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Introduction

A closed 2-form on a Riemannian manifold is said to be a magnetic field (see
[11], for example). When a magnetic field is closely related with the geometric
structure on the underlying manifold, trajectories of charged particles under the
influence of this magnetic field should show some properties of the underlying
manifold. Since geodesics are trajectories for the null 2-form, the second au-
thor proposed to study curve theoretic properties of trajectories to investigate
Riemannian manifolds with some geometric structures in [1] and its sequels.

In this paper, we study trajectories on real hypersurfaces of type (Ag) in
a complex hyperbolic space. This real hypersurface admits an almost contact
metric structure induced by the complex structure on the ambient space. As-
sociated with this almost contact metric structure we have Sasakian magnetic
fields, and we are interested in properties of their trajectories. When we study

iThis work is partially supported by Grant-in-Aid for Scientific Research (C) (No.
20K03581), Japan Society for the Promotion of Science
http://siba-ese.unisalento.it/ (C) 2022 Universita del Salento



78 Y. Aoki, T. Adachi

submanifolds from curve theoretic point of view, it is one of natural ways to
investigate how curves on submanifolds can be seen in the ambient space. For
example, geodesics on a standard sphere can be seen as circles in a Euclidean
space. In the preceding paper [4], the second author studied conditions on tra-
jectories on a real hypersurface of type (Az) to be seen as circles in the ambient
complex hyperbolic space. But he dropped a condition in Lemma 3 of [4], which
is a condition that trajectories turn to be circles of complex torsion +1. For-
tunately, he investigated trajectories which can be seen as circles of complex
torsion not +1, his error did not give any influence on the results in that paper.

In this paper, we first correct the error. This gives us a new point of view. We
take the moduli space of extrinsic circular trajectories, the set of all congruence
classes of trajectories which can be seen as circles in the ambient space. Then,
we have a canonical map of this space into the moduli space of circles on a
complex hyperbolic space. As we see in [4], into the subset of congruence classes
of circles of complex torsion not +1, this map is one-to-one. But into the subset
of congruence classes of circles of complex torsion +1, we show in this paper that
it is infinite-to-one. By giving a proof of congruence theorem on trajectories on
real hypersurface of type (Ag) which was announced in [4], we show the detail
of the canonical map into this subset.

1 Sasakian magnetic fields on real hypersurfaces

A real hypersurface M in a K&hler manifold M with complex structure J and
Riemannian metric (, ) admits an almost contact metric structure (¢,&,n,(, ))
induced by J. By use of a unit normal vector field A/ on M in M , we define
the vector field £ by £ = —JN, the 1-form n by n(v) = (v,£) and the (1,1)-
tensor field ¢ by ¢v = Jv — n(v)AN. The Riemannian metric ( , ) is induced
by the metric on M. We call & and ¢ the characteristic vector field and the
characteristic tensor field, respectively.

On this almost contact metric manifold M, we have a natural closed 2-
form Fy defined by Fy(v,w) = (v, pw) for tangent vectors v,w € T,M at an
arbitrary point p € M. We call its constant multiple F,, = xFy (x € R) a
Sasakian magnetic field. Sometime, it is also called a contact magnetic field. A
smooth curve v parameterized by its arclength is said to be a trajectory for F, if
it satisfies the differential equation V4 = k¢7. Since trajectories for Sasakian
magnetic fields are closely related with the almost contact metric structure, and
as they are geodesics when k = 0, the authors consider that some properties on
the underlying manifold should reflect on properties of trajectories.

In this paper we study trajectories on a real hypersurface of type (Ag) in
a complex hyperbolic space CH"(c) of constant holomorphic sectional curva-
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ture c¢. A real hypersurface of type (A) in CH™(c) is either a horosphere or a
tube around totally geodesic totally complex CH*(c) (¢ = 0,...,n — 1). Horo-
spheres, geodesic spheres which are the case ¢ = 0 and tubes around CH"!
are collectively called real hypersurfaces of type (A1), and other tubes around
CH' (¢ =1,...,n — 2) are called of type (As). For a real hypersurface M of
type (A), its shape operator Ay; and the characteristic tensor field ¢ are simul-
taneously diagonalizable, that is, they satisfy Aj;¢ = ¢pAys. Its characteristic
vector is a principal curvature vector at each point. For a tube M = Ty(r) of
radius 7 around CHY, which is a real hypersurface of type (As) in CH™(c), its
principal curvature is d3; = \/H coth \m r. The subbundle TYM of the tangent
bundle TM which consists of tangent vectors orthogonal to £ is divided into two
subbundles Vy, V), of principal curvature vectors whose principal curvatures are

Ay = (\M/Z) coth(\/ﬂr/2) and pp = (\/H/Q) tanh(M’rﬁ).

For a trajectory « for a Sasakian magnetic field F,; on a real hypersurface M
of type (A), we set py = (¥,&,) and call it its structure torsion. We find that it is
constant along v, because A); is symmetric and ¢ is skew-symmetric. In fact, by
using Gauss and Weingarten formulae which are VY = VyY + (A X, YN
and VxN = —Ay X for arbitrary vector fields X,Y tangent to M, we have

Py = (kY. &) + (3, JAM) = (7, ¢Am) = —(AmdY, %),

hence have 2p) = (¥, (pAym — Ap¢)y) = 0. When M is a real hypersurface of
type (Az), we denote by Proj, : TM — V), Proj, : TM — V, the projections
onto the subbundles of principal curvature vectors. For a trajectory -y, we set
wy = ||Projy(¥)|| and call it its principal torsion. Since a real hypersurface M
in CH™(c) is of type (A) if and only if its shape operator satisfies

(VxAu)Y = —L{{(X. V)¢ +n(Y)oX )

for arbitrary vector fields X,Y on M (see [9], for example), we have

d

_ _%@)% VY + k{(Amd — pAm)Y,7) = 0.

As we have (Ap9,%) = )\Mw% +upr(1 —wg —,0%) —|—5Mp%, we find that w, is also
constant along ~. Thus, we see that structure and principal torsions should be
important invariants for trajectories for Sasakian magnetic fields. We note that
Maeda and the second author used in [7] the invariant (Anr%,7).
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2 Congruency of trajectories

In this section we show that structure and principal torsions for trajectories
on real hypersurfaces of type (Az) in a complex hyperbolic space give their
classification. We say that two smooth curves ~i,v2 parameterized by their
arclengths on a Riemannian manifold M to be congruent to each other (in
strong sense) if there exists an isometry ¢ satisfying y2(t) = @ o y1(t) for all ¢.

In [2], the second author showed that on a real hypersurface of type (A)
in CH™ two trajectories 71, y2 for Sasakian magnetic fields Fy, , F,, respectively
are congruent to each other if and only if one of the following conditions holds:

D) oyl = lpyl =1
ii) |p71’ = |p72’ <1, k1] = |’£2’ and K1py, = K2py,

We hence study congruency of trajectories on real hypersurfaces of type (As).
The following was given in [4] without its proof.

Proposition 1. Let v1,72 be trajectories for Sasakian magnetic fields F,,,,
F., respectively on a real hypersurface M = Ty(r) of type (Ag) in CH™(c). They
are congruent to each other if and only if one of the following conditions holds:

) lpyl=lppl=1

ii) |p’71’ = |p’72’ <1, |’€1| = ‘K’2|7 K1Py1 = K20, and Wy = Wrs -

In order to show this theorem we briefly recall more on real hypersurfaces
of type (Az). Let ((, )) denote the Hermitian product on C**! given by

(z,w) = —2oWp + 21W1 + - - - + 2, Wy,
for z = (20,...,2n), w = (wo, ..., wy) € C"*1. Let w : H 1] — CH"(—4)
be a Hopf fibration of an anti-de Sitter space Hi""1[1] = ={z=1(20,...,2n) €
C"* | ((z,2)) = —1}. At a point z € H?"1 the horizontal and vertlcal sub-

spaces H., V, of the tangent space T, H; 2n+l are given as
H. :{ z,v) € T,C"H } z,0) :O},
z—{ .V —1laz) ET(C"H’aER}

where z = (20,...,2n), v = (vo,...,v,) € C"F1. A real hypersurface Ty(r) of

type (Ag2) in CH"(—4) is expressed as Ty(r) = w(]\/i\) with M = H2[cosh 7] x
52(n=O=1[sinh ], where

H2cosh 7]

= {w = (wo,...,we) € CM | —Jwo|*+|wi|*+- - -+|we* = — cosh? r },
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52 =01 [sinh r]
= {w = (wg+1, e ,wn) € (Cnig ‘ |’u}g+1’2 + . 4+ |wn|2 = Sinh2r},

At a point @(z) = @ ((2y, 25)) € Ty(r) with (27, 25) € M C CH1x € a unit
normal N is given by N,y = dw, (/\Afz) with

./VZ = (z, (—tanhmf,—cothrzs)) € (TZM + NH,.

The subspaces V) (w(z)), Vi (w(z)) of principal curvature vectors are expressed
as Vi(w(z)) = dw. (‘7)\(2)), Vi(w(2)) = dw. (T?u(z)) with

(2) = {(z,v) € H. O ({0} x T2, 82"=O=1) | (v, JN,) = 0},
(z) ={(z,v) e H. N (Tszlzeﬂ x {0}) | (v, JN,) = 0}.

=S

We here construct isometries of Ty(r) satisfying some conditions. It is well known
that every isometry ¢ of Ty(r) is equivariant. That is, denoting an isometric
embedding by ¢ : Ty(r) — CH"(c) we have an isometry ¢ of CH"(c) satisfying
@ ot =10 . In the next lemma, we consider Ty(r) to be a subset of CH"(c)
through an isometric embedding.

Lemma 1 (cf. [5]). Let z,y € Ty(r) be arbitrary points. For arbitrary
principal curvature vectors u € Vy(z),v € Vy(z),u € Vi(y),v' € V,u(y) with
lull = ||v|| = ||[v/|| = ||v'|| = 1, there are a holomorphic isometry ¢ and an
anti-holomorphic isometry ¢~ of CH™(c) satisfying

i) ¢ (Tu(r)) = Tu(r) and g*(z) =y,
i) (dF5), () =, (d55),(v) = o,
iii) (dsbi)x(gx) = :tfy'

Proof. We may suppose ¢ = —4. For the sake of simplicity, we only treat the
case n = 3. In this case, the 1-dimensional complex subspaces V) (2),V,(z) at

z = (20, 21, 22, 23) € M (C C*) are spanned by the unit vectors

~

Ny = (z L(O,O, —53,22)), ¢, = (z,&(zl,zo,o,m),

"sinh r

respectively. We take a point z° = (coshr, 0,sinhr,0) € M. For arbitrary «, 8 €
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C with |a| = |f| = 1, the matrix

20 Bz
0 0
coshr coshr
21 BZzo 0 0
A .= | coshr coshr B
o.f 0 0 Z9 aZ3
sinh r sinh r
0 23 aZ2
sinhr  sinhr
satisfies
-1 0 0 O -1 0 0 0
N 0 1 00 10 100
Adosl o 01 0] =0 01 0|
0 0 01 0O 0 0 1

hence induces a holomorphic isometry cp B8 of C* with respect to the Hermitian
product ((, )) which satisfies the followmg properties:

) ¢ 5(20) =z and ¢ 4 (H{[1]) = HI[1), ¢% 4(M) = M,

(TN NH L) = <J/\/Z>l NH.,

iv) (dSb;g 40 (M.0) = oz, (d(ﬁz,ﬁ)zo (ézo) = Béza

where (jﬁ ») denotes the real vector subspace spanned by JN..

Let 7 : C* — C* denote the isometry which is defined by (zo, 21, 22, 23) +
(%o, 21, 22, Z3). Then the isometry gb;, 5= gb;r, Bo% is anti-holomorphic and satisfies
the above conditions i) — iv). Thus, we can obtain isometries p* of CH?(—4)
satisfying desirable conditions. QED

Proof of Proposition 1. The “only if” part. Suppose that 1,2 are congruent to
each other. Then, there is an isometry ¢ of Ty(r) satisfying v2(t) = @ oy (t) for
all t. We take an isometry ¢ of CH™(c) satisfying ¢ ot = 10 ¢ with an isometric
embedding ¢ : Ty(r) — CH"™(c). This isometry is either holomorphic or anti-
holomorphic, i.e. dp o J = +£J o dp. Since ¢ is induced from an isometry of a
complex Euclidean space C?H which preserves w! (Tg(r)) =H 12“1 x §2(n—6)—1
we see that d@ preserves the unit normal A'. We hence find

p’Yz = <'.y27 *JNgoo’71> = <d¢(71)7 *sta(-/\/"ﬂ» = <r'ylv ié(pO'yl> — :l:p’yla
Kadye = V32 = (de) (Vi 51) = (de)(k191)
= r1(d@) (J"Yl - P71N'y1) = ’fl{ij(d@)(;ﬂ) - P%Ncpow} = Tr1072
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In particular, we have [r1]y/1 — p2 = |k2|{/1 — p2,. Thus, when [py, | = |py,| <
1, we find |k1| = |k2| and k1p,, = K2p,, hold. Moreover, we consider the curves
Loy, tovyy on CH™(c), which are usually also denoted as 71,72 for the sake
of simplicity. These curves on CH"(c) are also congruent to each other. By
Gauss formula, we have 6%% = kid®Y; + (Api, )N, hence the square of the
geodesic curvature of 1o; is given by x2(1— pgl) + (A, 3i)2. As (Apri, 5i) =
)\ngi + ppr(1 — wgi — p?n) + 5Mp%i > 0 and Ay > pag, we find wy, = wy,.

Next we study the “if” part. Since trajectories of structure torsion +1 are
geodesics, we find that they are congruent by Lemma 1. If v, 9 satisfy the con-
dition i), we have [|Proj, (41)]| = [[Proj(i2)|| and |[Proj,(31)]l = [[Proj,(3)]l
Thus, by Lemma 1, we have isometries o1 and ¢~ of Ty(r) which are restrictions
of a holomorphic isometry @+ and an anti-holomorphic isometry ¢~ of CH"(c),
respectively, and that satisfy

™ (11(0)) = 72(0), (dp™)1,0) (§31(0)) = Fra(0)5
(de™)00) (71(0) = p31600(0)) = Y2(0) — Pruan(o)-

We take ¢* when p,, = p,, # 0 or when p,, = p,, =0 and k1k2 > 0, and take
¢~ when p,, = —p,, # 0 or when p,, = p,, =0 and k1k2 < 0. We then have

(do™) sy 0) (31(0)) = (d™)1,(0) (31(0) = py, &5 (0)) + Py (o)
= (52(0) = p12&120)) £ Pyi&nn(0) = 12(0).

We define smooth curves 0,0~ by o = T o ;. They satisfy
Vord™ = (d™) (V1) = (de™) (k1g91) = £r16(de™ )1 = ragpi.

Hence, corresponding to the signatures of p,, and p.,, the curves 7o and one
of 0,0~ satisfy the same differential equation. As they have the same initial
conditions, we find that 75 = o™ or 79 = 0 ~. Hence 71, 72 are congruent to each
other. QED

We denoet by F, = Fj (T g(r)) the set of all congruence classes of trajectory
for F,; on Ty(r). Proposition 1 shows that it is set theoretically identified with
a half disk D = {(p,w) | p?> + w? < 1, w > 0} when s # 0. If we denote by
F=F (Tg(r)) the set of all congruence classes of trajectory for some Sasakian
magnetic field on Ty(r), then it is set theoretically identified with [0, 00) x D/ ~
or with R x 2/ «, where 2 = {(p,w) | p> +w? <1, p > 0, w > 0}. Here,
for (k1, p1,w1), (K2, p2,w2) € [0,00) X D, we set (K1, p1,w1) ~ (K2, p2,ws) if and
only if one of the following condition holds:

i) K1 = Ko, p1 = p2, W1 = wa,
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ii) K1 = Rg = 0, pP1 = —pP2, W1 = W2,
iii) [p1] = |p2| = 1.

For (K1, p1,w1), (K2, p2,w2) € RX 2, we set (k1, p1,w1) v (K2, p2,ws) if and only
if one of the following condition holds:

i) k1 = kg, p1 = p2, W1 = wo,
ii) R1 = —K2, p1 = p2 = 0, w1 = W2,

iii) p1 =p2 = 1.

3 Extrinsic circular trajectories

A smooth curve v parameterized by its arclength is said to be a circle if there
exist a unit vector field Y along  and a nonnegative constant k., satisfying
Viy = kY, V3Y = —k,* (see [10]). The constant k. is called the geodesic
curvature of v. When k, = 0, it is a geodesic. On a Kéhler manifold with
complex structure J, for each non-geodesic circle v, we set 7, = (%,Y) /k, and
call it its complex torsion.

Let ¢ : Ty(r) — CH™(c) be an isometric embedding of a real hypersurface
Ty(r) of type (A2). We say a trajectory on Ty(r) to be extrinsic circular if its
extrinsic shape to+y is a circle on CH"(c). In the preceding paper [4], the second
author gave a condition that trajectories to be extrinsic circular. But as he
dropped a condition, we here correct it.

Proposition 2. Let v be a trajectory for a Sasakian magnetic field F, on a
real hypersurface M = Ty(r) of type (Az) in a complex hyperbolic space CH™(c).
It is extrinsic circular if and only if one of the following conditions holds:

Corresponding to each case, the geodesic curvature k- and the complex torsion
7, of the extrinsic shape of v are given as follows:

1) k7 = 5M7 Ty = :Fl,

2) ky = s, 7y = —sgn(k),
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3) ky = \/’i2 — 26p0py + ,u,?w, Ty = —(k— QHP% + unipy)/ky,

4) ky = \//12 — 26AMpy + Ny, Ty = — (K — 2602 + Anpy) /Fy -
Here, sgn(k) denotes the signature of k, and in the case k, = 0, we ignore T,

Proof. By use of Gauss and Weingarten formulae, we have

Vi = Vg + (Amy, 1N
Vs (k74 + ((Anrds 3) = ko) N)
= _HZ;Y - ’{'(<AM7”}/> - K‘p’y)g - (<AM7a7> - /{p’y)AMﬁ/
= {1 = p}) + {(An7,9)*}9
+ ((Anry,3) — 60y) { ((Anr3, %) + Kpy) 3 — KE — Anry )
Thus, the extrinsic shape of v is a circle if and only if the vector

vanishes. The equality (Aa%,%) — kpy = 0 leads us to the second condition,
which the second author dropped in [4]. When ((Ap7, %) + kpy)§ — E — AY
vanishes, by decomposing it to principal vectors, it is equivalent to the equalities

((Ap, %) + kpy — Aar)Projy(7) = 0, (3.1)
(<AM77’7> t Rpy — NM)PTOj,u(’w =0, (3.2)
(<AM’Y,’Y> + Kpy — ((5]\/1)p,y —k=0. (3.3)

As Ay > g, the condition Ay = (A, ¥) + kpy = par does not stand. Hence
at least one of the vectors Proj, (¥) and Proj, () is null. When both of them are
null, which is the case p, = %1, as the equality (3.3) holds, we obtain the first
condition. When Proj, () is null and Proj,(¥) is not null, the equality (3.2)
turns to py{(0ar — par)py + K} = 0. When p, = 0, by (3.3) we have x = 0, hence
this case is contained in the third condition. When (dpr — par)py + £ = 0, we
find that (3.3) also holds. As dpr = Ay + par, we obtain the third condition.
Similarly, we have the fourth condition when Proj, (%) is not null and Proj,, (%)
is null. Since we have

k?y = "432(1 - ,02) + <AM"7’;7>2’ Ty = _{K(l - p%) + <AM%’.Y>p'y}/k'yv
we get the conclusion. QED

The readers should confer the conditions on extrinsic circular trajectories
on totally n-umbilic real hypersurfaces in CH" (see [6]).
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4 Moduli space of extrinsic circular trajectories

Let E(T g(T)) denote the set of all congruence classes of extrinsic circular
trajectories for some Sasakian magnetic fields on a real hypersurface M = Tj(r)
of type (Az) in CH™(c). We shall call this the moduli space of extrinsic cir-
cular trajectories on Ty(r). Needless to say, it is a subset of F (T g(r)). Cor-
responding to the conditions in Proposition 2, we classify extrinsic circular
trajectories into four classes and denote the sets of their congruence classes
by 5[(Tg(7’)), SH(Tg(T)), SH[(Tg(r)) and gjv(Tg(T)). Then g[(Tg(T‘)) consists
of one point. As the second condition holds for x = dy and p, = 1, we see
Er(Tu(r)) € En(Te(r)). On the other hand, if we substitute the equalities in the
third condition into that of the second, we have pys + QAMp% = 0, which is a
contradiction. Hence we have (SU (Tg(r)) N Emnr (Tg(r))) \ &r (T@(T)) = (). Here,
we should note that the third condition holds when x = £Aj; and p, = F1.
This means &7 (T(r)) C Epr(Te(r)). Similarly, we have & (Ty(r)) C En (Tu(r))
and (gjj(Tg(T)) NEN (TZ(T‘))) \5[(Tg(’l”)) = (.

Let M = M((CH ”(c)) denote the moduli space of circles, the set of all
congruence classes of circles, on CH"(c). Since two circles o1, 02 on CH"(c) are
congruent to each other if and only if they satisfy one of the following conditions
(see [8]):

i) they are geodesics, (i.e. ky; = kyy = 0),
ii) they satisty ky, = ko, > 0 and |75, | = |70, |-

Therefore, the set M is expressed as [0, 00) x [0,1]/ ~, where (k,7) ~ (K, 7') if
and only if either k =k =0 or (k,7) = (k’, 7). As we have a natural mapping
@ : E(Tu(r)) 2 7] = [(ky,|7])] € M, we study its properties in this section.

At first we study extrinsic circular geodesics, the case K = 0. When p, =
+1, as we have V54 = 0, we see that v is a geodesic on Tj(r), hence is an
extrinsic circular geodesic. We suppose a geodesic v satisfies |p,| < 1. Since
)\Mw% + ppr(1 — wg - p%) + 5Mp% > 0, this geodesic can not satisfy the second
condition in Proposition 2. If this geodesic satisfies either the third or fourth
conditions in Proposition 2, we have p, = 0. Thus, we obtain the following
which is an extension of a result in §3 of [3].

Theorem 1. A geodesic v on a real hypersurface Ty(r) of type (Az) in
CH"(c) is extrinsic circular if and only if its tangent vector is principal curva-
ture vector. The extrinsic geodesic curvature k. and complex torsion 7, are as
follows:

(1) When py = %1, hence wy =0, we have ky = \/|c| coth /|c|r, 7, = F1.
(2) When wy =0 and py =0, we have ky = (1/|c|/2) tanh(y/|c|r/2), 7, = 0.
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(3) When wy = 1, hence py, = 0, we have ky, = (1/|c|/2) coth(y/|c|r/2),
7y =0.

On the other hand, we study whether a trajectory v for ', can be seen as
geodesic in CH"(c). When p, = %1, it is not extrinsic geodesic. Thus we have
|py| < 1. When ~ satisfies either the third or the fourth condition in Proposition
2, we find k, > 0. When ~ satisfies the second condition in Proposition 2, as
)\Mw?y +par(1— wg — p?y) + 5Mp3 > 0, we find x # 0 and that it is not extrinsic
geodesic. We hece have the following.

Proposition 3. No trajectories on a real hypersurface Ty(r) of type (Ag) in
CH™(c) can be seen as geodesics on CH"(c).

In the rest of this section we study non-geodesic trajectories. We already
studied in [4] extrinsic circular trajectories satisfying either the third or the
fourth conditions in Proposition 2. In terms of the map @, we showed that it
induces an injective correspondence of (5111 (Tg(r)) U&w (Tg(’f’))) \&r (Tg(?‘)) into
(0,0n7) x[0,1) C M. We therefore study extrinsic circular trajectories satisfying
the second condition in Proposition 2.

First, we study extrinsic circular trajectories for a Sasakian magnetic field
of given strength. We hence study the set £y (Ty(r)) () F. In the first place, we
classify circular trajectories by their structure torsions.

Theorem 2. Let M = Ty(r) be a real hypersurface of type (Ag) in CH"(c).
We take an arbitrary nonzero constant k and a constant p with |p| < 1. Then
the number of congruence classes of non-geodesic trajectories for Fy, of structure
torsion p whose extrinsic shapes are circles of geodesic curvature |k| is 1 if and
only if one of the following conditions holds:

i) || = /|| and p = tanh(;/]c[7/2),

ii) /]| < |k| < Vecoth(y/|c|r) and

EE le| 7
ﬁ(/@— \/,%2+c) tanh\/; <p< ﬁ(/@%—\//{zjtc) tanth,

iii) & = /|| coth(y/|c|r) and tanh?(\/|c[r/2) < p <1,

iv) & > /|e|coth(y/[c|r) and
ﬁ(m—m) tanh \/lz?l?“ <p< 1|c (ﬁ—\/m) coth \/\2?\7"'

v) k= —y/ccoth(y/]e[r) and —1 < p < —tanh?(/|c[r/2),

vi) & < —y/ccoth(y/]¢[r) and

ﬁ(ﬁ—kvfﬁz—i-c) coth@ <p< 1|c| (k+ VK +¢) tanh@.

ﬂ
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Otherwise, it is 0.

Proof. We take a trajectory v for F,, on Ty(r). When it satisfies the first con-
dition in Proposition 2, then v is a geodesic. If we suppose that the extrinsic
shape of ~ satisfying the third condition in Proposition 2 has k. = |x|, then we
find 2kp, = pp. Since we have x + Aprp, = 0 by the third condition, we have
—2/\/)% = par, which is a contradiction. Thus, in this case k, # |s[. Similarly,
we can show that the geodesic curvature of the extrinsic shape of a circular tra-
jectory satisfying the fourth condition in Proposition 2 does not coincide with
||

We only need to study trajectories satisfying the second condition in Propo-
sition 2. Therefore, we need to find the solution for the equation (Ays — par)w? =
Kp — par — App® on w. Since 0 < w? < 1 — p?, it has a solution if and only if
the following inequalities hold:

—AMp” + kp — par > 0, (4.1)
pap® — kp+ Ay >0, (4.2)

We consider them as quadratic inequalities on p. In view of the discriminant of
(4.1), we find that it does not hold when || < y/|c|. When |k| > +/]|c|, we find
that (4.1) holds if and only if

1
2\
2)

and find that (4.2) holds if and only if either

(k= VK2+¢) or p>i(m+ K% +c).

20

‘ -

p<

Do
S

W

We note that the behavior of k + v k2 + ¢ with respect to s is monotone de-
creasing when £ < 0 and is monotone increasing when x > 0, and that the
behavior of kK — v/ k2 + ¢ with respect to k is monotone increasing when x < 0
and is monotone decreasing when s > 0. Since we have

2uM(6M_’/52 +c)—1—2>\ (6a +14/63, +¢),
Q[LM( 6M+\/5 ):*1 2)\]\/] 5M*\/52 +C

considering the condition |p| < 1, we get the assertion. QED

As a consequence of this theorem, the map @ : &y (Tg(r)) — M has a
different property between on &y (Tg(r)) and on other part.
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Corollary 1. The image of the restricted map @ : Ey(Ty(r)) — M is
[V |c|,00) x {1}. Onto each point of the subset (\/|c|,00) x {1} in M, it is
infinite-to-one, and onto the point (\/|c|,1) in M it is one-to-one.

In the second, we classify circular trajectories by their principal torsions.

Theorem 3. Let M = Ty(r) be a real hypersurface of type (Ag) in CH"(c).
We take an arbitrary monzero constant k and a constant w with 0 < w < 1.
Then the number of congruence classes of non-geodesic trajectories for Fy of
principal torsion w whose extrinsic shapes are circles of geodesic curvature |k|
s as follows.

(1) When |k| < |¢|, it is O for every w.

(2) When |c| < || < v/|c]coth(y/]e]T),
(a) if 0 <w? <|c|1(K? + c) sinh®(y/[c] r/2), it is 2,
(b) if w? = |c|1(k? + ¢) sinh® (/|| 7/2), it is 1,

(c) otherwise, it is 0.

(3) When |k| = \/Hcoth(\Mr),

(a) ifw=0 orifw=1/{2cosh(y/|c|r/2)}, it is 1,
(b) if 0 <w < 1/{2cosh(y/|c|7/2)}, it is 2,

(c) otherwise, it is 0.

(4) When \/[elcoth(v/ ) < In] < v/Iel coth?(L) /y/2 cotn () — 1,

(a) if 0 < w? < 1— ||| — \/52+c)2coth2(mr/2) or if w? =
lc| =1 (k2 + ¢) sinh? (\/[c| 7/2), it is 1,

(b) if 1=lel ! (|| =V +e)” coth? (V) < w? < [e] ! (r3+c) sinb?(V51T),
it is 2,

(c) otherewise, it is 0.

(5) When |k| > \/Hcothz(@)/\/Q cothQ(@) -1,
(a) if 0 <w? <1— | (|s] - \//{2+C)2coth2(\/ﬂr/2), it is 1,

(b) otherewise, it is 0.
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Proof. As we see in the proof of Theorem 2 we only need to consider the second
case in Proposition 2. We take a function fi(p) = (=Anp? + kp — par)/(Aas —
war), and study the crossing points of the two graphs of functions y = f.(p) and
y = w? in the domain {(p, y) € R? ‘ pl <1, PP4+y <1, y> O}. By Proposition
1, we are enough to study the case k > 0.

When 0 < & < \/H, the quadratic function y = f.(p) is negative. When
K> \m , we need to study in the interval

1 (m—\/n2+c)§p§min{1(n+ K2—|—C)

2 M 2

, — (k= Vr? +c)},
2
because we need 0 < fi(p) < 1— p?. We note that x+vk2 + c and k — VK2 + ¢
are monotone increasing and monotone decreasing with erspect to s respectively,
and that they coincide with each other when x = d,;. Hence, the graph of the
function y = f.(p) passes through the point (1,0) when x = dp;. We also note
K K24c

that the vertex (2/\M, T Ovnr—iin)
on the graph of the function y = 1 — p? when % = 4X3,/(2\pr — punr) (> 03))-
Therefore, we study the cases i) \/|c| < kK < dpr, 1i) kK = dpy, dil) Iy < K <

2\/)\%4/(2)\]\/[ — par) and iv) otherwise. Since we have

Fol(k = VK2 +¢)/(2par)) = 1 = (k — VK2 + )/ (4pdy)

when k > 5, we can get the conclusion by considering the graph of the function
Yy = fn (p) . QED

) of the graph of the function y = f.(p) lies

Remark 1. Our proof shows that the structure torsions of extrinsic circular
trajectories in Theorem 3 satisfy as follows.

1) In the cases (2-a) and (3-b), two sturucture torsions p_, p; satisfy

(k= VE2+e)/(2Am) < p— < K/ (2Am) < p4 < (K +VE2+¢) /(2 m).

2) In the case (4-b), they satisfy (|x|—vr2+c)/(2Am) < |p—| < |&]/(2Anm) <
4| < (K] = VK2 +c) /(2um).

3) In the case (2-b), the structure torsion p satisfies

(Is] = VK2 +e) /(2hm) < lpl < 18]/ (2An).

4) In the case (5-a), the structure torsion p satisfies

(|| = V2 +c) /(2Am) < |p| < (6] = VE2+¢)/(2um).

We here give some figures on &y (Tg(’r‘o)) in the moduli space Fy (Tg(?“o))
of trajectories for F,, where ¢ = —4 and cothrg = 2. In this case, we have
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V|| coth(y/|e[ o) = 5/2. In those figures, points are as follows:

— 2_ 4 2_ Y 2_4
A:<H:70)7 B:(H V4Fv0> C;(n : >

V12
D= (/14—\/@,\/1—(&— ,-;2—4)2).

w w
1 1
C
AN, | L,
A B A 1

Figure 1. K = 7/3 Figure 2. kK = 5/2
w w
1 1
C C=D
D
| ~P | g
A1 A 1
Figure 3. k = 11/4 Figure 4. k = 8/\/7
w
1
D
| - p
A 1

Figure 5. k =4

Next, we study the range of strengths of Sasakian magnetic fields having
circular trajectories. By the proof of Theorem 2, particularly by the inequalities
(4.1) and (4.2), one can easily obtain the following.

Proposition 4. Let M = Ty(r) be a real hypersurface of type (Ag) in
CH"(c). We take a constant p with |p| < 1. Then there is one congruence
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class of non-geodesic trajectories for F,; of structure torsion p whose extrinsic
shapes are circles of geodesic curvature |k| if and only if either p > 0 and

m<pcoth m + p~'tan fr) <
< m<p1coth\/;|r+ptanh \/Hr>’

2

or p <0 and

\c[(p coth ~ ’2| + ptan h“;“) <k
\c[(pcoth . |2’ p~!tanh T)

Otherwise, there are no congruence classes of such trajectories.
Corresponding to the above we have the following.

Proposition 5. Let M = Ty(r) be a real hypersurface of type (Az) in
CH"(c). We take a constant w with 0 < w < 1. Then the number of con-
gruence classes of non-geodesic trajectories for Fy, of principal torsion w whose
extrinsic shapes are circles of geodesic curvature || is as follows.

(1) When w =0,
(a) if 0 < |k| < /||, it is O,
(b) if || = +/|c| orif |k| > +/|c| coth(y/]c|r), it is 1,
(c) if \/|c| < |k| < +/|e|coth(y/|c|r), it is 2

(2) When 0 < w < 1/y/cosh?(/[c|r/2) +1

(8) i 0 < || < /lel{ (w2/ sinb®(\/Jelr/2)) + 1}, it is 0,

(b) if |k| = \/]c|{(w2/sinh2(\/H7’/2)) + 1} orif
|| > \M{Coth(\MT) — (w?/2) tanh(Mr/Q)}/m, it is 1,

(¢c) otherwise, it is 2.

(3) When 1/4/cosh?(\/|c|r/2) +1 < w < 1,

(a) if |k > v/|c|[{coth(/]c[r) — (w?/2) tanh(y/|c[r/2)}/V1 — w2, it is 1,

(b) otherwise, it is 0.
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(4) When w =1, it is 0.

Proof. We only need to study trajectories satisfying the second condition in
Proposition 2. If p, = 0, then we have (Ay — par)w? + pas = 0, which is a
contradiction. Hence we see p, # 0. First, we suppose 0 < w < 1. We study
the function y = gu(p) = {Amw? + uam(l — w?)}p~! + Ayp on the interval
(0,1 — w?], and consider crossing points of its graph and the line y = k. We

put
\/o? + sinh?(y/[elr/2)
= y/w? ) (1 —w?) = )
0o \/ +(ILLM/ M)( ) COSh(\/HT’/Q)

When w? < 1/(coth?(y/|c[r/2) + 1), we have py < V1 —w?, and find that g, is
monotone decreasing on the interval (0, pp) and is monotone increasing on the

interval (po, v1 —w?]. When w? > 1/(coth®(y/|c[r/2) + 1), we find that py >
V1 — w? and hence that g, is monotone decreasing on the interval (0,v1 — w?].
As we have lim, o g.,(p) = oo and

\/H Coth(\/ﬂr) — (w?/2) tanh(\/ﬂr/Q)
(Vi = Vi L

< e sink (/2]
Po sinh(v/[c[r/2) ’

we get the consequence for the case 0 < w < 1. When w = 0, we study g, on
(0,1), that is, the function g, can not take the value at v1 — w?. When w = 1,
we have p, = 0. Thus, we get the conclusion. QED

Jw

Extrinsic shapes of trajectories satisfying the second condition in Proposition
2 have complex torsions +1. Hence, these extrinsic shapes are trajectories for
Kéhler magnetic fields on CH"(c). Here, a Ké&hler magnetic fields are constant
multiples of the Kéhler form Bj;. A trajectory o for a Kéhler magnetic field
B, = kB; on CH"(c), which is a smooth curve parameterized by its arclength

and that satisfies V6 = kJ&, has the following properties (see [1]):
1) Every trajectory lies on a totally geodesic CH';
2) When |x| > +/]c|, it is closed of length 27 /v k? + ¢;

3) When |k| < +/]|¢|, it is unbounded and has limit points
limy—, oo o(t), lim;oo o(t) in the ideal boundary of CH"(c);

4) When k = 44/|c|, it has single limit point, and other unbounded trajec-
tories have two distinct limit points.
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Corollary 1 shows that unbounded trajectories for Kahler magnetic fields having
two distinct limit points can not be extrinsic shapes of trajectories for Sasakian
magnetic fields on real hypersurfaces of type (Ag). Since some extrinsic circular
trajectories satisfying the third condition in Proposition 2 are unbounded (see
Figure 1 in [4]), we may say that this point is remarkable.
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