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Nirenberg and “geometric” Calderén—Zygmund inequalities.

Keywords: Embedded hypersurface, Sobolev inequalities, interpolation inequalities, Calde-
rén-Zygmund inequalities.

MSC 2020 classification: primary 53C42, secondary 35A23, 47J20.

1 Introduction and preliminaries

In this note, our aim is to show that families of smooth hypersurfaces of
R+ which are all “C'—close” enough to a fixed compact, embedded one, have
uniformly bounded constants in some relevant inequalities for mathematical
analysis, like Sobolev, Gagliardo—Nirenberg, “geometric” Calderén—Zygmund,
trace and extension inequalities. These technical results are quite useful, in par-
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ticular, in the study of the geometric flows of hypersurfaces, when one studies the
behavior of the hypersurfaces “close” (in some norm, for instance in C'-norm)
to critical ones (possibly “stable”) or the asymptotic limits of flows existing for
all times (see for instance [2, 3, 10, 13], where such controls on the constants
are necessary).

We start by setting up some notation and recall some basic facts about
hypersurfaces in Euclidean spaces that we need in the sequel, possible references
are [6, 1, 15].

We will consider smooth, compact hypersurfaces M, embedded in R"*!,
getting a Riemannian metric g by pull-back of the standard scalar product
{(-]-) of R"*! via the embedding map ¢ : M — R"*! hence, turning it into
a Riemannian manifold (M, g). Then, we use V for the associated Levi-Civita
covariant derivative and p for the canonical measure induced by the metric g,
which actually coincides with the n—dimensional Hausdorff measure H" of R?*!
restricted to M. Then, the components of g in a local chart are

[ 9¢ |99
9ij = 8331 8x]~

and the “canonical” measure p, induced on M by the metric g is then locally
described by p = y/det g;; £, where " is the standard Lebesgue measure on
R™.

The inner product on M, extended to tensors, is given by

g(T7 S) = Giysy - - - gikskgjlzl . glelT?1~~-l:kSS1...sk

J1---J1 T R1---2]

where g;; is the matrix of the coefficients of the metric tensor in the local
coordinates and g% is its inverse. Clearly, the norm of a tensor is then

Tl =vy(T,T).

The induced Levi-Civita covariant derivative on (M, g) of a vector field X
and of a 1-form w are respectively given by

VJXZ = 87.’1,'] + FékX 5 ijl = aix;l - Fjiwk’v

where F;k are the Christoffel symbols of the connection V, expressed by the
formula
; 1 0

1( 0 0
— — 4 S .
k= 29 <81‘jgkl + (9.Cvkg]l 83719]'“) ' <1'1)

With VT we will mean the m—th iterated covariant derivative of a tensor T
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Being M embedded, we can assume it is a subset of R"*! (hence the em-
bedding map is the identity) and we denote with v : M — R™*! its global
unit normal vector field, pointing outward. It is indeed well known (theorem of
Jordan—Brouwer, see [6, Proposition 12.2], for instance) that any compact, em-
bedded M “divides” R™*! in two connected components, one of them bounded
(called “the interior”), both having M as its smooth boundary, hence the hy-
persurface is orientable and such field v exists.

Then, we define the second fundamental form B which is a symmetric 2—form
given, in a local chart, by its components

‘)

0%

Bij = —
6:@81']'

and whose trace is the mean curvature H = ¢ B;j of the hypersurface (with

these choices, the standard sphere of R™*! has positive mean curvature).

Remark 1. If the hypersurface M is locally the graph of a function f :
U — R with U an open subset of R”, that is, M = {(z, f(x)) : x € U}, then
we have

of of (VE'f,-1)
1261_‘_77’ vV = — 5 12
9ij J 8:@ a.%'j 1+ ‘vR"f|2 ( )
HessL
Blj = ——U f 3 (13)
V14 |VE'f|2
_AYY Hess™ f(VR'f,VFf) divR"< VEf )
VIHIVEIE (VI IVESR) L+ [V
(1.4)
where Hess®"f is the (standard) Hessian of the function f.
Then, the following Gauss—Weingarten relations hold,

0%p i O0p v 1s 0

0z;0x; Y 0z, v 0z g Ox (1.5)

which easily imply
V2p = —Br and Ap = —Hv.

The symmetry properties of the covariant derivative of B are given by the
following Codazzi equations,

VZ'Bjk = VjBik = VkBZ'j
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which imply the following Simons’ identity (see [23]),
AB;; = V,V;H + HB;1g"By; — [B°Bj; . (1.6)
Finally, the Riemann tensor can be expressed as (Gauss equations),
Rijr = BirBji — BuBji . (1.7)

If now we choose a fixed smooth, compact, embedded hypersurface My of
R"*1 it is well known (by its compactness and smoothness) that, for ¢ > 0
small enough, My has a tubular neighborhood

N, ={z e R""! : d(z, M) < ¢}

(where d is the Euclidean distance on R™*1) such that the orthogonal projection
map m : N — My giving the (unique) closest point on My, is well defined
and smooth. Then, if F is “the interior” of My, the signed distance function
dg : Ne — R from M

_Jd(z, My)  ifx¢FE
de(@) = {—d(x,Mg) ifeeFE

is smooth in N, and v(x) = VRn+1dE(:c), for every x € My. Moreover, for every
x € N, the projection map 7 is given explicitly by

me(r) =2 - VR (2)/2 = v — dg(z)VE" " dg(z)

(indeed, actually VE""dg(z) = VR dp(rp(z)) = v(rg(z)) for every z € N.).
From now on, we will consider smooth hypersurfaces contained in N, that
can be written (possibly after reparametrization) as graph over My, that is,

M ={z+¢(2)v(z) : z € M},

for a smooth “height function” v : My — R with [¢(z)| < €, for every x € M.
We define the following families (clearly all containing M),

€h(Mo) = {M = {& + v(@)w(x) : = € Mo}
for a smooth ¢ : My — R with [|9b]|c1(ar) < (5}
where § € (0,¢) and we are considering on My the induced metric from R**! (in

order to define |di|). Sometimes, we will use the expression “C'-close to My,
meaning that the above constant J is small. Moreover, since we will use it, we
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also define the subfamily Qé’a(MO) of the hypersurfaces M € €}(My) such that
the “height function” satisfies [|¢||c1.a(azy) < 9.

We are going to see that the constants in Sobolev, Gagliardo—Nirenberg,
some geometric Calderon—Zygmund inequalities, trace and extension inequali-
ties are uniformly bounded, depending only on M and §.

Before starting discussing that, we introduce another technical construction.
We notice that, possibly choosing a smaller £ > 0, the tubular neighborhood
N, of My defined above, can be covered by a finite number of open hypercubes
Q1,...,Qr C R respectively centered at some points p1, ..., pr € My, such
that, for every i € {1,...,k} and every M € €}(Mpy), with § € (0,¢), the
“pieces” of hypersurfaces M N Q; can be written as orthogonal graphs on the
affine hyperplanes 1I,, My = p; + T}, My, parallel to the tangent hyperplanes to
My at the points p; € My and passing through them, as in the following figure.

Figure 1
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Then, we let p; : R*™ — [0,1] a smooth partition of unity (with compact
support) for N, associated to the open covering Q;, hence, if M € €}(M) and
u: M — R, there holds

u(y) =Y u(y)piy)
i=1
with the compact support of up; : M — R contained in the piece M N @; of
the hypersurface M, which is described as the graph of a smooth function 6; :
IT,, My — R, that is, M N Q; is the image of the map z — O(z) = x4 6;(x)v(p;)
on IL,, MyNQ;. Moreover, it is easy to see that, possibly choosing an even smaller
€ > 0, we have [|63[|c1(m, a) < 20, for every @ € {1,...,k}, since also My can
be locally written as an orthogonal graph on II,, M.

We notice and underline that the family (and the number) of the hyper-
cubes @Q);, as well as the width € > 0 of the tubular neighborhood N, that we
considered for this construction, only depend on My, precisely on its local and
global geometry (in particular, on its second fundamental form By — see [9] for
more details).

We highlight to the reader that in the following, we will often denote with C
a constant which may vary from a line to another.

2 Sobolev, Poincaré and Gagliardo—Nirenberg inter-
polation inequalities

We start discussing the Sobolev constants Cg(M,p) of any compact n—
dimensional hypersurface M, for every p € [1,n), entering in the following
inequalities (which are known to hold, see [5, Chapter 2], for instance),

" 1/p*
ooy = ([ 1l )

1/p
<Csp)( [ 1Val? +[ul? dn)
M
= Cs(M, p)||ullwrean

for every C'~function v : M — R (or u € WHYP(M)), where p* = 2% is the

Sobolev conjugate exponent of p. It is well known that a bound onnC’g(M, 1)
implies a bound on Cs(M,p), for every p € [1,n) (see [5, Chapter 2, Section 5],
for instance), hence we concentrate on the case p = 1, where 1* = _"5.

We first want to argue localizing things by means of the construction of

the previous section. We then have a finite family of hypercubes @); centered at
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pi € My, the partition of unity p; and a parametrization x — ©(x) = z+0;(x)v;
on II,, My N Q; of each piece M N Q); of any smooth hypersurface M € Q%(MQ),
where v; = v(p;) and the functions 6; : IIp, Mo — R satisfy (|6;]|c1(,, az) < 29,
for every ¢ € {1,...,k}. Moreover, in dealing with any piece M N Q;, we will
assume (without clearly losing generality) that II,, My = R® C R"*! and we
observe that in such parametrization, by formula (1.2), the Riemannian measure
w associated to the (induced) metric g on M is given by u = JO £", with £"
the Lebesgue measure on II,,, My = R™ and JO = /1 + |VR";|2, which clearly
satisfies 1 < JO <1+ 26.
For every C'—function u : M — R, we can write

n—1

(f, b an) ™ = ([ [ )™ < (i)™

as the compact support of up; is contained in M N @);.
Then, for every C' function v : M — R with compact support in M N Q;,
there holds

n—1 n—1

(/MQQW“@)Wdu(y)) ’ =(/nIv(:v+0i(x)ui)|f1J@(x)dm> ;

n—1

<C©) (/ [v(a + 03 (@) 7T dz)

as JO < 1+ 26 and applying the Sobolev inequality for functions with compact
support in R", we have

n—1

(/IR o+ 0i()o)| 5 da) 7

<C VR o(z + 0;(x)1)]| do
R”

= C/ |Vo(z + 0;(z)v;) o (Id + VR;(z) ® vi)| dz
RTL

< C |Vo(z + 0;(x)v;)] ‘Id+VRn9¢(m) ® vi| dx
Rn

=C \Vo(z + 0;(z)vi)| A/ 1+ |[VR"G;|? dz
Rn

= ¢ [ Vo)l dutw). 2
M
as y/1+ |VR";|2 = JO. Hence,
n—1

(/ |v|ﬁdu) g g(J(a)/ Vol dy
MNQ; M
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and setting v; = up;, after summing on i € {1,...,k}, we conclude
" n—1 k " n—1
(f, s an) ™ < 3o ot an)
M i=1 MNQ;

k
<c®y [ Vol
i=17M

k
=COY [ Fulpi-+1ul 9] di
=1

<) /M 1Vl dp + C (Mo, ) /M Wldp,  (29)

as |[Vpi| < C(Moy,9), for every i € {1,...,k}. This clearly gives a uniform
bound on Cg(M, 1) for all the hypersurfaces in €}(Mpy), depending only on My
(in particular, on its second fundamental form By, as we said in the previous
section) and ¢ > 0.

Let now see an alternate line, based on the “global” graph representation of

the hypersurfaces M € €}(My) over M.
For every C! function u : M — R, we have

n—1 n—1

(f w5 anw) ™ = ([ lute +o@wl)] T 9@ du) *

where JV is the Jacobian of the map ¥ : My — M and it is an easy check that,
at every point x € My, there holds

1

= < JY < C(Bo,0), 2.1

for some constant C'(Bp,d) > 0, where By is the second fundamental form of
My. Moreover, C(Byg, ) goes to 1 as § — 0. Notice that the fact that By appears
here can be seen from the expression of d¥, that is

AV, = Idr, pm, + diz @ v(z) + (x)dyy ,

as, by the Gauss—Weingarten relations (1.5), dv, is related to Bo(x).
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Then, by applying the Sobolev inequality holding for My, we have

n—1

([ 1o+ v@wiz) duo<w>) i
Mo
<Cs(Mo1) [ Vfula+ v(a)o(@)] diofa)

L Cs(My, 1) / (e + (@) ()] dpo(x)

Mo

< Cs(Mo, 1) /M Vu(z + (@)v(@)] ()] dpo(z)

1 Cs(Mo, 1) / u( + () ()] dpo(x)

Mo

< C(My, ) /M Vu(y)] JE () du(y)
(M, 9) / ()] T () dpu(y)
<cn.)( [ [Fuldut)+ [ utw)]ldnt

(/M Jul 7T du> = < C(Mo, 5)(/M |Vu|dp + /M |ul dﬂ)

As before, this means that the constant C'(Moy,d) uniformly bounds Cg(M, 1)
for all the hypersurfaces in €}(Mj), moreover, since C(My,d) — 1, as § — 0, it
also shows the continuous dependence of Cg(M, 1) under the C'-—convergence
of the hypersurfaces.

Hence,

Theorem 1. Let My C R*"*! be a smooth, compact hypersurface, embedded
in R"TY. Then, there exist uniform bounds, depending only on My and § (more
precisely, on the “C'— structure” of the immersion of My in R" Y, its dimension
and its second fundamental form), for all the hypersurfaces M € €}(My) on:

(i) the volume of M from above and below away from zero,
(ii) the Sobolev constants for p €[1,n) of the embeddings WHP(M) < LP" (M),

(iii) the Sobolev constants for p € (n,-+oo] of the embeddings W'P(M) —
cotnin(a),

(iv) the constants in the Poincaré—Wirtinger inequalities on M for p € [1,400],

(v) the constants in the embeddings of the fractional Sobolev spaces W*P (M),
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(vi) the constants in the Gagliardo—Nirenberg interpolation inequalities on M.

Moreover, all these bounds go to the corresponding constants for Mgy, as § — 0.

Proof.

(i) This is trivial due to the C''—closedness of M to Mj.

(ii) As explained at the beginning of the section, we can estimate the constant
in the Sobolev inequality for p € [1,n), by means of C's(M, 1), which is uniformly
bounded for all the hypersurfaces M € Q%(Mg), by the above discussion.

(iii) If p > n, we show that there exists a uniform constant C' (Mo, p,d) such
that

[ullgo.e(ary < C(Mo, p, 0)|[ullwre(ar (2.11)
with « =1 —n/p and
u(y) — u(y*
lullone = sup [u@)] +  sup @ Zul)l
yeM ywreM, yAy 1Y — Y

for all M € €}(My) and every C! function u: M — R.

In the same setting and notation at the beginning of this section, it is easy
to see that we can choose a special family of hypercubes ); such that enlarging
their edges of a small value o > 0, we have hypercubes sz with the further
property that M N QVZ can be still written as an orthogonal graph on 11, My =
R™ C Rn—i—l‘

The following holds

k
sup [u(y)] <Y sup fu(y)pi(y)]
yEM i=1 yeMﬂQi

and for every C' function v : M — R with compact support in M N Q;, by
applying the Sobolev inequality for p > n in R” and arguing as in obtaining
estimate (2.8), we have

sup [v(y)| = sup |v(z + 0;(z)v;)]
yeMNQ; TER™
< c( Vo + 0;()v;) o (Id + V0,(x) @ ) |” da:) i
RTL
<O®) (/R IVo(z + 0; (2)7)P dw) v
<C() ( /R Voo + 0i(@)) PO dm) v

—cO)([ 1vetpraut) . (212)
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as JO > 1. Setting v; = up; and estimating as in getting inequality (2.9), we
conclude

1/p
suplul < CMo.p,8)( [ VP +ur du) " (2.13)
M M
Regarding the seminorm [u]co.a = SUpy, ,«cps. yzy- %, given two points
y,y* € M, we have
k k
u(y) = uly)| = | Do vily) — vy < Do) — il (214)
i—1 i=1

Then, for any C! function v : M — R with compact support in M NQ;, if y and
y* both belong to the intersection of M with the “enlarged” hypercube Qi, we
can write y = x + 0;(z)y; and y* = z* + 0;(«*)y; for some z,z* € @Z N1I,, Mo
(by our initial choice of the family @;) and there holds

[(y) — vyl =lo(z + 0i(x)ri) — v(@” + Oi(a")1)]
<C(Mo,p) |z — 2*|* [V¥'(v 0 ©) || Loy
<C(Mo,p.8) [y — y*|* V¥ (v 0 ©) | 1o (rn)
<C(Mo,p,0) [y — v |* Vol Lo(ary
where the first inequality follows as in the proof of Theorem 4 in Section 5.6.2
of [14], the second one holds since |z —z*| < |y—y*| and the third one is obtained
arguing like in estimate (2.12).

If both y* and y do not belong to M N Q; clearly lv(y) —v(y*)| = 0, while if
Y€ MﬂQZ with v(y) # 0 but y* & MﬂQZ, then y € M NQ;, hence |y —y*| > o

and : 170
) =200 0 _ g g 17
ly —y*|@ o o

by estimate (2.12).
It follows that, for every y and y* in M, we have

[v(y) —v(y")|

ly — y* |«

< C(Mo, p, 0)(1 + o~ )|[Vol|Lr(ar) -

Then, putting together this and inequality (2.14), we conclude, for every y and
y*in M,
k
u(y) Z [vi(y) —vi(y™)| < C(Mo,p,d) ly — y*|* [ Vullwrear

which, with inequality (2.13) gives the desired estimate (2.11).
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(iv) In order to obtain the conclusion for the Poincaré-—Wirtinger inequality,
for any p € [1,+o0] and all M € €}(Mp),
|u — @l e ary < C(Mo, p, 0)||Vull Lo (ar 5

where u = fM udp, we argue by contradiction assuming this uniform estimate is
false. Then, for each k& € N, there would exist a graph hypersurface M} € (’%(MO)
and a function uy € WP (M) such that

lwr — Uklloe(ary) = EIIVurlloeas,)-
where u, = ka ug dpp. We renormalize these function as

U — U,

Vg = ~ )
luk — Ukl Lo (ary)

then, ka v dpg = 0, HUkHLp(Mk) =1 and ”vvk”Lp(Mk) < 1/k.

If we consider the functions wy = vy o ¥y : My — R, where Wy, : My — M
is given by Wi (x) = z + ¢, (x)v(z) (as in the second way to deal with Cg(M, 1),
at the beginning of this section), we have

0 < C'(Mo,p,0) < |lwillLr(ay) < C(Mo, p, d) (2.15)

and
IVwg|| e (a1e) < C(Mo, p,0)/k . (2.16)

In particular, the functions wy are equibounded in W%P(Mj), hence by the
Rellich-Kondrachov embedding theorem and the estimate (2.16), there exists a
subsequence (not relabeled) converging in LP(Mj) to a constant function equal
to some A € R which cannot be zero, by the estimate (2.15). Moreover, there
holds

/ wi () JU() dpo(z) = / w0 U (y) dpn(y) = / o) dyai(y) = 0,
My My,

My,

hence, since J¥, are equibounded (formula (2.10)) and assuming, possibly pass-
ing again to a subsequence, that Vol(My) — V > 0, by means of point (i), we
conclude

0= /MO (wn (@) — A) TV () dpo () + A /MO T () dpiol) — AV,

as k — o0, being fMo JU(z) dpo(x) = Vol(My,). This is clearly a contradiction,
as A,V # 0 and we are done.
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The case p = 400 is analogous.

(v) As for the “usual” (with integer order) Sobolev spaces, all the constants
in the embeddings of the fractional Sobolev spaces are also uniform for the
family €}(Mjy). The proof is along the same line, localizing with a partition of
unity and using the inequalities holding in R" (see [21] and [22]).

(vi) Finally, we want to show that for any ¢, r real numbers 1 < ¢ < 00,1 <
r < 4+oo and j,m integers 0 < j < m, there exists a constant C' depending on
j,m,r,q,0, My and § such that the following interpolation inequalities hold

; m 0 _
IV ull Loy < CUV™ull Lo ary + lull oran)” ull oy (2.17)

for all M € ¢}(My), where

r n

q

1_3+0<1 m)+1—0
P n
for every 6 € [j/m, 1] such that p is nonnegative, with the exception of the case
r= mL_] # 1 for which the inequality is not valid for § = 1.

Moreover, if u : M — R is a smooth function with fMud,u = 0, inequal-
ity (2.17) simplifies to

IVl oary < CHVmUH%T(M)HUHILE(QM) : (2.18)

We can obtain inequality (2.17) arguing as in Proposition 5.1 of [20], essen-
tially following the line of the proof of Theorem 3.70 in [5], but substituting the
Sobolev—Poincareé inequality (41) in the argument there with its version where
the constant is uniform for all M € €}(My). Indeed, the other “ingredients” in
such proof are a bound on the volume (uniform, by point (i)) and some “uni-
versal” inequalities in which the constants do not depend on the hypersurfaces
at all [5, Theorem 3.69].
Such Sobolev—Poincare inequality (41) in Theorem 3.70 of [5] reads

[ull 2o (ary < Csp(M, p)|[Vull Loy (2.19)

for every C'—function u : M — R (or u € WHP(M)) with [;, udp = 0, (here,

as before, p* = 12

- is the Sobolev conjugate exponent) and we actually need
it with a uniform constant, in order to get inequality (2.18), by the very same
proof of such theorem.

This inequality actually follows by points (ii) and (iv). Indeed, for every

u € WHP(M), by Sobolev inequality, we have

[ull o (ary < C(Mo,p, ) (IVull Loary + 1l Lo ary)
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and, by Poincare-Wirtinger inequality, as & = | yudp =0
ull Lo (ary < C(Mo, p, 0)||Vull Lo (ar)

hence, we obtain inequality (2.19) with Csp(M,p) bounded by a uniform con-
stant C(Mo, p,d), for every M € €}(Mp). QED

Remark 2 (The fractional Sobolev spaces W*P(M)). At point (v) of the
theorem above we considered the fractional Sobolev space WP on the hyper-
surfaces M € €}(My), which are usually defined via local charts for M and
partitions of unity, that is, getting back to the definition with the Gagliardo
W#P—seminorms in R"™ (we refer to [4, 12, 21, 22], for details). They can be also
defined equivalently by considering directly on M the Gagliardo W*P—seminorm
of a function u € LP(M), for s € (0, 1), as follows:

iy // 7 — ,n+5p’pdu(w)du(y)

and setting ||ullywspary = |ullp(ar) + [W]wsr(ar). Moreover, the constants giv-
ing the equivalence of the two norms obtained by localization or by this direct
definition are uniform for all M € €}(Mp). Indeed, the localization method
of Section 1, is “uniform” for all M € €}(M), meaning that the number of
necessary local charts is fixed and the diffeomorphisms between R™ and “cor-
responding” (associated to correlated local charts, that is, being a graph on
the same piece of My, as in our construction) local “pieces” of any different
hypersurfaces M € Qf}; (M), are uniformly “C'-close” one to each other.

3 Geometric Calderon—Zygmund inequalities

Theorem 2. Let My C R™! be a smooth, compact hypersurface, embed-
ded in R"! and p € (1,+00). Then, if 6 > 0 is small enough, there exists a
constant C(Moy,p,d) such that the following geometric Calderdn—Zygmund in-
equality holds,

1Bl o (ary < C(Mo, p,6) (1 + [Hl| Lo (ar))

for every M € &€(My).

Proof. We recall the local representation as graphs of the hypersurfaces M €
Qf(l; (Mp) over My, as at the beginning of the previous section. We have a finite
family of hypercubes Q; centered at p; € My, the partition of unity p; and a
parametrization z — ©(x) = x + 0;(z)v; on II,, My N Q; of each piece M N Q;
of any smooth hypersurface M € €}(My), where v; = v(p;) and the functions
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0; : IIp, Mo — R satisfy |0l c1m,, a,) < 26, for every i € {1,..., k}. Moreover, in
dealing with any piece M NQ;, we will assume (clearly without losing generality)
that IL,, My = R" C R™*! and that Q;NIL,, My is the hypercube Q2r C 11, My =
R™ with edges of length 2R > 0, centered at the origin. Finally, we can also ask
that the family of hypercubes @, C R™ with edges parallel to the ones of Q;
and of length R (half of the one of @);), centered at p;, covers any hypersurface
M € ¢(Mp).

By formulas (1.3) and (1.4), in the parametrization of M N Q; given by ©,
the second fundamental form B and mean curvature H of M are then expressed
by

Hess®"0;
Bo@— e b (3.20)
V 1+ [VEY,)2
and .
A]R"gi HessR Hl(VR"GZ, VR”@')

Ho® = -

+
VIHIVER (Y14 |VEGP)°

Letting and p : R" — [0,1] a cut—off function with compact support in Qar
and equal to 1 on Qr = Q; N1I,, My and setting Ar = {(z,6;(x)) : = € Qr},
Ao = {(z,6;(z)) : = € Qar}, we have

HBHIZP(AR) = / IBo©O|PJOdx < / PP |Hess™0;|P dx = / |pHess®"0;|P dz ,
Qr Qr R

(3.21)
as = JO.Z" and JO = /1 + |VR";|2. Then, we estimate

/ |pHess™"60;|P dz < C / |Hess®"(p8;)|P dz + C / 12VE"p @ VR'6,|P dx
R R R
+ C/ |0;Hess™ " p|P da
R”l
<C |Hess™"(p8;)|P dz + C',
R’ﬂ
where C = C(My,p,0), as the last two integrals in the first line are clearly
bounded by a constant C = C'(My, p,9).

Hence, applying the standard Calderén-Zygmund estimates in R™ (see [16],
for instance) to the last term above, we get

/ |pHess™ "0, [P dx

< 0/ |AR"(p0)|P dz + C
Rn
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N

o |pA®o,Pdz+C / 20V [ VRGP da + C / AR P dy
Rn Rn R7l

Hess®"0;(VR"0;, V') p
_ R”n .12 10 7 (3 7
5 p(H o ©)4/1 + |[VEG;[2 + v ‘ dz + C

C | |pHoO)Pdr+C / |pHess™"0;(V®"0;, V*'0;) [P dz + C
R R

N

C

N

N

C [ |p(Ho®)Pdzx+C / |VR"0;|%7| pHess™ '6;|P dz + C
R R”

where the constant C' depends only on My, p and § (we estimated the last
two integrals in the second line with such a constant, as we did above for the
Hessian).

If § > 0 is small enough, then C|V®"0;|?? < 1/2 and we get

/ |pHess® 0;P dz < 2C | |p(Ho ©)P dx 4+ 2C < 2C |(Ho ©)Pdx + 2C
R™ Rn Q2r

which clearly implies, by formula (3.21),

yBHL,,(AR)gc/ |(Ho@)|de+c<c/ (Ho©)[PJOdz + C
Q2R Q2r

<O+ [HIE, . ),

with C' = C (Mo, p,9).
Hence, by construction and invariance by isometry,

1Bl o) < C LA B, (ynon) < O+ IHIL, 00)

Since the number of hypercubes @} covering M is fixed and C' = C(My,p, d),
we obtain the thesis of the theorem.

We have an analogous theorem for Schauder estimates, after defining appro-
priately the Holder C*®-norm of a tensor 7" on M, that is,

ITllco. ey = sup IT| + [Tlooaan

where we need to give a meaning to the seminorm [T]co.a(ap).-

If T is an m—form (hence, a covariant m—tensor), one possibility is to “extend
the action” of the tensor T' from the bundle &@™T M of covariant m-—tensors on
M to the one of the whole “ambient” R"*! by means of the orthogonal projection
on the tangent bundle TM (as we identify T, M with a vector subspace of
TR ~ R for every x € M). To give an example, if T = B, letting
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7y : R — T, M be the orthogonal projection on the tangent space of M,
for every x € M, we can define the “extension” of B (without relabeling it) by
considering at every x € M the bilinear form B, : @*T,R"! ~ R"*! x R*+! —
R as By (v,w) = By (73 (v), m;(w)). Extending analogously a general m—form 7'
from operating on @"TM to @™TR"H! its norm as a multilinear functional
is unchanged at every point x € M and we can then consider its components
T}, .. j., in the canonical basis of R"*H to define

n+1
[T]Cov“(M): Z [le...jm}coya(M)

J1seejm=1

_ Til sup Tjs.jn (@) = Ty (y)] .
Jrodm=1 25, vyl
Finally, if the tensor is of general type (it has also contravariant components),
we “transform” it in a covariant one by means of the musical isomorphisms
(see [15], for instance) and then proceed as above. Anyway, in the following all
the tensors will be covariant.

Remark 3. This “global”, partially coordinate—free definition (only the
canonical coordinates of R"*1 are involved, not any coordinate chart for M)
is useful in general, but in our special case of families of hypersurfaces which
are representable as graphs on a fixed one, we can also consider an equivalent
Holder seminorm by means of the local description of M with the hypercubes
@i, which is more convenient for our computations. For any m—form T on M,
we set (in the notation of the proof of Theorem 2)

n

Tlcoay = >, [Th.jm ©Olcoa@-11)

J1seeJm=1
n

= Z sup

«
: — _ 4 zye0— (V) |z —yl
J17~~7.]m—1 x#u

for every open set V' C M N Q;, where T}, ;. are the components of T" in the
parametrization z — O(z) = x + 0;(x)ep4+1. Then, we define

k

[T)coamn =Y [T]coa(an,
=1

by means of the finite family of sets Ag (whose number is fixed) covering M €
CH(Mo).
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Theorem 3. Let My C R be a smooth, compact hypersurface, embedded
in R"1 and o € (0,1]. Then, if 6 > 0 is small enough, there exists a constant
C(My, a,0) such that the following geometric Schauder estimate holds,

1Bllco.aary < C(Mo, v, 6) (1 + [|[H| co.a(ar))

for every M € €3*(My).

Proof. In the same setting and notation of the proof of Theorem 2, for every
hypercube Q;, the function 6; belongs to C*(Qar), with [|6;]|c1.a(g,,) < 26.
Then, keeping into account Remark 3, we deal with ||B||co,a(4,), which satisfies

Hess®"0;
oS T <Cbillcroio . s

CY%2(Qr)
(3.22)

Blovean = 1B o Ollcve o = |

by equality (3.20) and since Qr = ©~1(AR), by construction.
Hence, by the standard Schauder estimates in Qap = ©~(Aagr) (see [16],
for instance), we get

HQiHCQ""(QR)
< C A0 coa(@ur) + CliOillora(@an)
+C

R™ (oR". oR"y.
<C H—(H 0©)y/1+ |VE,2 + Hess™ 0:(V Rfug 0i)
L+ [VEG CO(Qar)

<C|Ho @HCO"’(Q2R) +C HVR”@iH%““(QzR) HHeSSRnHiHCO’a(QzR) +C
< CH 0 Ol|go.a(@ur) + CO°|I0:llc2a(Qup) +C s

where the constant C' depends only on Mo, a and 4, as [|6;|c1.a(q, ) < 26. This
estimate clearly implies, by formula (3.22) and equality (3.20),

IBllo.c(a) < C [Hllo.aar) + CO°[IBllo.car) + C

and since the family of sets Ag covering M € €}(Mp) is finite and its number
is fixed, we conclude

IBl[co.a(ary < C [[H|[co.o(ar +052||B||00a y+C,

with a constant C' depending only on My, o and § (and we can clearly choose
C' to be monotonically increasing with ¢).
Then, if § > 0 is small enough, we have C§? HBH%,M(M) < HBH%O’Q(M)/Z
hence we get
[Bllconq < 2€ [Hlloaan +2C.
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that is,

IBllco.eary < C (1+ [[H| co.a(ar) »
where the constant C' depends only on My, o and §, which is the thesis of the
theorem. QED

We now deal with families of n—dimensional graph hypersurfaces in M €
€5(Mp) over My with a uniform bound ||B||(ar) on the second fundamental
form.

Arguing again in the same setting and notation of the proof of Theorem 2,
for p € (1,+00) and any C?function u : M — R (or u € W2P(M)), we have

k
IV2ull 2o (ary < CZ||V2(UM)HLP(MOQ¢) (3.23)
i1

(here V is the Levi-Civita connection of M) and, for every C? function v : M —
R, with compact support in M N Q);, there holds

/ V20 (y) [P du(y) :/ [(V20)(z + 0;(2)v;) " JO(z) d
MNQ; R™
<CW) / (V20 (o 4 BuCyw) P (3.24)

as JO = /14 |VR"G;|2 <14 26.

In the coordinates given by the parametrization ©, the coefficients of the
metric g of M (induced by R™*1) in M N Q; are
00;
Gom(O(2)) = Som + () ().
Ty

hence, they and the ones of the inverse matrix are bounded by a constant
depending only on M, and §. By formula (1.1), the Christoffel symbols of the
Levi-Civita connection V satisfy

00;

O0xm

n 2
T3, (O(z))| < C Z ’ ggqij ‘ c > aj,,gxp gg; ()] . (3.25)
pgr=1 pygr=1
Then, recalling the first formula (1.5),
020, 0’0
0xeOxm, . ‘ - ‘(%mﬁxm .
n(O(2)) 9<x>—Bem<@<x>>u<e<x>>

5o @]+ [Bun(©(a)
) |VR" (@) (1+[V¥0,())) + [BO@).

<O, (0(2)
< C|Hess® 6;(x
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where in the last passage we estimated the Christoffel symbols by means of
inequality (3.25). As |[VR"0;| < 26, we conclude

|Hess™ 0, ()| < C|Hess® 0;(x)| [V*'0;(z)| + C|B(O(x))]
< C|Hess® 0;(z)|6 + C|B(6(x))]

with a constant C' depending only on ¢, which implies, if § is smaller than 1/2C,

the estimate
[Hess™"0;(z)| < 2C (Mo, 8)|B(O(z))|,

for every x € Q; N1I,, M C R".
By the first formula (3.25), it follows

T2 (0(2))] < C|Hess™ 0;(x)| [VF'0;] < CO[B(O(x))]
with C' = C(4), then computing schematically, we have
(V20)(O(z)) = Hess® (v 0 ©)(z) — T(O(x)) « V(v 0 ©)(z), (3.26)
hence,
|(V?0)(8(x))] < C|Hess™" (v 0 ©)(x)| + C[B(O(2))| [V (v 0 ©) ()] -

Applying the Calderén—Zygmund inequality in R", we get
/ (V2@ + bu(apm)|” dz < C 5 Hess®" [v(z + 6i(2)v)]|P da
+05 [ [BOE)P IV ol + b)) da
<0 [ 1A¥ e + 0l do
+C0) [ BO@)P VO dr,
<C . AR [v(z + 0;(2)1y)]|P dz
£CO) [ BOPTP ), (620

arguing as in estimate (2.12) to get the last inequality.
Contracting equation (3.26) with the inverse of the metric and estimating,
we have

|AF (v0 8)(2)] < C(Av)(O(x))| + Cd|(B o ©)(2)| [V (v B)(2)]
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thus, by inequalities (3.24) and (3.27), we obtain

/ V2P duy) <C [ [(A0)(@ + 0@)m)P de
MNQ; Rn
vol  BwPIV@P duy)
MnNQ;

<C |Av(y)|P du(y)
MNQ;

+C IB)IP[Vu(y)|P duly) ,
MNQ;

with C' = C (M, p, ), arguing again as above.
Getting back to inequality (3.23), we conclude

k

||VQUHZP(M) gCE:HVQ(UM)||¥1)Jzn(]\/in)

i=1
k

<CZ/ !A(um)lpdquC/ IBIPIV (upi) [P dp
i=1 MnNQ; MNQ;
k

<CZ/ ]Au\pd,u—i—C/ (JulP + [VulP) dp
i—1 Y MNQ; MNQ;

éC’/ |Au\pd,u+0/ (Jul? + [VulP) dp, (3.28)
M M

with C' = C(Mo, p,9,||B|[z(ar))- Interpolating the integral of [Vu|P between
IV2ul o (ary and |Jul|o(ary by means of the uniform Gagliardo-Nirenberg in-
equalities of the previous section, we obtain the following theorem.

Theorem 4. Let My C R ! be a smooth, compact hypersurface, embedded
in R" and p € (1,+00). Then, if 6 > 0 is small enough, there erists a con-
stant C' which depends only on My, p, 6 and ||B||pec(ar) such that the following
Calderén—Zygmund inequality holds,

IV2ul| Lo ary < Cll AU Loary + Cllull Lo (3.29)
hence,
ullw2rar) < CllAu||lpoary + CllullLeary (3.30)

for every hypersurface M € €X(My) and u € W2P(M).
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Remark 4. Notice that if p < n, we can modify the chain of inequali-
ties (3.28) as follows:

k
IV2ull T ary <C DIV @od) 50 arron
=1
k
éCZ/ \A(upi)’pd“JrC/ Bl el dn
~ Juno, MNQ;
k
s [ aemra
MNQ;

" C(/ MNQ; IBI" du )P/n (/ MNO; |V (up;)|"P/ () d#) e

<CZ/

A(up)” dp+ C|[BJI7 172 (upi) I
MO, i (MNQ:) iNlLe(MnQs) -

Hence, arguing as before, it is easy to conclude that inequalities (3.29) and (3.30)
hold with a constant C' = C(Mo,p, 6, [|Bl|zn(ar)), if 6 > 0 is small enough.
Moreover, since we have seen in Theorem 2 that a control on ||H|[n (s implies
a control on ||B| p»(as), we have uniform Calderén-Zygmund inequalities for
families of n—dimensional graph hypersurfaces over My, with mean curvature
uniformly bounded in L"(M).

With a similar argument, computing as in Theorem 3, we have analogous
Schauder estimates for C%® functions u : M — R, with M € Cé’a(Mo) and
0 > 0 small enough,

[ullc2.eary < CllAul|coaiary + Cllullcoaary (3.31)
where the constant C' depends only on My, a € (0,1], d and [[B|[co.a(ar) (or

[H||co.a(ar), by Theorem 3).

Remark 5. Localizing and computing in coordinates (see Remark 3), it
is easy to generalize estimates (3.29), (3.30) and (3.31) also to tensors, under
the same hypotheses. The same holds also for all the estimates of the previous
section (see [20] for an example of how this can be done).

3.1 Geometric higher order Calderé6n—Zygmund estimates

We let My as above and p > 1, we want now to deal with ||VkB||Lp(M),
assuming that we have a uniform bound on |[H||z¢(ps) With ¢ > n, where M
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is any n—dimensional graph hypersurface over My in Q%(Mo), if § > 0 is small
enough.

Theorem 5. Let My C R™t! be a smooth, compact hypersurface, embedded
in R"*L. Then, for any ¢ > n, if 6 > 0 is small enough, there exists a constant
C which depends only on My, p, q, 6 and ||H|[za(ar), such that the following
geometric higher order Calderén—Zygmund inequality holds, for p € (1,n),

IV*BllLoary < C(1+ [IV*H| 1o (ar))

hence,
IBllwraan < C(1+ [[Hlwroan)

for any hypersurface M € €4(My) and k € N.
Moreover, the same inequalities hold for any p € (1,400) with a constant C
depending only on Mo, p, § and ||B||peo(ar)-

Proof. We first deal with the case p € (1,n). Fixed k € N, by means of inequal-
ity (3.29), which holds with a constant C' = C(Mo, p,d, ||B||»(ar)), by Remark 4
and taking into account Remark 5, we have

IV*Bllo(ary = Vs Via (Vig - -+ Vi Bl Loar

SCIA(Vig - Vi, B) |l Lo -I—CHVzg Vi, Bl

=Cllg""VeVmVis -+ Vi Bl +CHV’“ 2B||Lp(M

<Clg""VeVis Vi - Vi Bllo(ar) + CIIV* 2Bl oan)
+ C||Riem % V*~ ZBHLP +C”VRI€H1*Vk 3B||Lp

<CN9"" VeV, Vi Vi -+ Vi Bllzoary + ClIVF 2B o
+ C||Riem % V= 2BHLp —i—C’HVRlem*Vk 3B||Lp
—l—CHVQRlem*Vk 4BHLp(M

<C|g"" ViV, Viy Vi, VBl oary + CIIVF 2Bl 1o

k—2
+ C ZHVSRIGHI * Vk_z_SBHLp(M)
s=0
<Clg"" Vi, ViViy - Vi, VBl o ar) + CIIV* 7Bl o
k-2

+C Y IV Riem x V7 7B|| 1o ay
s=0
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<Cllg"" Vi Viy - Vi, VeViuBll oan) + ClIV Bl o
k—2
+C Y |V Riem x V2B oy
s=0
= C||V*2AB| oar) + CIIV* Bl Lo s
k—2
+ CZHVSRIGHI* VkiZiSBHLp(M)
s=0

where the symbol T * S (following Hamilton [17]) denotes a tensor formed by
a sum of terms each one given by some contraction of the pair T, S with the
inverse of the metric ¢g”. A very useful property of such * product is that
|T%S| < C|T'||S| where the constant C' depends only on the “algebraic structure”
of T'x S, moreover, it clearly holds VI'x S =VT xS+ T xVS.

By formula (1.7) for the Riemann tensor, we can then write Riem = B x B,
hence

IV*Bllzo(ary < CIV*2AB| zoary + CIVF 2Bl Loary

k—2
+CZHVS(B*B)*Vk_z_sBHLp(M
s=0
<C|V*2AB| oy + CIVF B oy
+C Y | V'B*V'B*V'B| o) - (3.32)
s-&-g:“-:tt:ellj—2

Now, by Simons’ identity (1.6), we have
VF2AB = V*H + VF2(HB?) — V*2(|B|?B),
hence,

IV¥"2AB| oary < IVFH| oy + € D VB * V"B VB[ 1oy
s,r,teEN
s+r+t=k—2

Using this estimate in inequality (3.32), we conclude
IV*Bll 2o (ary < CIVFH|| 1o(ary + CIVF 2Bl 1o(ar)
+C > |[VB*V'B*V'Bll1om
s,r,tEN

s+r+t=k—2

We now estimate any of the terms in the last sum as follows: we have

IV*B* V"B x V'Bl|1oar) < CIIV Bl Laran) [V Bll ooy IV Bll L ar) » (3.33)
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with
k+1 E+1 kE+1
o= —Q—, B = —, N=—,
5+1 r+1 t+1
hence, 1/a+1/5+1/y =1, as s+r+t = k—2. Moreover, using the interpolation

estimates (2.17) (extended to tensors — see Remark 5), there hold
s 28 o
1V°Bll e ary < C(IV*Blloary + [Bllzoan) ™ Bl 05
T 0 1 9
IV Bllos a1y < C(IIV*Blloar) + IBllzecary) 1B o f\})

[ 1-8
IV Bl o (ary <C(IV*Bllzo(ary + IBllzoany) " 1Bl pnas

with 0, = Zﬁ, 05 = Zﬁ and 0., = t“ , determined by

1 s - /1 k 1—4,
L-sen (-5

pa N P on n

1 _ 1k 1-6
L-ren(l-b) R
pB n p n n

1 t - /1 k 1-06
— =249 (=22 v
Py njL 7<p n) n

Noticing that 0, € (s/k,1), 05 € (r/k,1) and 6 € (t/k, 1), if we choose 0, 03
and 6, such that

s - s+1 r - r+1 t - t+1
S < B= T g cBy="" and Lcp,<p, =0
g S les P L S i T e A Ay g |

respectively close to 0, 55 and 57, the uniquely determined values g, g and
¢ satisfying

1 s 1k 1—6,
7:*4‘9&(7_*)‘1‘

pa n p n da

1 1k 1—6
AR
pB n p n qs

1t 1k 1—6
R
Py n P n 0y

must be close to n, thus properly choosing 6, 63 and 0., as above, we have
that g4, g and g, are smaller than ¢ > n. Hence, by the interpolation estimates
again, we have
k o 1—0q
IV*Blloe(ary < CUIVBllLoqary + 1Bl o)™ 1Bl oy fagy
k [4 1-6
IV"Bllos (ar) < CUIV*Bllzoany + IBllzean) ™ 1B Las

[% 1-6
IVBllzov(ary <C(IV*Bllzo(any + 1Bl oany) " 1Bl v oy
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Then, since ||Bl|zsa(an)s (Bl pas(ary and [|B||zev (ar) are bounded by C||B|[ra(ar),
being the three exponents smaller that ¢ (the volumes are equibounded for all
M € €(My)), we get

IV°Bl oo (ary SC(IV*Bll o) + 1Bl zean)) “HBHI o
T 0 1 9
IV Bll o6 (ar) < C(IV*BllLoqary + Bl ean) 1Bl 1 f\})
1— 9
VB v ary < CIV*Bllogary + IBllogan) " 1Bl aens

Letting
s+1 r+1 t+1

k+1 k+1 k+1
as s + 1+t =k — 2, putting these estimates in inequality (3.33) and recalling
Theorem 2, we conclude

O = (0o + 05+ 0,) < =1,

s r (S _
[V'BxV B*VtBHLP(M)<C(HkaHLP(M)+ ||B||LP(M)) HBHiq?w

<C(IV*Bll o+ IBllzean) ® (1 + 1Hl| oan)

(C]
<C(IV*Blloan + IBlloan) (3.34)

3—-0

with C' = C(M()apa 9, ||H”L"(M)7 ||HHL‘1(M)) = C(Mo,p, 9, ||H”Lq(M))7 as g > n.
Hence, by means of Young inequality, as © < 1, we estimate
IV*B Loary < CIVFH| Logany
©
+ OV QBHLP )+ C(IV*BllLe(ary + IBllo(ar))
<C|IV*H| to(m
+ OV ZBHLP )+ Ce|[V* Bl oy + CBll oy + C
then choosing € > 0 such that Ce < 1/2, after “absorbing” in the left hand side

the term C’sHVkBHLp(M) and estimating ||B||zr(as) with C(1 + |[H|zo(ar)), we
obtain

IV*Bl| 2oy < CIVFH| oary + ClIVF 2Bl o ary + CIH| oary + C -

The term ||V*2B]| r»(M) can be treated analogously, by interpolation between
||VkB||Lp(M) and ||B||»(as) (it is actually easier to deal with it) and |[H||z»(as) <
C (Mo, p,q,0)|H]|Le(rr), hence we finally have the desired estimate

IV*Bl| toary < CIIVFH| 1oary + C

with C' = C(Mo,p,q,0, |[H|[za(ar)), for any M € ¢t(Mp) with § > 0 small
enough.
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If p € (1,+00), we argue as before, but using directly inequality (3.29),
which holds with a constant C' = C(Mo, p,d, | B/ (nr)) and getting inequal-
ity (3.34) with a constant C' = C(Mo,p, 6, [|B||Leo(ar)), by simply choosing a
suitably large ¢ > n and estimating ||B|| Lq(ps) With C||B|| e (ar). The rest of the
proof goes in the same way, estimating all the terms ||B||zq(ar) and [[H||za(ar)

4 Other inequalities

Let My be a smooth and compact hypersurface embedded in R**!, bounding
a domain Fy and € > 0 the width of a tubular neighborhood N of Mj. For any
§ € (0,¢), we consider the family C}(Ej), defined as

U : Fy — E is a diffeomorphism with || — Id )
{E —u(E) P 1% = Idllen z) }

U (x) = x + (x)ro(x) for every z € My and [[¥|c1(ary) < 6

where 1 is the unit normal vector field pointing outward of Mj.

Then, the Jacobian of the map ¥ : Ey — E (and also the tangential one of
its restriction to M) is bounded from above and from below by some constants
which depend only on § and the second fundamental form of My (see Section 2
for details).

It clearly follows that if E € C}(Ep), then M = 0F = W(My) € €}(Mp).
Moreover, if M € €},(Mg), then there exists a smooth function ¢ : My — R
with [|[¢]lcr(ag) < 0, such that M = {z + ¢(z)v(z) : 2 € Mo}, then we can
construct a smooth diffeomorphism ¥ : Eqg — E as follows (E is the domain
bounded by M):

¥(z) = T if v € Ey\ N:
@+ Cldo(a) /o) (mo(x)) VR do(x)  if 2 € Eg N N.

where dj is the signed distance function from Mj (which is negative in Ej) and
t — ((t) is a smooth monotone nondecreasing function, defined on R, such that
it is equal to 1 if ¢ > 0 and to 0 if t < —1/2, with |¢'(¢)] < 3, for every t € R.
So, it follows

1% — 1d]| e () = 1€ (do () /) (mo (D) V" do ()| 1 v,
<C(Mo, )Yl e (ae) -

Hence, fixed any 0 € (0, ¢), depending the constant C' only on My and €, possibly
choosing ¢’ small enough, the set E belongs to C}(Ej).

We now discuss some uniform inequalities involving also the domains which
are bounded by the hypersurfaces.
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4.1 Trace inequalities

Letting Ep, My, € > 0 and § > 0 as above and any E € C}(Ep) (with
associated smooth diffeomorphism ¥ : Ey — E), it is well known that the trace
of any function v € H'(E) (a real function on M = 9F, which we still simply
denote by u, that coincides with the restriction of u to M, if u € C°(E)) is
well defined and that the following trace inequality holds (see [24, Chapter 4,
Proposition 4.5]),

HuHiIm(M) < CE/ u? 4+ |Vu\2dg:, (4.35)
E
which implies
E

where & = f,udz (see also [14, 19]). We want to show that these inequalities
hold with uniform constants C(My, d), for every E € Cji(Ep).
Expressing ||u||]2q1 J2(01) by means of the Gagliardo W'/22 seminorm of a

function u € L?(M) and setting ® = W[y, : My — M, we have

lalps/2ary = lllzzqany + 2172200

lu(y) — u(y)[? .
= |ju + 2 I uy) d
[wll L2 ary /M/M = g 1(y) du(y”)
C”UOq)HL?(MO)

[u(®(2)) — u(@())[? . .
" /Mo /Mo |®(z) — ®(a*) |2+ JO(x)J@(x") dpo(x)dpo(x™)
< C’Huo\IIHLQ(MO
u )2
+C/M /M = |:v—:v I("Jr(1 4 dpio () dpio(z”)

< Cp, [E (W (@) + V(w0 U(2))? da

N

< c/ u? + [Vul do = Cllulp ) (4.36)
E

where the constant C' depends only on Ej (we applied inequality (4.35) for Ey
in passing from the fourth to the fifth line) and 0 (in bounding |d¥|, |[d®|, J¥
and J® above and below away from zero).

Remark 6. With a similar argument, we can show the following general-
ization of this inequality, with a uniform constant

[ull rs=1r2ary < C(Eo, 8, 0)|[ull s ()
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(see again [24, Chapter 4, Proposition 4.5]), for s € (1/2,3/2).

4.2 Inequalities for harmonic extensions

We let Eg, Mg, € > 0 and § > 0 as above and FE € C(}(EO) (with associated
smooth diffeomorphism ¥ : Ey — E), with M = 0F € €}(M).

We denote by u : E — R the harmonic extension of a function f : M — R in
HY?(M) to E. We aim to show that the following inequality (see [24, Chapter 5,
Proposition 1.7])

lullg ) < Cell il » (4.37)

which implies

/E|Vu!2dx < CelflFneon

for every E € Cj(Ep), with uniform constants C' = (Ey, §).
Arguing as above, in formula (4.36), we end up with the following inequali-
ties:

[ull gy < C(Eo, 0)||wo V| g1 gy
lwo W a1y < Crollf o ¥llgrr2ag) = Crollf © Pl grr2(asy)
1o (I)HHl/2(M0) < C(Mo, 5)HfHHl/2(M)

where the second estimate is given by inequality (4.37) for Ey. Putting them
together, we have the conclusion.

Remark 7. As above, we also have the following generalization, for s €
[1/2,3/2),

[ull gas1r2(gy < C(Eo, 8, 0)| fll s (ar)

(see again [24, Chapter 5, Proposition 1.7]).

5 Some remarks

We collect here some remarks about the conclusions of the previous sections.

e All the constants depend on the geometric properties of My, in particular
on the maximal width of a tubular neighborhood, its volume and its sec-
ond fundamental form. Hence, uniformly controlling such quantities gives
uniform estimates for larger families of hypersurfaces, see [7, 8, 9, 11, 18]
for a deeper and detailed discussion).
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e Notice that for Sobolev, Poincaré, interpolation, trace and “harmonic ex-
tension” inequalities, we do not ask 0 > 0 to be small, but just § < e,
while for the Calderon—Zygmund—type inequalities, that we worked out in
Section 3, a smallness condition on ¢ is necessary for the conclusions.

e All the inequalities holds uniformly also for families of immersed—only
hypersurfaces (non necessarily embedded), if they can be expressed as
graphs on a fixed compact, smooth hypersurface, possibly immersed—only
too.

e [t is easy to see that everything we did still works also if the ambient is
a flat, complete Riemannian manifold, in particular in any flat torus T™.
With some effort, the results can be generalized to graph hypersurfaces in
any complete Riemannian manifold, then the constants also depends on
the geometry (in particular, on the curvature) of such an ambient space.
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