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1 Introduction

The aim of this paper is to study a special class of two-parameter semigroups
which is the tensor product semigroups in the case of tensor product of two
locally convex spaces.

Let E be a locally convex space, a two-parameter family (7 (s,t)),,~ of
bounded linear operators in £ (E) is called a two-parameter semigroup of bounded
linear operators on FE, if it satisfies the following conditions :

(1) T(0,0) =1 (I is the identity operator on E)

http://siba-ese.unisalento.it/|(C) 2021 Universita del Salento


http://siba-ese.unisalento.it/

32 A. Blali, R. A. Hassani, A. El Amrani, M. El Beldi

(2) T((Sl,tl) + (Sg,tg)) = T(Sl,tl)T<82,t2) for all s1, S2, t1 ,ta >0

The theory of two-parameter semigroups on Banach spaces is initially stud-
ied by E. Hille, R.S. Phillips [6] and N. H. Abdelaziz [1]. In 1992, S. C. Arora and
S. Sharma [5] gave a definition of the infinitesimal generator of two-parameter
semigroups on Banach spaces. It turns out that this definition does not work
but only for one-parameter semigroups. This last point urged S. Al-Sharif and
R. Khalil [3] in 2004 to give a definition of the infinitesimal generator of two-
parameter semigroup (7 (s,t)), ,~o similar to the case of one-parameter semi-
group, i.e. in terms of derivative at (0,0).

The tensor product of semigroups (T (t) ®a.S (t)) >0 Was first introduced
by R. Nagel and U, Schlotterbeck [4]. As a one-parameter Cp-semigroup, he
showed that its infinitesimal generator is A1 ® I + 1 ® Ay where A1 and As are
the infinitesimal generators of the one-parameter Cyp-semigroups (7' (t)),~, and
(S (t));>( respectively.

In 2010, this concept was generalized to the case of two parameters by
R. Khalil, R . Al-Mirbati and D. Drissi in their paper [§]. The tensor prod-
uct semigroups (T (5) @S (t))s,t>0’ this time as a semigroup with two pa-
rameters, they have defined its infinitesimal generator being the derivative of
(T (s) ®aS (t))s,t>0 as a vector valued function of two variable at (s,t) = (0,0).
Also they were able to generalize Rainer Nagel’s result by showing that for all
a,b>0

aA1 @T+bI @Ay =a (A ®@1)+b(I® Ar)

In the following article, we study the tensor product semigroups on locally
convex spaces. The section 2 contains a preliminary on the topology of the
tensor product of locally convex spaces.

The section 3 deals with the algebraic side of tensor product semigroups, at
the end of this section, we will conclude that, in the following, it is sufficient to
study the tensor product of semigroups.

The main results of section 4 are Theorems [2| and in which we have
proved multiple relation of continuity and equicontinuity between the tensor
product semigroups and its components, we will show that (T (s) ®a.S (t))& >0
is locally equicontinuous (resp. exponentially equicontinuous) if and only if
(T (s) ®QI)SZO and (I®QS(t))t20 are locally equicontinuous (resp. exponen-
tially equicontinuous) if and only if (7" (s)) s, and (S (t)),s, are locally equicon-
tinuous (resp. exponentially equicontinuous). -

In section 5 we will deal with the definition of the infinitesimal generator of
tensor product semigroups on locally convex spaces, we will give a new defini-
tion of the infinitesimal generator in terms of semi-differentiability which will
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correct some ambiguity in [§], and will allow to study and develop several prop-
erties of a locally equicontinuous (exponentially equicontinuous) tensor product
semigroups.

2 Preliminaries

Let X and Y be locally convex Hausdorff spaces. And let X ® Y denote
their algebraic tensor product. A semi-norm p on X ® Y is called cross-semi-
norm, provided there exists continuous seminorms p and ¢ on X and Y such
that p(z ®y) = p(z) ¢ (y) for every x ® y € X ® Y. We define the two main
topologies on the algebraic tensor product X ® Y of X and Y.

Let I'x (resp I'y) be a family of continuous semi-norms generating the topol-
ogy on X (resp.on Y).

For semi-norms p € I'x and ¢ € 'y on X and Y respectively, let p ®; ¢
denote the cross-semi-norm on X ® Y defined by

n n
P ®r q(2) Zin{ZP(ﬂﬁi)q(yi) 2= zi®y, 2z € X,y GY,nGN},
=1 i=1

n
where the infimum is taken over all representations z = Y z; ®y; € X ® Y.

=1
The projective tensor topology on X ® Y is defined by the family of seminorms
{p®=q|p€eTx and q € Ty}, and we have

VeRyeX®Y)pRqz®y)=p(x)q(y).

Equipped with this family, the space X ® Y is called the projective tensor
product and denoted by X ®,Y . The space X®,Y is the completion of X ®,Y .

Further, for seminorms p € 'y and ¢ € I'y on X and Y respectively we can
define the following seminorm on X ® Y

S (@) (yir 9)

=1

P®eq(z) = SUP{
=1

where Uy is the polar of the zero-neighborhood U, = {z € X | p(x) < 1}. The
injective tensor topology is generated by the family of seminorms
{p®eq|pelx and g Ty},

and we have

VeeyeX®Y)pR.qz®y)=p(x)q(y),
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S0 p ®. q is also a cross-semi-norm.

The injective tensor product X ®. Y is the vector space X ® Y endowed
with this topology. The completion of X ®. Y is denoted by X®.Y.

Next we will denote the injective € and the projective topology 7 by «, also
we will denote the corresponding generating family of seminorms

I'xg,y ={P®aq|pelx and g 'y}.

For more details on tensor product spaces and tensor product of operators,
we refer to [13], [10].

We also note that seminorms on X®,Y are the continuous extention of
seminorms on X ®, Y [7].

The following Proposition is necessary for the following, it also a general-
ization of the definition of compatible locally convex topology with the tensor
product [10], [13].

Proposition 1. Let X and Y two locally convexr Hausdorff spaces. For any
equicontinuous subsets A C L(X) and B C L(Y), the set A® B defined by

AB={T®S|T € AandS € B}

is an equicontinuous subset of L (X ®q

Y).
PROOF. Let U = (Ui);cp, and V = (Vj),; local bases of X and Y.
For the topology m we have that (A (U ®V, ))(z])elxj defines a local basis
of the locally convex space X ®, Y [10], A (U,
hull of the set U; ® V; € X ®, Y.
If A(U; ® V1) is an neighborhood of zero in X ®; Y where U; € U and

Vi € V, we have that A and B are equicontinuous subsets. Then there exist
Us € U and Vo € V so that for all T € A and S € B we have T (Uy) C U; and

S (Vo) CVi. Let z € A(Us ® Vo) then z = Y \jx; ® y; where x; € Us, y; € Vs
i=1

(U; ® Vj) the balanced and convex

and > |\;| < 1. therefore
i=1

T®S(z Z)\T$1®SyzeA(Ul®Vl)
i=1

Consequently T'® S (A (U @ V3)) C A (U @ V1).

On the other hand, for the topology ¢ we have that (UO ® Vo)
(i,5)elxJ

defines a local basis of the locally convex space X ®. Y [10]. If (UY @ V) is a
neighborhood of zero in X ®. Y where Uy € U and Vi € V. We have that A and
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B are equicontinuous subsets, then there exist Us € U and V5 € V so that for
all T € Aand S € B we have T'(Uz) C U; and S (Va) C V.

Let x € Uy for all T € A we have that Tz € U;. Hence |p o Tz| < 1 for all
¢ € U7, therefore

poT e Uy forall p € Uy and T € A.
With the same procedure, we get

oS eVy forally €V and S € B.

n
Let 2= Y z;®y; € (US®@Vy)°, then [{(poT ®1 oS, 2z)| <1 but we have
i=0

n

e®@ ¥, T@Sz)|=|> poT (z:i)¢oS(y)|=HpoT®voS2)|<1
i=1
for all p € Uy and ¢ € V. Consequently T ® S ((Us ® Vy)°) C (UY @ V)°.

3 Tensor product semigroup

Definition 1. Let X and Y be two locally convex Hausdorff spaces. Let
(T (8)) g0 and (S (t));~o be two families of operators of one parameter in £ (X)
and £ (Y) respectively. Define a two-parameter semigroup as a vector-valued
function of two variables : F': R*xRT — £ (X®,Y), by F (s,t) = T (s) ®aS (t)
where

V(z,y) EX XY :T(8) @S () (x@y) =T (s)x R4 S (t)y
Then (£ (s,t)) 4> is called a tensor product semigroup, (abbreviated T.P.S.)

on the locally convex space X®,Y .

Lemma 1. Let (T'(s)),5q and (S (t));>q be two families of operators of one
parameter in L (X) and L (Y') respectively. Then

(1) (T (5) ®a S ()50 i T.P.S. on X @Y if and only if (T (s) ®aS (1))

N 5,t>0
is T.P.S. on X®,Y.

(2) We have that (T (s) ® I) g is a one-parameter semigroup on X @q Y if
and only if (T (s) ®O‘I)s>0 is a one-parameter semigroup on X®,Y .

Lemma 2. Let X be a locally convex Hausdorff space and (T (s)),>q be a
one-parameter family of operators in L (X). Then the following are equivalent :
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(1) (T (s))s>q i a one-parameter semigroup on X.
(2) (T (s) ®al) _, s a one-parameter semigroup on X®.Y.

(3) (I&.T (s)) _, s a one-parameter semigroup on Y®.X.

PrOOF. (1) = (2) trivial.
(2) = (3) Let

u: XY -YeX

n n
in®yi’_>zyi®xi7
i=1 i=1

8o u is an isomorphism. Hence (u (T (5) ®al )) . is a one-parameter semigroup

n
on Y®,X. Let 2= y; ®1; €Y ®, X, then we have
i=0

I®T(O)z:zn:yi®T(0)ﬂfi =u (iT(O)m@yi)
=1 =1
=u (Zx@(@yl) = z.
i=1

n
On the other hand, for s1, t1, s2, to > 0and z = > y; ®z; € Y ®, X, we
i=0
have

n

[I®T(S1+82)]Z:Zyi®T(S1+S2)$i:U ZT(81+32)%‘®%‘

i=1 i=1
n

=u Z (s1) @) (T (s2) @)z @y;
=1
n

ST ) T ) o
=1

— Zyi QT (s1)T (s2) x;
i=1

= [I_®T(S1)] [IRT (s2)] 2
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(3) = (1) Let x € X and y € Y such that y # 0, so we have :

TO)z-—2)y=T0)zRy—rQy
=ulyT(0)z]—z®y
=0,

which implies that

e(T(0)z—=z)y=0

for all ¢ € X', therefore T (0) z = .

On the other hand, we have for s1, t1, so, to > 0 and x ® y € X ®, Y such
that y # 0 :

(T(s1+s2)x—T(s1)T(s2)x)@y=T (s1+s2)x@y—T(51)T (s2)z®y
=uly®@T (s1+s2)a] =T (s1)T (s2)z Dy
=uly®@T (s1)T (s2)a] =T (51) T (s2) 2 ®y
-0,

we obtain that
o(T(s1+82)x—T(s1)T (s2)x)y =0

for all ¢ € X', therefore T (s1 + s2)x =T (s1) T (s2) . QED

Example 1. As an example, if (T7'(s)),5q, (S(t));>¢ are one-parameter
semigroups of operators in £ (X) and £ (V') respectively.

Then the family (7T (s) ®qS (t))st>0 is a T.P.S. on X®,Y called tensor
product of semigroups. o

ProoF. We have by a previous Lemma that (T'(s) @al) ., and (I&aS (1)) 5,

are one-parameter semigroups on X®,Y and Y®,Y respect_ively. and we have
for all 5, >0

T (5) @S (t) = (T (5) @al) (I&aS (1)) = (I&aS (1)) (T (s) @al)

so for all 51, S2, tl, t2 > 0

T (s1 + 82) @aS (t1 + t2) = (T (51 + 52) Ral) (I&aS (t1 + ta))
— (T (s1) ® ol) (T (52) ©al) (1845 (1)) (184S (t2))
= (T'(51) ®al) (I&aS (1)) (T (s52) ®al) (I2aS (t2))
= (T (51) @aS (t1)) (T (s2) @a (t2))

QED
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Lemma 3. Let X and Y be two locally convex Hausdorff spaces, let a, c € X
and b, d €'Y be a nonzero vectors.
If a®b=c®d, then there exists B € R* such that:

1
a= fBcand b= —d.
B

PROOF. We have a ® b = ¢ ® d, then

for all ¢ € X’ in particular for a 1) € X’ such that ¢ (¢) # 0, that is : ﬁ((i))b =d.

It is clear that ¢ (a) # 0, so we choose = ﬁz)) On the other hand, we have :

a®b=c®pb
Thus (a — Bc) ® b = 0, then
pla—Be)b=0
for all p € X', consequently a = fc. QED

Theorem 1. Let X and Y be two locally convex Hausdorff spaces and
(T (5))g>0s (S(t))y>g be two one-parameter families of operators in L£(X) and
L(Y) respectively. Then the family (T (s) @45 (t))s,t>0 is a T.P.S. on X®,Y
if and only if there is a unique B € R*, and a unique one-parameter semigroups
<T (s)) , <§ (t)) on X, Y respectively, such that :

5>0 >0

T (s) = BT (s) and S (t) = ;S(t) for all s,t > 0.

Proor. If g =1, then (T (s)),sq and (S (t)),~, define one-parameter semi-
groups, therefore (T (s) ©S (t))s,tzo is a T.P.S. on X®,Y.

If B # 1, then (T'(s)),~, and (S (t)),~, are not semigroups of operators,
since T (0) = %T(O) = %I_% I and S(O} = BS(0) = BI # I, even though
(T'(5) @aS (1)) 45 18 @ T.P.S. X®4aY,

because :

T(0)®S(O):;I®5I:I®I,
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and for all sq1, so, t1, t9 > 0

T (s1+ s2) ® BS (t1 + t2)
(s1) T (s2) ® S (t1) S (t2)
T(s)@ 8 (t)] [T (s2) 2 5 (12)]
= [T (s1) @ S (t1)] [T (s2) @ S (t2)].-

Consequently (T (s) @aS (t)), ;50 is @ T.P.S. on X®,Y.
To show the inverse, we suppose that (7' (s)®qS (t))st>0 is a T.P.S. on
X®aY. Then T (0) ®4 S (0) = I ®4 I,

and according to the previous Lemma, there exist v € R* such that T'(0) =
I and §(0) = 5 1.

Define the families (T (s)> . and (5' (t)) o from RT to £ (X) and L (Y)

5> B t>

respectively by T (s) = %T (s), and S (t) =~S(t), s, t > 0.

We show that (T (S))
groups. ) 5

We have : T'(0) = %T(O) = %'yl =TIet S(0)=~5(0) = ’y%[ = I. On the
other hand let s1, s € Rt and x € X. Then for any y € Y\ {0} there exist a
continuous seminorm g on Y such that ¢ (y) # 0. Hence, for any seminorm p on

T (514 52) @S (t1 +1t2) =

N |~

—

and (5 (t)) define two one-parameter semi-
5>0 £>0

- q(ly)p@)aq <~(51+52)x—f(31)f(52)x) ®y}
= q(ly)p®aq :<~(S1+52)®I—T(81)T(52)®I> (:E(X)y)}
- Q(l )p®aq <f1yT(Sl+S2)®75(0)—T(81)T(52)®I> (:p@g/)]
- )p®aq:(T(sl+sz)®S(0)*T(51)T(52)®I) @®y)]
= mp®aq :<T(51)T(52) ®I—T (s1)7T (s2) ®I) (:r®y)}
=0,
therefore

T(sl + s9) = T(sl)T(SQ) for all s1, s9 >0



40 A. Blali, R. A. Hassani, A. El Amrani, M. El Beldi

Similarly <§ (t)) . satisfies the semigroup property.
t

Hence (T (s)>s>0 and <§ (t)>t>0 are two one-parameter semigroups on X
and Y respectively. QED

Remark 1. Let (T (s) ©a.S (t))s7t>0 be a T.P.S. on X®,Y, then there exists
B € R* and two one-parameter semigr_oups (T (s))8>0, (S’ (t)) on X and Y

>0
respectively such that :

T (s) = BT () and S (t) = ;S(t) for all s, ¢ > 0,

therefore

T (5)®aS (t) =T (s) @S (1),

for all s, t € RT, then it is enough to study (T (5) @aS (t)) .
5>

U

In the following, we will note the tensor product of semigroup (T (5) @q

by (T () ®aS (t))

(t)> 5,t>0

s,t>0"
4 Continuity and equicontinuity of the T.P.S. and its
components

Definition 2. Let (T (s) ®45 (t))
space X®,Y then :

5450 be a T.P.S. on the locally convex

(1) We say that (T (s) ®aS (1)) is strongly continuous if for all p®,q €

FX®QY we have

s,t>0

lim p®aq (T (8) ®a5 (t) z=T (30) ®a5 (tO) Z) =0
(S,t)—)(su,t())

for all z € X®,Y and sg, tg > 0, with (s,t) — (0%,07) if sp =t = 0.

(2) We say that (T (s) ®a.5 (t))
I'xg.y we have

$150 is a Cp-T.P.S. on X®,Y if for all p&.q €

li 90 (T (8) &8 (1) 2 — [&o17) = 0
oo m P q (T (s) ©aS (t) 2 — [Q12)

for all z € X®,Y.
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(3) We say that (T (5) ®aS (t))s,tZO
there exist p1®aq1 € I'xg,y and M > 0 such that

is equicontinuous if for all p@,q € T X&uY+

PRaq (T (5) @aS (t) 2) < Mp1&aqi (2)
for all z € X®,Y.

(4) We say that (T (s) ®45 (t))
fixed, the familly

< +>0 1s locally equicontinuous if for sg,tg > 0

{T(s)®aS(t)|0<s<s0,0<t<to}
is equicontinuous.

(5) We say that (T (s) ®aS (t))s,tzo
exists a > 0 such that (e "¢+ (s) ®,5 (1))

is exponentially equicontinuous if there

5450 18 equicontinuous.

Lemma 4. Let (T (s) ®a S (t))s>0 be a T.P.S. on X ®q Y, then the fol-
lowing are equivalent :

(1) (T () ®a S (1)) >0 is strongly continuous.
(2) (T (5) ®a I)s>q and (I ®q S (t));>q are strongly continuous.
(3) (T'(8))s>0 and (S (1)), are strongly continuous.

PROOF. (1) = (2) Suppose that (T'(s) ®@qa S (1)), >0 is strongly continuous,
in particular for (T (s) ®q S (0)) 5 and (T (0) ®q S ());50-

(2) = (3) Let y € Y\ {0} then there exists a continuous seminorm ¢ € T'y
such that ¢ (y) # 0. For all continuous seminorm p € I'x and x € X we get

lim p(T (s) —2) = lim ——p®a ¢ (T (s) ®a 1) (z® ) — (z @ y)] = 0

S$—S0 S$—S0 q (y)

for all so > 0. Therefore (7' (s)),>, is strongly continuous, and the same for

(S ()s>0-

n
(3)= (1) Let pRpq ETxg,y and 2= > 2, ®y; € X ®, Y, we have for s,
i=0
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t, so, to > 0 :

n T (s) 2 @0 S ) yi — T (s) 2 @a S (to) yi + T () 2 @a S (to) yi
= ZP ®aQ[ —T (s0) T Rq S(zto) Yi ’

= p@aq[T ()i @a (S (t)yi — S (to) yi) + (T (s) 2 — T (50) i) @a S (to) yil
=0

<Y p(T () i) q (S () wi — S (to) i) + (T (s) @i — T (s0) 1) q (S (to) i)
i=0

for all s, to > 0. Hence, when (s,t) — (so,t0), we get that (T (s) ®a S (1)),
is strongly continuous.

Proposition 2. Let (T (s) ®a S (t))s 50 be a T.P.S. on X @, Y.

We have (T (s) ®a S ()40 18 locally equicontinuous (resp exponentially
equicontinuous) if and only if (T (8) ®a I), ;50 and (I ®q S (1)), ;50 are locally
equicontinuous (resp erponentially equicontin@ous ). T

PROOF. If (T'(s) ®a S (t))4 >0 is locally equicontinuous (resp exponentially
equicontinuous) in particular for s = 0 and t = 0.

For the inverse, suppose that (7' (s) ®q )4~ and (I ®q S (1)), are locally
equicontinuous. Let s, tg >0, 2 € X ®, Y and p ®4 ¢ € I'xe,.v, then we have
for (s,t) € [0, so] x [0, to]

PRaq(T(s)®aS(t)2) =p®aq(T(s) ®aI)(IRa5(t))z)

for all z € X ®4 Y. Since (T (s) ®q I),>( is locally continuous on [0, so] then,
there exist p1 ®q q1 € I'xg,y and M; > 0 such that

P Ra q (T (s) ®a S (t)2) < Mip1 @a q1 (I ®a S (t) 2)

for all 2 € X ®, Y and s € [0, so], and we have that (I ®q S (t)); is locally
equicontinuous on [0, ty] then there exist ps ®4 g2 € I'xg,y and My > 0 such
that

P®a q(T(8) ®a S (t) 2) < M1 Maps ®a g2 (2)

for all z € X ®, Y and (s,t) € [0,50] x [0,0]. Hence (T'(s) ®a S ()0 18
locally equicontinuous.
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Next, we suppose that (T (s) ®q I) and (I ®4 S (t)),> are exponentially
equicontinuous. B -

In other words, there exist wi, wa > 0 such that (e 7T (s) ®q I)4~, and
(eI ®a S (t))t>0
(T (5) ®q I) >0 i3 exponentially equicontinuous, then for all p ®4 ¢ € I'xg.y
there exist p1_®a q1 € I'xg,y and M; > 0 such that

are equicontinuous. Let w = max (wy,ws), t > 0, since

P ®@aq (6_w(s+t)T (5) ®a S (t) Z) < Mip1 ®a q1 (67" @4 S (1) 2)

for all s > 0 and z € X ®, Y. Moreover, we have that (e™"' ®q S (t))t>0 is
equicontinuous, then there exist ps ®4 ¢2 € I'xg,y and My > 0 such that

p@aq (e T (s) 90 S (1) 2) < MiMaps @ a2 (2)

foralls,t>0and z € X ®,Y. QED

Corollary 1. If (T'(s) ®a S (t)),,50 18 a locally equicontinuous Co-T.P.S
on X ®q Y. Then (T (s) ®a S (t))s >0 18 strongly continuous.

PROOF. According to the Lemma [4] and the Proposition [2| we have that
(T'(5) ®a I)g>p and (I ®a S (t)),~, are one-parameter locally equicontinuous
Co-semigroups on X ®, Y. Consequently, (T (s) ®q 1)~ and (I ®q S (t)q
are strongly continuous. Once again, by Lemma i we get the result.

Proposition 3. Let (T'(s,t)) 4~ be a two-parameter semigroup on a locally
convex space (X, T), we suppose that :

(1) There exists a dense subspace D C X such that :

Ve e D: lim T(s,t)x ==z
(s,£)—=(01,07F)

(2) (T (8,1))s4>0 48 locally equicontinuous.

Then (T (s,t))s >0 4 strongly continuous.

PROOF. Let x € X, then there exists an approximating net (z4),c; € D
such that limz, = z, let p a continuous seminorm on X and fix € > 0 and let

S0, to > 0, for all (s,t) € [0, so] x [0,to], we have
p(T(s,t)x—z) <p(T(s,t)x—T(s,t)xq) + (T (s,t) o — o) +p(xq — ).

By the hypothesis (T'(s,)) ;> is equicontinuous on [0, so] x [0, to], there exist
a continuous seminorm ¢ on X and M > 0 such that

p(T(s,t)x—z) < Mq(x—xa)+p(T(s,t)xq —xa) +p(za —2),
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on the other hand, then there exists a; € I such that if o > oy

then q (z — o) < 357, similarly there exists ap € I such that if a > g, then
p(r— l’a) < %

Let ap = max (aq, o), then for @ > g and for the middle term, there exists
d > 0 such that if [|(s,2)|| < 0 then p (T (s,t) xo — 7o) < 5.

Finally, for all ¢ > 0 there exists 6 > 0 such that if ||(s,t)|| < ¢ then

p(T (s,t)z —x) < e, in other words, lim T (s,t)x =z for all z € X.
(s,t)—(01,01)

We now prove the strong continuity of (7° (57t))5,t20- If sg, tg > 0 then for
any (s,t) € |so, so + 1] x Jto,to + 1] and any x € X, we have

T (s,t)x — T (so,to) x =T (s0,t0) (T (s — so,t —tg) x — x).

The previous result clearly gives us ~ lim T (s,t)z =T (so,t0) -
(s,t)—(s0,t0)
Now, for any (s,t) € [0, so[ x [0, tp[ and any

T (s,t)x —T (so,t0)x =T (s,t) (x —T (s9 — s,to — t) x),

so the result follows by the local equicontinuity of the semigroup (7' (s,t)) ;>

and that lim T (s,t)x=x forallz € X.
(s,t)—(01,01)

Lemma 5. Let (T (s) ®.S (t))
X &Y then we have

5450 be a T.P.S. on the locally convex space

(1) (T (5)®aS (), 5, is locally equicontinuous (resp. exponentially equicon-
tinuous) if and only if (T (5) ®a S (t)s1>0 18 locally equicontinuous (resp.
exponentially equicontinuous).

(2) (T(5)Ral), ~o and (I&aS (1)), -, are locally equicontinuous (resp expo-
nentially equicontinuous) if and only if (T (s) @q 1) 150 and (I ®a S (1)) 40
are locally equicontinuous (resp exponentially equicontinuous).

PROOF. Suppose that (T (5) ®aS (t))st>0 is locally equicontinuous, let sg,
to > 0 and p ®q q € I'xg,y. Observe that forevery s,t>0and z € X ®,Y

P ®a q (T () ®a S (t) 2) = pRaq (T (s) ®aS (t) ) .

Moreover, (T (s) ®aS (1)), ;5 is locally equicontinuous, then there exist

P1®aq1 € Txg y and M > 0 such that

p ®o¢ q (T (S) ®a S (t) Z) S Mpl®a¢]1 (Z) = Mpl ®a q1 (Z) )

for all z € X ®,Y and (s,t) € [0, so] x [0, to].
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For the inverse, let sg, tg > 0 and p®.q € I'xg,y, then if z € X®,Y by
density there exists a net (zq),c; € X ®q Y such that lim z, = z. We have for
«

every s,t >0
p®aq (T (s) ®aS () Za) =p®a q(T(s5) ®a S (t) 2a) ,

and (T (s) ®a S (t)), 450 is locally equicontinuous, then there exists p1 ®q g1 €
I'yg,v and M > 0 such that

p®aq (T (5) ®a5 (t) Za) < Mp; Qa1 (Za) = Mpl®a‘]l (Za)
for all z € X ®, Y and (s,t) € [0, so] x [0, tp]. Therefore

P®aq (T (5) ®aS (t) 2) = limpRagq (T (s) ®aS () 2a)
< M1imp1&aqi (2a) = Mp1®aqi (2)

for all z € X®,Y and (s,t) € [0, so] x [0, to]. Hence (T (s) @45 (t))
equicontinuous.

Suppose that (T'(s) ©aS (1)), ;0
exists a > 0 such that (e_“(s“)T’(;) @aS (1)), 150
ous result clearly gives us that (e‘“(s+t)T (s) ®;S (t))

and only if (e7*CHIT (5) @, S (1))

6,450 is locally

is exponentially equicontinuous, then there
is equicontinuous. The previ-

s3>0 18 equicontinuous if

. . . 55
5,420 1S equlcontlnuous. Q

Proposition 4. Let (T'(s) ®a S (t)), 450 be a T.P.S. on the locally convex
space X ®qo Y then we have : o

(T'(5) ®a S (t))s 40 is locally equicontinuous (resp exponentially equicontin-
uous) if and only if (T (s)),o and (S (1)), are locally equicontinuous (resp
exponentially equicontinuous). ;

PROOF. If (T'(s) ®qa S (1)), >0 is locally equicontinuous, then by Proposi-
tion [2 (T'(s) ®a I)g>0 18 locally equicontinuous. Let p € I'x, z € X and
y € Y\ {0}, then there exists ¢ € 'y such that ¢ (y) # 0, therefore for every
s > 0 we have

p(T(s)x)zq(ly)maq(T(s)x@y),

let sp > 0 so there exists p1 ®a @1 € I'xg, v and M; > 0 such that

My @ (y)

p(T (s)x) < q(y)l)l ®a q1 (z@y) = M o) p1 (),
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for all s € [0,s0] and z € X. Let M = Mqul(—(yy)) > 0, then we have shown
that (T'(s)),>( is locally equicontinuous. With the same procedure we get that
(S (t));>q is locally equicontinuous.

If (T (s) ®a S (1)) s+>0 1S exponentially equicontinuous, then by Proposition
(T (5) ®a 1), 18 exponentially equicontinuous, in other words, there exists
a > 0 such that (e7**T (s) ®q 1), is equicontinuous. Therefore by the previous
result (e7%7T (s)) > is equicontinuous. With the same method, we prove that
there exists b > 0 such that (e™"5(t)),.,
and (S (t)),>, are exponentially equicontinuous.

For the converse, suppose that (T (s)),~, and (S (t)), are locally equicon-
tinuous. - -

If & = 7 the projective topology on the tensor product. Let p®,q € I'xg, v

and s, top > 0 and z € X ®, Y. Then for every (s,t) € [0, so] x [0,%9] we have

is equicontinuous. Hence (7' (s))

PR q(T(s)®x 8 (t)2) <Y p@rq(T(s); @r S (t) i)
=1

=> p(T(s)zi)q(SB)wi),
i=1
and there exist (p1,q1) € 'y x I'y and M;, My > 0 such that

PR q(T(s) ®x S (t)z) < M1 My Zm (i) a1 (v3)
=1

n
for all representation of z = >~ x; ®, y; € X ®, Y. Hence
i=1

P @y q (T (8) ®x S (t)2) < MiMaopr @7 q1 (2)

for all z € X ®, Y and (s,t) € [0, so] x [0, to].

If a = € the injective topology on the tensor product. Let p®.q € I'xg_y and
2z € X ®: Y, if (T (8))s50 and (S (t));5q are locally equicontinuous, then for all
€ > 0 there exist §1, 61 > 0, p1 € I'x and ¢; € I'y such that T'(s) (61B,,) C B,
and S (t) (62Bp,) C By for all (s,t) € [0, so] x [0, to].

n
Let z= Y 2;®y; € X ®: Y and p € By, ¢ € By we have for all (s,t) €
i=1
[O, 80] X [0, to]

(e @, T (s) S () 2)| = Do (T (s)2:) ¥ (S (1) i)
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Moreover, we have that poT'(s) € 5 B) and 905 (t) € 5 By, then there exist
p1 € By, and ¢y € By such that ¢ o T'(s) = 57¢1 and 1o S(t) = Fih1, we
obtain

2

(@, T (s) @S (£) 2)] = ﬁ (o1 ® 11, 2)]

2
&

< — sup [(p1 ®¢1,2)]
0102 p1€B3,

1/)1€Bf1’1

for all ¢ € B) and ¢ € By, then it follows that

2

PReq(T(s)®S(t)z) < ;Tpl Qe q1 (2)
102

for all (s,t) € [0, so] x [0, to].

If (T'(s)) 450 and (S (t));>( are exponentially equicontinuous, then there ex-
ists a,b > 0 such that (e7*°T'(s)),5, and (e7s (t))tzo
the previous results we conclude that (=T (s) ®q e S (t))
uous. Take w = max (a, b), then (e*”(SH)T (8) ®a S (t))s >0
Hence (T'(s) ®a S ()4 40 18 exponentially equicontinuous. QED

are equicontinuous, by
545018 equicontin-
is equicontinuous.

The following two Theorems are the principal results of this section.

Theorem 2. Let (T (s) ®45 (1)) be a T.P.S. on X®,Y then the fol-

; ) s,t2>0
lowing are equivalent :

(1) (T (5) ®aS (t))st>0 is locally equicontinuous (resp. exponentially equicon-
tinuous). -

(2) (T (s)®al) ., and (I®aS (t)),5 are locally equicontinuous (resp. expo-
nentially equicontinuous). -

(3) (T'(s))g>o and (S (t));>q are locally equicontinuous (resp. exponentially
equicontinuous).

PROOF. We have that 1. is equivalent to 2. by Proposition [2] and Lemma
Moreover, by Proposition [4] and Lemma [5] we get that 3. is equivalent to
1. QED
Theorem 3. If (T (s) ®aS (1)), ;=0
X®4Y then the following are equivalent

is a locally equicontinuous T.P.S. on

(1) (T (s)®aS (t))s >0 18 strongly continuous.



48 A. Blali, R. A. Hassani, A. El Amrani, M. El Beldi

(2) (T (s) ®QI)SZO and (I®4S <t))t20 are strongly continuous.
(3) (T (s))s>0 and (S (t)),>q are strongly continuous.

PROOF. Suppose that (T (s) ®qS (t))s’t>0 is strongly continuous.

Then (T’ (s) ®a S (1)) 40 18 strongly continuous, by Propositionand Lemma
we have (T'(s) ®a 1),50 and (I ®q S (t));>( are strongly continuous, locally
equicontinuous one-parameter semigroups on X ®,, Y, therefore by Proposition
(T (5) ®al) o and (I&6S (t)),, are strongly continuous.

If (T (s) @al) 50 and (I®aS (t))tZO are strongly continuous, then the same
for (T'(s) ®a I) > and (I ®q S (t))4>0, again by Lemmawe have that (T (s)) >
and (S (t)),~o are strongly continuous.

If (T (S)LZO and (S (t));>( are strongly continuous, then by Lemma

(T'(8) ®a S () 450 is strongly continuous, moreover (7' (s) ®q S (1)), ;50 18
locally equicontinuous, hence by Proposition (T (5) ®aS (t))s7t>0
continuous. QED

is strongly

5 The Infinitesimal Generator of a T.P.S.

Let X and Y be a locally convex sequentially complete Hausdorff spaces.

Let (T (s) ®qS (t))s,t20
semigroups on X®,Y, and let A;, Ay be the infinitesimal generators of the
one-parameter locally equicontinous Co-semigroups (7' (s)) > and (S (¢));> re-
spectively.

be a locally equicontinuous Cj tensor product of

Remark 2. Let’s recall the following

(1) Let (A,D(A)) a linear operator on X, we define the graph of A by the set
G(A) = {(z,Az) |z € D(A)}. Let = € D(A), we equip G (A) with the
graph topology 74 generated by the family of seminorms

{p(z)+q(Az) | p, ¢ € Tx }, [0

(2) A subspace D of the domain D (A) is called a core for A if D is dense in
D (A) for the graph topology 74.

(3) Anoperator (B,D (B)) on X is called an extension of (4, D (A)) if D (A) C
D (B) and B;pay = A. The operator (A,D(A)) is called closable if it
admits a closed extension. The smallest closed extension of a closable
operator (A, D (A)) is called the closure of (A, D (A)) and it is denoted by
(4,D(4)).
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(4) If (A, D (A)) is a closed linear operator and D is a subspace of D (A) then
D is a core for A if and only if A;p = A, where A is the closed extension
of A/p [12], [14].

(5) Let (T'(s)),>0 a one-parameter Co-semigroup and A its generator, suppose
that D is a dense subspace of D (A). If T'(s) D C D then D is a core for
A, [12).

Lemma 6. A ® I and I ® Ay are the infinitesimal generators of the one-
parameter locally equicontinous Cy-semigroups (T'(s) @ I) 5o and (I @ S (1)),
respectively.

PROOF. Let A be the infinitesimal generator of the one-parameter locally
equicontinous Co-semigroup (7' (s) ® I),5q and let D (A) its domain.
Let x ® y € D (A), then we have

Al ®y) = lim (T(h)@m(z@y)x@y
_>
o MWD ey -z ey
h—0+ h

= lim
h—0+ h

= ()

—( tm T(h)x—=z @
- h—0+t h y

= (A7) ®y

Hence
DA)=D(A)®@Y and A=A4,®1.

Similarly, if B is the infinitesimal generator of the one-parameter locally equicon-
tinous Cop-semigroup (I ® S (t));>o and let D (B) its domain, then D (B) =
X®D(A2)andB:I®A2

Proposition 5. If A and B are the infinitesimal generators of the one-
parameter locally equicontinous Cy-semigroups (T (s) ®QI)S>O and (I®a5’ (t))

. t>0
respectively then :

(1) D(A1)®Y and X @D (Az) are subspaces of D (A) and D (B) respectively.

(2) D(A1)®Y and X @ D (As) are dense in X®,Y .



50 A. Blali, R. A. Hassani, A. El Amrani, M. El Beldi

(3) D(A1) @Y and X ® D (As) are invariant under T (s) @I and IR, (t)
respectively.

(4) D(A1) ®Y and X ® D (Az) are cores for A and B respectively.

PROOF. (1) From Lemmal6] we have that A; ® I is the infinitesimal gen-
erator of the one-parameter locally equicontinous Cy-semigroup

(T(5) @ 1)ynp- 2@y €D (A1 ®T) =D (A) @Y, then

. (Th)@d) (z@y) -2y . (T (rRy) -y
lim = lim
s—0t h s—0t h
then D (A1) ®Y C D (A).
Likewise we show that X ® D (As) is a subspace of D (B).

(2) It suffices to show that D (A1) ® Y and X ® D (As) are dense in X ®,
Y. But this is obvious since D (A;) and D (Ay) are dense in X and Y
respectively, because (T'(s)),~, and (S (t)),~, are one-parameter locally
equicontinous Cp-semigroups on the locally convex sequentially complete
Hausdorff spaces X and Y respectively.

3) fx®yeD(A)R®Y, then
(T(5) 6al) (¢ ®9) = (T(s) ®a 1) (z @ y) = T ()2 .

but (7' (s))s>g is a locally equicontinous one-parameter Co-semigroup on
X and A; its generator, then T (s) D (A1) C D (A;) . Finally D (4;)®Y
is invariant under T (s) ®q1.

In a similar way, we show that X ® D (As) is invariant under I®,S (t).

(4) This is clear from (Remark [2| 5) since D (A4;) ® Y and X ® D (Ay) are
dense in X®,Y and D (41)®Y, X ®D (A3) are invariant under T (s) ©q1
and I®,.S (t) respectively.

QED

Lemma 7. A1 ® I and I ® Ay are the infinitesimal generators of the one-
parameter locally equicontinous Cy-semigroups (T (s) ®aI) o>0 and (I®aS (t))t>0
respectively on X®,Y . where A1 @ I and I ® Ay are the closure of the linear

operators A1 ® I and I ® As respectively.

PROOF. Let z = z®y € D(A;) ® Y. If A is the infinitesimal generator
of (T (s) ®al) - then by Proposition we have that D (A1 ®I) C D(A). In
other words, A is an extension of A; ® I. Since A is the infinitesimal generator
of a one-parameter locally equicontinous Cp-semigroup on X®,Y, A is closed.
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Thus A is a closed extension of A7 ® I. From Proposition b, we have that
D (A; ®1) is a core for D (A), hence

A= A1 T
Similarly, we show that B = I ® Ay is the infinitesimal generator of the one-
parameter locally equicontinous Cy-semigroup (I RaS (t)) 0" QED

Next, we will give some reminder on the semi-differentiability of a vector
valued function of two variable, for more details about the semi-diffrentiability
see [2].

Definition 3. (1) A subset C' of a real vector space X is called a cone

(with vertex 0) if tC :={tx |z € C} C C for all t > 0. If f is a map from
a cone C' of a vector space X to a cone C” of a vector space Y, we shall
say that f is (positively) homogeneous (of degree 1) if f (ty) = tf (y), for
allt > 0 and y € C. We say that the cone C is pointed if CN(—C) = {0},
where —C :={—x |z € C}.

(2) Let (T'(s,1)),,>0 be a two-parameters semigroup on a locally convex Haus-

dorff space X and let z € X. T'(,,.)z : RY” — X is said to be semi-
differentiable at (0,0) with respect to the cone R+2, if there exists a (pos-
itively) homogeneous map L : R™ — X such that for all p € I'x and
e > 0 there exists 6 > 0 such that for all h, & > 0if 0 < ||(h, k)| < ¢ then

where ||(h, k)|| = max (|h|,|k]). In other word

. p(T (h,k)x —T(0,0)x — L(h,k))
lim
(h,k)—(0F,0%) | (h, k)|

=0

which is equivalent to
T (h,k)x —T(0,0)x = L (h,k)+ R (h,k)

where

p (R (h, k)

lim =0
(hvk)_>(0+70+) H(h7 k)”

(3) The (positively) homogeneous map L if it exists, is unique, and it is called

the semi-differential of T'(.,.) z at (0,0) with respect to the cone R*’.

(4) Let D the set of all x € X such that T'(.,.)z is semi-differentiable at
0,0).
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Let x € D and let D (T (s,t) 2)|(5 y)=(0,0) the semi-derivative of T'(.,.) z as
a vector valued function of two variable at (0,0). Then

L(h, k) = D (T (5,:1) 2))(5,1)=(0,0) (Z)

(Ot (s5,0)x otT(0,t) h
N ds ls=0" ot it=0) "\ k

OtT(0,t)x
s=o A0d =57 g
with respect to s =0 and t = 0 respectively, defined by

+
where w
S

are the semi-derivative of T'(.,.)x

OtT (5,0)x . T(5,00x—T(0,0)z
——7= = lim
0s [s=0  s—0t S
and
OtT (0,t)x . T(0,t)z—T(0,0)x
——7= = lim
ot [t=0  t—0+ t

Let x € D. If there is a (positively) homogeneous map L:RY 5 ¢ (D, X)
with (h, k) — L (h, k) such that

L(hk)=L1(hk)z

for all (h,k) € R*”. Then one can consider the semi-differential as a
(positively) homogeneous map L : R** — £ (D, X) where £ (D, X) is the
space of linear (not necessarily bounded) operators from D in X.

Hence in this case the semi-differential is L. Next we will denote L by L .

Let z € D. If there exist L1 : D(L1) CX — X and Ly : D(L2) C X — X
such that

L (h,k)x = hLiz + kLsx

for all (h, k) € RT”, then we will denote L by (L1, Lo) and write
(L1, Lo) (Z) := L (h, k), and we have

D(L(hk)) =D ((Ll, L) (Z)) = D (hLy + kL) = D (L1) N D (Ls).
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Definition 4. Let (7' (s) ®q.5 (¢ ))st>0 be a T.P.S. on X®,Y.
We consider the operator (A4, D (A)) defined on its domain:
a5 ()

D(A) ={z€ X@Y | (T()® z is semi-differentiable at (0,0)}

by setting

Az =D ((T (s) ®aS (1)) Z)|(s,t):(0,0) for all z € D (A)

where D ((T (s) ®a.S (t)) z)
at (0,0).

The operator A will be called the infinitesimal generator of the T.P.S.
(T (5) ®aS (t))S’tZO.

Theorem 4. Let (T (s) ®aS (t))s’t>0

on X®.Y and let A be its infinitesimal generator, then we have

D(A) =D (A ®I)ND(I®Ay),

\(5.)=(0.0) is the semi-derivative of (T'(.) ®45(.)) 2

be a locally equicontinous Cy-T.P.S.

and we can consider the infinitesimal generator A as a (positively) homogeneous
map

L:RY 5 e(D@al)nDTa4),X8,Y)
defined by :

k

where A; and A, are the infinitesimal generators of the one-parameter locally
equicontinuous Cop-semigroups (7' (s))qand (S (t));>( respectively.

PROOF. Let z € D (A), set F (s,t) 2 =T () ®aS () 2 for s, t > 0. then we
have

L(hk)=h(A1®I)+k(I®Ay):=(AR,I® Ay) <h>

Az =D (F (s,t) 2)|(s )=(0,0)

_ (0TF (s,0)2 OTF (0,t) 2
N Os |s=0 ot |t=0

is the semi-derivative of F'(.,.) z at the point (0, 0),

where D (F (s,t) 2)

|(s,¢)=(0,0)
and we have :
Ot F (5,0) 2 . F(s0)z—F(0,0)2
R~ = lim
0s [s=0  s—0t S
. (T (5) ©aS (0)) z — (T (0) ©45 (0)) 2
T ss0t S
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Since (T'(s)),>¢ is a one-parameter locally equicontinous Cp-semigroup with the
infinitesimal generator A;. Then Lemma [7] gives :

OTF (5,0) 2

s oo " (Ai®@I)zand z€ D ((A1®1)).
Similarly, we show that

OtF (0,t) 2

o im0~ (I®Az)zand z€ D ((I® Az)).

Hence,

D(A)CD (A I)ND(I®A).

Let z € D (A ® 1) N'D (I ® Az). To prove that z € D (A), it is sufficient to
prove that for any pRa.q € Pxo.v

P@aq ((T (h) @aS (k) 2 — 2 —h (A1 ®@1) 2 — k (T® A2) 2)

im =0.
(h,k)—(0F,07) | (R, k)|l

Let ho, ko > 0 and let (h, k) €0, ho] x 10, ko], p@aq € Txg_y, we set

R, (hk) = (T (R)&aS (k) z—z—h (A 1) —k (T A) =.

We have

Given the fact that we have -2~ < 1 and W < 1 for all A, k£ > 0, we

[

obtain the following inequalities

p@aq (R (h, k))
[eall

(I®aS (k) z—2—k(I® Ag) 2
k

k N N
< mp@mq ((T (h) ®af)

k 5 ~
+ T PPt (T (W) &al) (T8 A) 2 = (T8 42) 2)

h . (T (h)&al)z—2—h (A &)z
O] ( h )
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)

(I&aS (k) z—2z—k(I® Ay) 2
k
+ pRaq ((T (k) @al) (T® A3) 2z — (T ® Ay) 2)
I

(T (h) ®q )z—z—h(A1®I)z>
h .

< pRag <(T (h) ®al)

We have (T'(s) ®aS (), ;50
equicontinous, then there exists p1®qq1 € I’ X&,y and M > 0 such that

is locally equicontinous, so (T (s) ®aI) -, is locally

< Mp1&ags <(I®a5 (:)) (T 2)
+ 0 (T (W) @al) (T8 A2) = — (T& A3) 2)
(T (h)®al) z — 2

+p®aq< ; —(A1®I)z>.

p®aq (Rz (hv k))
[[(h, )|

for all (h, k) € 0, o) x 10, ko).
Since z € D (A1 ® 1) ND (I ® Az), we have

A~

. . (T (h)®al)z—2 B
hlgap@aq( A —(Ael)z] =0

and

. A I®S(k)z—2
kgf(f){rpl@am <( 3 — (I® Ay) Z) =0.

We have (T (s) ©aS (t))

then (T (s) ®aI)S

6450 is locally equicontinous Cp-T.P.S,

- Is strongly continuous. Therefore

Jlim pSaq (T (h) @al) (T® A2) z = (T@ A3) 2) =0,

Finally

[R= (h, k)|

lim 20
(hk)—(0+,0+) ||(h, k)|

which means that (T'(.)®45(.)) z is semi-differentiable at (0,0) for all z €
D(A®@I)ND(I® Az),sozeD(A).
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Now, let z € D (A1 ® 1) ND (I ® Ay), then D ((T (s) ®a5 (1)) z)‘(s =(0,0)
exists as a (positively) homogeneous map L (.,.) : R+’ - X®,Y defined by
N h - .
L(h,k) =D ((T (s) ©aS (t)) Z)\(s,t)z(o,o) <k:> =h(A4®@I)z+k(I®A) 2.

Let L(,,.):RY - £(D (A, 01)ND(T® Az), X&,Y) defined by

Lhk)y=h(A @) +k(T®A),

then L (., .) is a (positively) homogeneous map and we have for any (h, k) € R*’
and z€ D (A1 @I)ND (I® A)

L(h,k)=L(hk)z,

then we have for all z € D (A1 ® I) NnD (I® AQ)

Thus,

Therefore, we can consider the infinitesimal generator A as (positively) homo-
geneous map as follows

A:RY 5 (DA @1)nD (T A;), X&,Y)
defined by

A(h k) =h (A1) +k(I® Ap).

Next, we will denote the infinitesimal generator of (T'(s) ®a.S (1)), o0 PY

(A1 RI,I® Az), and we will write for all (h,k) € R+’ and z € D (A1 ® I) N
D (I ® As)

Mol Tom) (")) ech (M aD)z+ k(T A) =
k

QED
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The following Theorem is proved in the same way by following the same
steps as the Theorem [4]

Theorem 5. Let (T'(s) ®a S (1)), 50 be a locally equicontinuous Co-T.P.S.
on X ®q Y. The infinitesimal generator of the Co-T.P.S. (T (s) ®a S (t))s >0
is the (positively) homogeneous map

L:R"Y = £(D (A1) ® D (4y))
defined by

a

L(a,b)= (A ®@I,1® Ap) (b

>:aA1®I+bI®A2

with Ay and Aa are the infinitesimal generators of the Cy-semigroups (T (S))4>q

and (S (t));q respectively.
Proposition 6. Let (T (s) ®05 (t)), ,, be a locally equicontinuous Co-T.P.S.

on X&,Y . For (a,b) € RT” with (a,b) # (0,0), (T (as) ®aS (bs)) .~ s a one-
parameter locally equicontinuous Cy-semigroup with the infinitesimal generator

A=a (A @) +b(IT®A)

ProOF. First of all, it’s clear that (T (as) ©aS (bs)),.,, is a one-parameter
locally equicontinuous Cp-semigroup. B

Let z € D(A), then

A — Tim T (ah) ®aS (bh) z — 2z
h—0+ h

exists, especially if v = (a,b) = (a,0) then

T (ah) @u1) z —
Az = lim ( (ah) & ) S
h—0+ h

Y

soz € D (A; ®1I). Similarly, if v = (a,b) = (0,b), we get z € D (I ® Ay), finally

D(A)CD (A4 @I)ND(I®A,).
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Now, let z € D (A, @ 1) N D (I ® A3), for v = (a,b) € R*” we have

(T (ah) @aS (bh)) z — 2

Az = lim
h—0t+ h
= lim (T (ah) ©aS (0)) (T (0) ©aS (bh)) z—z
h—0t h
- (7 (ah) &0l ) (;IL@as (b)) =~ =
= lim (T (ah) ®0J) (I®QS (bh)> T <j;l(ah) ®a[> (T (ah) ®aI> z—z
h—0*t

(T (ah) ®QI> z—z
bh ah

=a(A®1)z+b(I®A) 2.

Finally

A= (A 01,10 4A) <Z>

QED

Corollary 2. Let (T (s) ©aS (t))s’t>0
on X®.Y, and (m, WAQ) its generator with Ay and As are the in-
finitesimal generators of the locally equicontinuous Co-semigroups (T (s))~o and
(S (£)),50, let (a,b) € RF with (a,b) # (0,0) then B

be a locally equicontinuous Cy-T.P.S.

(1) (A1 RI,I® Az) (g) is a densely defined closed operator in X®,Y .
(2) D (A1) ® D(Ag) is a core of (A1 @ I,1® Ay) (Z)

PRrROOF. (1) It follows from the fact that (A1 ® 1,1 ® Aj) (}) is the in-

finitesimal generator of the one-parameter locally equicontinuous Cy-semigroup
(T (as) ®aS (bs))s>0 on X®,Y.
(2) We have

D(A) @D (A) =D (A @1)ND(I® Ap)
CD(A®I)ND (I A)

but D (A1) ® D (Ay) is dense in X®,Y as a tensor product of two dense spaces.
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And we have for all s, t >0
T (s)@aS () (D (A1) ® D (A2)) € D (A1) @ D (As),

then by applying (Remark [2| 5) we get the result. QED

Proposition 7. Let (T'(s) ®a S (t)), >0 be a locally equicontinuous Coy-
T.P.S on X ®, Y, with infinitesimal genérﬁtor (A1 ® 1,1 ® Ag) where Ay, Ay
are the infinitesimal generators of the one-parameter semigroups (T (s))~, and
(5 (t))s>q respectively, then (A1 @ 1,1 ® Ag) (3) is closable in X®.Y with a
dense domain D (A1) @ D (As).

In addition we have for all a, b > 0

aA1®I+bI®A2=a(A1®I)+b(I®A2).

PROOF. According to Corollary [2 we have D (A1) ® D (Ag) is a core of
(A1 ®I[I® Ag) (Z), and we have :

[a (A1®I) +b(I®A2)h'D(A1)®'D(A2) :a(A1®I)—|—b(I®A2)

Again by Corollary 2, we have a (A1 ® I) + b (I ® A) is closed, so it is a
closed extension of A =a(A; ®I)+b(I ® Asg), then

aA1®I+bI®A2:a(A1®I)+b(I®A2)

QED

Theorem 6. Let (T'(s) ®a S (t))4 >0 be a locally equicontinuous Co-TPS on
X®,Y, then (A1 ® I, 1 ® As) is the infinitesimal generator of (T (s) ®a S () >0
if and only if (A1 RI1,I® Ag) is the infinitesimal generator of the locally equicon-
tinuous Co-TPS (T (s) ®aS (t))s >0 O X®.Y.

PROOF. Let v = (a,b) € RT".

Suppose that the application (a,b) — (A1 @ I,1 ® As) (‘Z) is the infinitesimal
generator of (T'(s) ®a S (t)), >0

Then the application (a,b) — (41 ® I,1 ® A3) (3) = (A1 @ 1,1 ® A3) (3) is
the infinitesimal generator of the Co-T.P.S (T (s) ©aS (1)), ;5o on X&a Y.

Conversely, if (a,b) — (A1 RII® Ag) (‘g) is the infinitesimal generator of
(T (s) ©aS (1)), ;5> then we have for a, b >0

[(Ar@ L T@ A2) ()] ipa,onnpiea, = (A1 © 1L1® 49) (})

but the application (a,b) — (A ® I,1 ® Ap) (}) is the infinitesimal generator
of the Co-TPS (T (s) ®a S () >0- QED
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