidity inequality of [7], there exists a constant C' = C(2) > 0
such that for every y € H'(Q,R?) and every R € M(y)

/Q<d(Vy,SO(3))>2dX > C/QWY—R|2dX, (2.19)

where d(F,SO(3)) := min{|F — R| : R € SO(3)}. The rigidity inequality is
a crucial tool for obtaining linear elasticity as limit of finite elasticity via I'-
convergence, as seen in [4] and subsequent works [9, 10, 15, 14, 16, 17, 18, 19,
20, 21, 22].

Let us introduce nonlinear elastic energies. If (h;);en C (0,1) is a vanishing
sequence, the rescaled finite elasticity functionals G; : H' (€, R3) — R U {400}
are defined by

h;2 /Q W(x,Vy) dx — h;lﬁ(y - X) ifyeA
gi(y) =

400 otherwise.

The related rescaled incompressible finite elasticity functionals QJI c HYQ,R3) —
R U {+o0} are defined by

h]ﬂ/ WH(x,Vy)dx —h; 'Ly —x)  ifyeA,
Gi(y) = “

400 otherwise.

It will be shown (see Lemma 3.1 below) that inf g1 (o.gs) QJI > —oo for every
j € N. Moreover, (y;)jen C H*(Q,R3) is said a minimizing sequence of the
sequence of functionals QJI if

1 I 2) — i I =
jLHJPoo <gj (yJ> ngllﬁl%) QJ) 0. (2.20)

The main focus of the paper is to investigate if QJI (y;) converges to a minimum
of (2.20) whenever (y;)jen is a minimizing sequence of QJI . To this end we
introduce the functionals Z/, G*, G7 : H*(Q,R®) — R U {+o0} defined by

7w i= min | Q6B + bhuen s + €05 e0)) dx,
Q
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7' (u) — max L(Ru) ifue A

gl(u) = RES.,m
400 otherwise in H' (2, R?),
and
o'(x,E(u))dx — max L(Ru ifue A
iy | ] 00 B b ma 2R
+00 otherwise in H!(Q,R3),

where Sg g is defined by (2.17).

Remark 2.7. It is worth noticing that C?I <gl<&l sincele Sc g, and it is
straightforward to check that Z!, G!, G! are all continuous with respect to the
strong convergence in H'(2;R3).

2.5 The variational convergence result

The main result is stated in the next theorem, referring to (2.20) for the
notion of minimizing sequence. The technical assumption that 02 has a finite
number of connected components will be needed for applying an extension the-
orem about divergence-free vector fields from [10].

Theorem 2.8. Assume that OS2 has a finite number of connected components,
that (2.5), (2.7), (2.8), (2.9), (2.10), (2.11), (2.14), (2.15) hold true and that
L(e3) < 0. Let (hj)jen C (0,1) be a vanishing sequence. Let (¥;)jen C H' (Q,R?)
be a minimizing sequence of QJ[. If R e M(y;) for every j € N, then there are
RS R3, j € N, such that the sequence

ﬁj(X) = hj_lR?{ (yj —Cj — ij)aea + (?j73 — ZL‘3)€3 }

is weakly compact in H'(Q,R3). Therefore up to subsequences, u; — uin
HY(Q,R?) and also

gj (yj) = G'(a) = le(ng%%s)g = legzl,rﬂl@)g , as j — +oo.

Remark 2.9. Since~§[ < G! then equality min GVI = minG?! is equivalent to
argmin G/ C argmin G’ with possible strict inclusion.
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3 Proof of the variational convergence result

This section contains the proof of our main result. We start by showing that
sequences of deformations with equibounded energy correspond (up to suitably
tuned rotations and translations of the horizontal components) to displacements
that are equibounded in H'.

Lemma 3.1. (compactness) Assume that E, £ and W fulfil (2.5), (2.7), (2.8),
(2.9), (2.10), (2.11), (2.15) and L(e3) < 0. Let (h;)jen C (0,1) be a vanishing
sequence. Let (y;)jen C H'(Q;R?) satisfy sup;en G/ (y;) < +oo. If R; € M(y;)
for every j € N, then every limit point of the sequence (R;);jen belongs to Sg g,
and by setting

Cia = IQ\_l/Q(yj(X) - Rjx),dx, a=12, (3.21)
Cj3 = — xrenggs(RjX)s, (3.22)

the sequence
hi = (y; — Ryx —¢j) ea + by (yj3 — x3)es

is bounded in H'(Q;R3). Moreover, inf inf QJI > —00.
JEN H1(Q:R3)

PROOF. Since g;’ > G; the proof follows from the analogous [16, Lemma
4.1] and we report here that proof for the sake of completeness and also making
some steps more precise.

Step 1. We start by providing some estimates using the finiteness of M :=
SUpjen gj(yj). Referring to (2.18), let R; € M(y;) for every j € N. Up to
subsequences, R; — R for some R € SO(3). Then we define ¢; = (¢;1,¢j2,¢j3)
by (3.21) and (3.22). By the rigidity inequality (2.19) there exists a constant
C = C(Q) > 0 such that

M > Gi(y)) = Chj_2/Q Vy; — Ryl dx — hj ' L(y; —x)
=C hj‘Z/ IVy; — R[> dx — b ' L(y; — Rjx —¢;) — h; ' L(Rjx — x + ¢;).
Q

(3.23)
Thus, by (2.15) and the definition of ¢;3 we get

M > C th/Q Vy; — Rj[*dx — b ' L(y; — Rjx — ¢;) (3.24)
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and Poincaré inequality (with constant denoted by Cp) along with Young in-
equality entail, for every >0,

2 1/2
hj%(@q-fo—cpaea)gz%lcpmq*(Ej/ﬁ(vyj—Igmyﬁdx)

C 52 5h ¢
SPH [ PZ/!V}’] |dx

2¢e
(3.25)

Estimates (3.24) and (3.25) together with Young inequality provide

2
Mzhﬂ(C—ECP)/Wy]-—Rj?dx—01’2’:”* h'L((y; — Rjx —cj)zes)

2
- ( _56?)/Wv e  CPICEE

0 M1l (1 — Rox — el e +WWj—RﬂMW®)

eC ¢ :
=) [ (%4
—hi 1Ll (i = Rax = €)sll 20

AV

By choosing e = C/(Cp + 1), we get

e
hy? 2/\VYj—Rj!2dX
Q

(Cp+1)
2C

(3.26)

<M + IL1Z + A5 1L (s = Ryx = €5)3]l 2 oms)-

Thus, if we show that hj_1 [(y; = Rjx —¢;)sl[z2(q) is uniformly bounded, then,

due to estimate (3.26), th_l(Vyj — Ry)|lz2(q) is uniformly bounded too and

Poincare inequality entails uniform boundedness of h;l ly; — Ryjx — ;| g1 r3)-
Let us define for every j

tj = h ! H ( R i X — CJ>3 ”LQ(Q) and wy; = tj_lhj_l (yj —RjX—Cj)g.
(3.27)
Then

2
lwill 2 = 1, Vy; R[> = > [ V(y;—Ryx)a [ + hJt] [Vuw;|?, (3.28)

a=1



30 E. Mainini, D. Percivale, R. Van der Putten

so that (3.23), (3.25) and (2.15) imply that for every e > 0
cﬂ/ [Vw;[? dx — tj L(wjes) —hi ' LRx —x + ¢;3e3)
<M — Ch_QZ/]V Rxa|dx+h "L((yj—Rjx—cj)aea)

Cp|IL]?

—2 2
<M —Ch; O;/Q|V(Y}L—ij)a| dx + 5z

h-_2€Cp 2
J 2
+t E_IAV(YJ_RjX)a| dx,

(3.29)
and by choosing ¢ = 2C'/Cp in (3.29) we get
> 1 CRIILIE
Ct; |ij] dx — tj L(wjes) —h; L(R;x —x +¢jze3) < TJrM
(3.30)

while, by choosing ¢ = C/Cp, (3.29) yields

fC’h 2Z/V ~R;jx), | dx+Ct2/ |Vw;|* —t; L(w;e3) <

02
£ HEHQ—i—M+h "LRjx — x +cjze3).

Thus, by taking account of the fact that (2.15) entails L(R;x —x +¢;j3e3) <0,
we get

Lol Z/\v Rxa\dx<gﬁ(w]e3) 12(;5” 12+
(3.31)
Moreover, (3.30) and (2.15) yield
CE LI
—hji — th - hjtj E(wj e3) < q)(Rj, E, [,) = E(ij—x+cj,3e3) <0.

4C
(3.32)

Step 2. Here we prove that t; from (3.27) is uniformly bounded, thus yield-
ing as shown through the previous step the uniform boundedness of hj_lH yj—
Rjx — ¢jl[g1(qrs)- In order to check that the sequence (;)jen is uniformly
bounded we assume by contradiction that, up to subsequences, lim;_, . t; =
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+00. Normalization |[w;l|r2(q) = 1 entails, for every ¢ > 0,

L(wjes) < |LI(llwjllz + IVwillzz ) = 1L« (1+ [Vw;llz2 )
I£]IZ
2¢

< £l +

5
+ S IV
and choosing ¢ = C’t? we get, by (3.30),

I£112

M 3.33

c
S0 [ 19w ax < 4 e +
Q
thus [, [Vw;|? dx — 0, so by (3.28) w; — w in H'(Q;R?) with Vw =0 a.e. in

Q, that is, w is a constant function since 2 is a connected open set. Combining
estimates (3.31) and (3.33) we get

1 K22
2C#Z/|V(yj—ij)a|2dx
J a=1 Q

1 2 1 5 1 % M
< Z(|c|? + = L 2 . il P_pl2a 22
g (1 + 5E + Sivwin) + 7 5ara 10+ 47,
hence
1
Wv(yj—ij)a — 0 in L2(Q;R¥3) ifa=1,2,
J b

and by definition of w; we have
hj_ltj_1 (yi—Rjx—cj)y = w qge.xeE.
Moreover, by (3.30) and (2.15) we get

C? M
Llwsen) = =g I8 -3

Hence, due to L(wjes3) = L(wez) = wL(e3), we have wL(e3) > 0, thus, by
taking account of L(e3) < 0, we get w < 0 and eventually, by ||w;|| 2 = 1, we
obtain w < 0.

We notice now that if we set L := liminf;_, ;. h;t;, then either L € (0, 4+o00]
or L = 0. Assume first that L € (0,+00). Since on a subsequence R; -+ R €
SO(3), we have for q.e. X€ Eegs

Yis _ Yis — (Rjx)3 —¢j3 (Rjx)3+cj3
hjtj hjtj hjt;
w+ L H(Rx)3 — Iélin(RX)g} (3.34)
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as j — +oo (along a suitable subsequence). Since

min {(Rx)g - min((Rx)g)} =0

then there exists B’ C E,ss with cap £’ > 0 such that

. wL
(R =gl (Rl < =757

on F’, so that by (3.34)

e L (R~ min(Rx)) < <0

for q.e. x € E’, a contradiction since the assumption sup;cy gf(yj) < 40
implies y; € A, ie., y;:,, > 0 qge. in E. If L = 400 then by arguing as in
estimate (3.34) we easily get h;ltjfly;-‘,g — w < 0 for q.e. x € E' which is
again a contradiction. Therefore we are left to assume that, up to subsequences,
hjtj — 0.

In order to complete this step we notice that either R;e3 # e3 for j large
enough or Rje3 = e3 for infinitely many j, and we separately treat these two
cases. In the first case, by taking account that L(e3) < 0, [16, Lemma 3.10]
entails

®R;,E, L
lim sup 2Ry, B, L) < 0. (3.35)
jotoo  |Rje3 — e
By (3.32) we get therefore
hit;
7 = lim inf 21~ (3.36)

j—+oo ’Rjeg — 93’
and for large enough j (3.36) yields

2ht
|Rj€3 —e3| § 773 .

Hence, if x; € argming___{(R;x)3} for every j, so we may assume that, up to
subsequences, x; — X € E,qs, then for every x € Eg,

0j(x) : = (Rjx)3 — min ((R;x)3) = (R;(x —x;))3 = (Rj(x — x;))3 — (x — x;)3

XEFess
2ht;
— (x—x;) (RT —Dey < |x —x;[[RTes — e < 224

Ix — x]
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and then we get, for j large enough,

9j(X) < thtj

hit;
Ix —X| < %\w[ for every x € E” := Bjuw| (X) N Eegs.

16
(3.37)
Moreover, by taking account of w; — w in H(€2;R3) we get

y;3 = hjtjwj + 9j = hjtjw + Gj + 6]' where 5j = hjtj(wj — w),

with hjfltj*léj — 0 in H'(;R?) and thus, up to subsequences, cap quasi uni-
formly in . Since cap E” > 0 we may assume that there exists £ C E” with
cap E” > 0 such that h;ltj_léj — 0 uniformly in E”” hence for j large enough

1, w
w+ h; 1tj 15;(x) < 5 aexE€ E"™.
From the latter estimate and (3.37) we get for j large enough

1 t; w
h; Lyt a(x) < ij <7< 0 qexePB”,

a contradiction since y;’?)(x) > 0 for q.e. x € E. In the second case we may
assume that Rjes = e3 for every j so ¢j3 = 0 and 23 = 0 = (R;x)3 = 0 for
every j. In particular w; — w < 0 in H'(£2;R3) implies

t]-_lh]-_lyj73(x) = tj_lhj_l(yj73(X)—(RjX)3—Cj’3) = wj(x) —w <0 qe. x e k.

again contradicting y}f’g(x) > 0 for g.e. x € E. This proves that (¢j);en is a
bounded sequence.

Step 3. We have shown that hj_lHyj — Rjx — ¢jllg1(omrs) is uniformly
bounded, yielding in particular that (¢jw;)jen is a bounded sequence in H'(£; R3).
But then (3.32) yields

—M/hj < @(Rj, E,,C) = ,C(RjX - X+ Cj7363) <0

for some suitable constant M’ > 0 independent of j. If, up to subsequences,
R; — R, we get ®(Rj, E, L) — ®(R, E, L) = 0 thus proving that R € S; .

Therefore, in order to end the proof, we have to show that the sequence
(h;l(yj,;:, — 23))jen is equibounded in H'(€2;R3). We claim that the sequence
(h;1|Rje3 — e3|)jen is bounded. Indeed, if we assume that Rjes # e3 for every
j large enough, (3.35) entails

h;
/ o J
:= lim inf > 0,
7 j—+oo ’Rjeg - 63’
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so that |Rjes3 — es| < 2h;/+ for j large enough, thus proving the claim. As a
consequence, since

‘hj_l(yj,fi - 963)‘ < ‘hj_l(yj,?) — (R;x)3 — Cj,3)‘ + Ry (Ryx)3 — a3

< ‘hj_l(yjﬁ — (Rjx)3 — Cj,g)‘ + hj_l‘Rjeg —e3] |x|

and
‘hj_lv(yj,?) - 953)‘ < BV (g — (Ryx)s)| + by [V ((Ryx)s — )]
=< h‘j_l V(yjs — (Rjx)3)| + hj_l\Rjeg — es],
we obtain that the sequence (hj_l(yj,3 — 23))jen is equibounded in H'(£;R3).

Step 4. Eventually, we prove the last statement by contradiction, assuming
that there exists a sequence (¥;);en C A such that QJI (¥;) = —oc. In such case,
QJI (¥;) <0 for j large enough so, as we have just proved, there exist sequences
(Rj)jen C SO(3) and (€;)jeny C R? and there exists v € H'(€;R?) such that,
up to subsequences,

V= h;l(?j -Rjx—-¢j)—v
weakly in H'(Q;R3). Therefore by (2.15)

liminfg][(yj) > —limsup L(v;) = —L(v) > —oo0,

J—r+oo j—+o00

a contradiction. OED

Lemma 3.2. (Lower bound) Assume that E, L, W fulfill the conditions (2.5),
(2.7), (2.8), (2.9), (2.10), (2.11), (2.14), (2.15) and L(es) < 0. Let (h;)jen C
(0,1) be a vanishing sequence. Let (y;)jen C H'(Q;R?) satisfy sup;cy gf(yj) <
+o00. Let Rj € M(y;) for every j € N. If

u;(x) = hjflR?{(yj —cj — ij)a eq + (yj3 —x3)es } , JjeN, (3.38)

where c; are defined by (3.21)-(3.22), then, up to passing to a not relabeled
subsequence, we have u; — u weakly in H(Q;R?), u € A and

liminf G! (y;) > G’ (u).

j—+oo
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PROOF. Finiteness of g}(yj) imply y; € A for every j € N. Due to Lemma
3.1, the sequence defined in (3.38) is equibounded in H!(£;R3) hence there
exists u € H'(€;R?) such that up to subsequences u; — uin H'(Q;R3).
Moreover since

1 =det Vy; = det(R;j(I+ h;jVuy)) = det(I+ h;jVu,) =
, 1
=1+ h;jdivu; — 5hJ?.(Tr(Vuj)Q — (Tr Vuy)?) + h det Vu,
a.e. in ) we get
1
divu; = 5hj(Tlr(Vuj)2 — (Tr Vuy)?) — h det Vu,.

By taking into account that Vu; are uniformly bounded in L? we get h$IVu;| —
0 ae. in Q for every @ > 0 hence divu; = $h;(Tr(Vu,)? — (TrVu,)?) —
hJQ- det Vu; — 0 a.e. in €. Since the weak convergence of Vu; implies divu; —
div u weakly in L2(£2) we get divu = 0 a.e. in 2. By recalling [2, Lemma A1] we
get, again up to subsequences, uj(x) — u*(x) for q.e. x € E hence by taking
account of

wi(x) = hj " lyi(x) 2 0
for q.e. x € E we get u}(x) > 0 for q.e. x € F that is u € A. By taking account
of QJI > Gj, of divu = 0, and of R; -+ R € S, g up to subsequences as shown
in Lemma 3.1, we may invoke [16, Lemma 4.3], which entails that

6, (i) 2 in il Gl)

" beR?2

> min / Q(x,E(u) + %ba(ea ®e3+e3®ey))dx — L(Ru)
Q
> Gl (u)

thus proving the claim. QED

Remark 3.3. If condition (2.14) is not satisfied then the claim of Lemma 3.2
may fail. Indeed, the example [16, Remark 4.5] applies also to the incompressible
case.

In the next auxiliary lemma we provide some estimates for the Lagrangian
flow

0z
—(t,x) = v(a(t,x)) t>0
ot (3.39)

z(0,x) = x

associated to a vector field v € C}(R3,R3).
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Lemma 3.4. Let v € CH(R3 R3) be satisfying divv = 0 in an open neighbor-
hood Q. of Q. Let z € CY([0,+00) x R3;R3) be the unique global solution to
(3.39). Then there exists T > 0 such that

z(t,x) € Q. and detVaz(t,x) =1 Vtel0,T] VxeQ. (3.40)
Moreover
sup |z(t,x) — x| < t[|v][eo exp(t[|[VV]s) V=0, (3.41)
x€Q

sup 1t (z(t, x) — x) — v(x)| < [|V]| 1o (exp(t||VV| 1) — 1) Vit>0, (3.42)
x€€)

sup |Vz(t,x)| < 3exp(t]|Vv|oo) Vit>0, (3.43)
xeQ
sup [(Vz(t,x) — I)| < 3(exp(t||VV| =) —1) Vit>0, (3.44)

xeQ

where Vz denotes the gradient of z with respect to the x variable.

PROOF. Since v € CH(R3 R?), (3.39) has a unique global solution z €
C([0, +00) x R3;R3). By integrating (3.39) we have

t
(z(t,x) — x) — tv(x) = / (v(z(s,x)) — v(x))ds (3.45)
0
for any x € Q and for every ¢t > 0, whence
t
|2(t, %) — x| < tlv(x)| + HVVHoo/ |2(s, %) — x| ds
0

and Gronwall lemma entails
|z(t,x) — x| < t[v(x)[exp(t]|VV][oo) < t[V]loo exp(t]|[VV]oo)- (3.46)

Therefore there exists T' > 0 such that z(t,x) € Q. for every (¢,x) € [0,T] x Q.
Moreover, (3.40) follows by a standard argument, since v is divergence free in
2, see also [18, Lemma 4.1]. By exploiting (3.45) and (3.46) we get

‘t_l(z(t,x) - x)— V(X)‘ < V|loo /0 s |z(s,x) — x| ds

t
< HVHoo/O exp(s]|VVlloo) ds < [[V]loo (exp(t[[VV]loo) — 1)
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for any x € Q and any ¢ € (0,7] thus proving (3.42). Letting V denote the
derivative in the x variable we see that Z(¢,x) := Vz(t,x) satisfies

‘Zf(t,x) = Vv(z(t,x)Z(t,x)  t>0
7(0,x) =1,
whence
Z(t,x) — I = /Ot Vv(z(s,x)) Z(s, x) ds (3.47)

for every x € Q and every t > 0, therefore

t
1Z(t,%)] <3+ Vvl / 1Z(s, )| ds
0
and by Gronwall Lemma
Z(t,%)] < Bexp(t]VV])-

Therefore for every ¢ € (0,T] and every x € Q we get

Z(tx) ~ 1| < /0 Vv (a(s, %) [Z(5,%)| ds < [|VV]|oo /O 1Z(s,%)| ds

t
< 3)Vv]ls / exp(s[VV]loe) ds < 3(exp(t]|Vv]lao) — 1)
0
thus proving (3.44). QED

Lemma 3.5. (Upper bound) Assume that OQ has a finite number of con-
nected components, that (2.5), (2.7), (2.8), (2.9), (2.10), (2.11), (2.14), (2.15)
hold true and that L(e3) < 0. Let p > 3. Let u € WHP(Q R3)  such that
divu =0 a.e. in Q. Then there exists a sequence (y;)jen C C1(2,R?) such that

lim sup g;’(yj) < Gl (u).

Jj—+oo

PRrROOF. Step 1. We assume without loss of generality that u € A and we
let

1
b* € argmin {/ Q(x,E(u) + iba(ea ®Rest+es®ey))dx:be RQ} ’
Q

u(x) ;= u(x) + z3(bjer + byes). (3.48)
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It is readily seen that u € A, that diva = 0 a.e. in Q and that E(u) = E(u) +
%bz(ea ® e3 + e3 ® ey ), hence

I(u) = /Q O(x, E(i)) dx. (3.49)
Moreover, by Lemma 2.2 and Remark 2.3 we obtain
L(Ru) = L(Ru) + L(z3(b]Re; + b5Re2)) = L(Ru) VR e Scp (3.50)
Therefore by choosing
R € argmin {—L(R1) : R € 8¢}
we get
G'(u) = /Q ol (x,E(n)) dx — L(Ru). (3.51)

Since 0f) has a finite number of connected components and diva = 0 a.e. in
Q then by [10, Proposition 3.1, Corollary 3.2] there exists a Sobolev extension of
1, still denoted with u € WHP(R3; R3), such that spt 1 is compact and diva = 0
in an open neighborhood Q' of Q. Since u € W1P(R3; R?) with p > 3 and sptu
is compact then 1 € C%7(R3;R3) N L>°(R3; R3) with v = 1 —3/p and we denote
with

~ ~ [u(x) —u(y)|
[0, = sup[a] +  sup ¢
R3 x€R3,ycR3 x —yl
XFEy
its Holder norm. Let now, for every j € N, u; := u * p;, where p;j(x) :=

Ej_Sp(Ej_1|XD and p is the unit symmetric mollifier, so that spt p C B;(0), and

&5 1= h]/Q

It is well known that u; € CCI(R3;R3)7 that T, — T in Wl,p(R?);Rg)’ that
lajlpe < ||l and that

IV ]| < 1Tl / Veildy = K, (352

£

J

where we have set
1

K :=Ax| |p/(r)|r?dr.
0
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Moreover it is readily seen that divu; = 0 in an open neighbourhood 2, of Q
such that Q, C Q' and that for every x,q € R? we have

() — G(x)] < / [Bx — y) — G0\ (y) dy
Be;(©) (3.53)

< |fdlo., /B o ¥Plesty) dy < &,

J

Vi (x) — Vil (q)] < / B — y) — Tlq - y)IVp;(y)] dy

Be, (0)

< [[alloqlx — ql”/ | Vpi(y)ldy = Kejt[[allo,|x —af.

B,
(3.54)
Step 2. Let now z; be the Lagrangian flow associated to the vector field u;

as in Lemma 3.4. Let

w;(x) == z;(hj,x),  y;(x):=Rw;(x) + Bjes, (3.55)
where
B = B(lllos) = Aoy (<] +exp (Khye; o) — 1)

By (3.41) and by (3.52) we obtain

sup |z;j(hj,x) — x| < hj||1~1|]00exp{KHﬁHoohjej_l} for every j,
x€e€)

where the right hand side goes to zero as j — +o0 since hjsj_l — 0, so that for
every large enough j we obtain

zj(h;,x) € Q. for every x € Q
and, as in the proof of Lemma 3.4,
det Vwj(x) = det Vy;(x) =1 for every x € Q.

Moreover, still referring to the proof of Lemma 3.4, and in particular to (3.47),
we obtain

h;j
|15 (Vz(hy,x) — T) — Vii(x)| < hj_l/o [V, (x)Vz;(s, %) — Vi, (x)| ds

hj
+ hj_l/o [V;(z;(s, %)) Vz;(s,x) — Vu,(x)Vz;(s, x))| ds

= M;(x) + Nj(x)
(3.56)
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for every x € Q) and we next estimate both terms: from (3.44) and (3.52) we get
h;
eM;(x) < h;luvajuoo/ Vzy(s, %) — T| ds
0

h;
< BV e |8 (expls] Vi o) = 1) s
—1 1~
< 3K filloo (exp(Khye; [Toe) ~ 1) (8.57)

while (3.54), (3.41) and (3.43) entail
hj
Nj(x) < bl /0 V2 (5, %)| |V (25, %)) — Vi (x)] ds
h;
< 3K il b /0 exp(s V|| oo) [25(5, %) — x[7 ds

hy

< 3K€j1IIUI|o,w||u||Zohj1/ s7 exp(s(1 +7)[Vuyllec) ds
0

< 3K|F|LRY e exp (K(l + ) hie | )

= 0y 5% J=g o)

Since g = h;/z and 7y € (0,1), we se that both sup, g M;(x) and sup, g N;j(x)
vanish as j — 400, so that by setting v;(x) := hj_l(zj(hj,x) — x), from (3.56)
we get Vv; — Vu; — 0 in L®(Q; R3¥3), thus Vv; — Vu in LP(;R3%3), and
by taking (3.42) into account we have v; — U in L>(2; R3) so that

v; > u  in W'YP(Q;R?).
We also have h;||VV;|loo — 0, due to (3.52), since hjz—:j_l — 0.

Step 3. We check that y; € A. By taking account that R € Sce C{R €
SO(3) : Res = e3}, along with (3.42) and (3.52)-(3.53), we have from (3.55)
Yj3 — w3 = wj3z — 3+ B = hjtjz — hjl[uljec (exp(h; [ VUylloo) — 1) + 55

= hy(tj,3 — us) — hyl[allec (exp(hy[| Vo) — 1) + hyjiis + B
> —hjel|[alloy — hyl[llon (exp(Khje; H[lloy) — 1) + hyus + B; = hjus

for every j, where the last equality follows from the definition of ;. Hence, by
recalling that uj(x) > 0 for q.e. x € 2 C {z3 = 0}, we deduce y;5 > 0 for q.e.
x € I, that is y; € A for every j.

Step 4. We conclude by noticing that Lemma 2.6 entails E(ﬁx -x) =0,
whence

5Ll = %) = 5 £ (Rw; = x) + by (es)
= hj—lﬁ(sz(hj,x) —x) +0(1) = LRV;) +o(1) as j — +oo,
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where we have used the fact that hj_lﬁj = o(1) as j — +oo, which follows
from the definitions of €; and ;. So by exploiting that h;||VV;|l« — 0 along
with (2.12), by taking account that for large enough j there holds det Vy; =
det(I+ h;Vv;) =1 in Q and that diva =0 a.e. in Q, we get

lim sup gj(y,-) < lim sup/ hi 2 (W(x, I+ h;jVV;) — Q(x,E(h;V;))) dx
Q

Jj—4o0 J—=oo
+ lim sup <hj2/ Q(x,E(h;v;)) dx — h;lE(YJ - X))
j—+o00 Q
< Timsup / w(hi V95 VY] dx
0

j—+o0

+ lim sup /Q Q(x,E(¥;)) dx — L(RA)

Jj—+oo

_ /Q 0! (x, E(Q)) dx — £(R),

which proves the result in view of (3.51). QED
We are now in a position to prove our main theorem.

Proof of Theorem 2.8. If (¥,);en C H'(€,R?) is a minimizing sequence for

QJI then we may assume that gj(yj) < QJI»(X) + 1 =1 for every j. Moreover, if

R; belong to A(Y,) and €; is defined by the right hand sides of (3.21), (3.22),

then Lemma 3.1 entails that the sequence

ﬁj(X) = hj_lR? {(y] — RjX —Cj )aea + @j,:% — 563)63}
is bounded in H!(2;R3). Therefore up to subsequences u; — U weakly in

H'(Q;R?), so, by Lemma 3.2, we have u € A, divia = 0 a.e. in Q and

liminf G! (¥,) > G (4). (3.58)

J—r+oo

On the other hand, by Lemma 3.5, for every u, € WHP(Q,R3) N A with p > 3,
there exists a sequence y; € C*(Q,R?) such that

lim sup g][(yj) < G(u,). (3.59)
Jj—+o0
Since
I /= . I I .
G;(¥;) +o(1) = Hl%ngs)gj <Gi(vyy) as j — +oo, (3.60)

by passing to the limit as 7 — +o0, we get

¢'(m) < G'(u,) for every u, € WHP(Q,R3) N A with p > 3. (3.61)
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Now fix u € A such that diva = 0 a.e. in 2 and denote again by u a
Sobolev extension of u to the whole R3. By [16, Lemma A.11] there exists
v; € C1(R3,R3)NA such that v; — uin H'(Q;R?) and by Bogowskii’s Theorem
[3], see also [9, Theorem A.2], there exists w; belonging to VVO1 (Q; R3) for every
r > 1 such that

div w; :—divvj+myl/divvj dx in Q, (3.62)
Q

and

Wl sy < Cs (3.63)

—divv; + ]Q\l/ divv;dx
Q

L2()

for some suitable constant C, = C,(£2). Therefore by setting

u; =v; — (\Q|1/ﬂdivvj dx) r3e3 + w;

and by taking account of (3.62) we get divu; = 0 a.e. in 2. Moreover since
E C 90N {z3 = 0} and u;, v; € CO(QR3) we have uj(x) = v;(x) for every
x € E, hence u; € A. Eventually by (3.63) we get w; — 0 in H'(Q;R?). By
recalling that v; — u in H1(Q;R?) and that divv; — 0 in L?(Q), we have

Vi —u-— <\Q|1/ divv; dx> x3es
Q

+ Wl a1 omsy = 0.

u; — u||H1(Q;R3) <
HL(QR3)

By (3.61) we have G/ (1) < gl(uj), whence by Remark 2.7 we have
G'@) < lim G'(u;) =G (u).
Jj—+oo

The arbitrariness of u € A shows that U € argmin g q.ps) Gl

We claim that gj ¥,) — Gl (@): indeed, by the previous arguments, if p > 3
we have min g1 (q.ps) G = infyyip(qps) G1. Since (3.58), (3.59), (3.60) and (3.61)
imply

. 5T AT s ST . 5T (= 5T
T g' =g () < liminf G; (;) < lﬁli&p G;(¥;) <G (u)

for every u, € A such that u, € Wh» (2 R3), Ehe claim follows.
We are only left to show that minzi(g.rs) Gl = Min 1 (o,R3) G!. To this aim
we show first that for every u € A there exists 0 € A such that /(@) = G’ (u).
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Indeed if u is defined as in (3.48) then by (3.49) and (3.50) we get

gl(u) =7l (u) - Rlélgj{,; L(Ru) = /Q ol (x,E(1)) dx — RIQEE(E L(Ru) =G (n)
’ ’ (3.64)

as claimed. By recalling that gl(ﬁ) = ming (or3) Gl < inf 1 (;r3) G' let us
assume that inequality is strict. Then by (3.64) there exists u € A such ‘that
Glm)=¢'(m) < inf g1 (o;Rs) G!, a contradiction. Thus again by (3.64) G!(0) =

¢'(u) = min g1 (o;R3) gl. QED
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