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Abstract. The Erdds—Faber-Lovasz Conjecture, posed in 1972, states that if a graph G is
the union of n cliques of order n (referred to as defining n-cliques) such that two cliques can
share at most one vertex, then the vertices of G can be properly coloured using n colours.
Although still open after almost 50 years, it can be easily shown that the conjecture is true
when every shared vertex belongs to exactly two defining n-cliques. We here provide a quick
and easy algorithm to colour the vertices of G in this case, and discuss connections with
clique-decompositions and edge-colourings of graphs.
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1 Introduction

For any graph G, the chromatic number x(G) is the least number of colours
that are required to colour all the vertices of G such that no two adjacent vertices
receive the same colour. In 1972, Erdés, Faber, and Lovasz posed the following
conjecture, whilst at a tea party in Boulder Colorado.

Conjecture 1 (EFL Conjecture). [J] If a graph G is the union of n cliques
of order n, no two of which share more than one vertex, then x(G) = n.

For “a proof or disproof” of the conjecture, Paul Erdés initially offered
50USD, but then, having seen that the problem is not so trivial and simple
as it seems, he increased his offer to 500USD. To this day, no complete solution
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of this conjecture exists. We refer the reader to [Il, 5, 8, 10, 11}, 12] for a more
thorough introduction to the conjecture and recent results. In particular, we
remark that the fractional version of the EFL Conjecture was solved by Kahn
and Seymour [6] in 1992. Moreover, in January 2021, it was announced [7] that
the conjecture is true for sufficiently large values of n, which to our knowledge,
is the best result so far in trying to attack the EFL Conjecture.

For every positive integer n, let EFL,, denote the class of graphs that are
constructed as the union of n cliques Q1, ..., @, each of order n, such that any
two of these n cliques intersect in at most one vertex. The n-cliques @1, ..., @y
are referred to as the defining n-cliques of G, and a vertex which belongs to
more than one defining n-clique is said to be shared. Conjecture [1] is equivalent
to saying that if G € EFL,, then x(G) = n. To avoid the trivial case when
n = 1, we tacitly assume that n > 2. We also remark that since a graph G
belonging to EFL,, contains n-cliques, x(G) > n, and so in order to prove that
X(G) = n it suffices to provide a proper n-colouring of the vertices of G.

Let G € EFL,, such that every shared vertex belongs to exactly two defin-
ing n-cliques of G. It is known that, in this case, G admits a proper n-vertex-
colouring by using clique-decompositions and edge-colourings as described in
the following (for a more detailed discussion, the reader is referred to Section
. In fact, consider the complete graph K, on n vertices, with each vertex of
K, corresponding to a defining n-clique of G and with every shared vertex of G
corresponding to an edge of K,,. By Vizing’s Theorem, the edges of K, can be
properly coloured using at most n colours, and consequently, the shared vertices
of G can also be properly coloured using at most n colours. This colouring is
then extended to a proper n-colouring of all the vertices of G, as follows. Every
defining n-clique of G contains at most n — 1 shared vertices, which by the above
are all coloured differently. Let C; denote the set of colours of the shared vertices
belonging to the defining n-clique @;. Since the number of unshared vertices of
Q; is equal to n — |C;|, the unshared vertices of Q); can be assigned mutually
different colours from {1,...,n} — C;, yielding a proper n-vertex-colouring of
G. Consequently, x(G) = n, and hence, the EFL Conjecture holds for this par-
ticular instance.

The aim of this note is to present a very simple and straightforward al-
gorithm that enables the construction of a proper colouring of the vertices of
G with n colours, when every shared vertex belongs to exactly two defining
n-cliques, without having the need to first colour the edges of the correspond-
ing complete graph K, and then transferring this colouring to G (as described
above). We first consider the special case when the number of shared vertices in
G achieves the maximum value (g), that is, when every two defining n-cliques
share a vertex and every shared vertex belongs to exactly two defining n-cliques.
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Lemma [1| gives the algorithm for the case when n is even, and then with the
help of Example (1] this is generalised to the case when n is odd (see Proposition
. Finally, in Theorem |1, we discuss how this algorithm can be utilised in the
case when the number of shared vertices is less than (g) In fact, our algorithm
properly colours the shared vertices of a graph G € EFL,, (in which every shared
vertex belongs to exactly two defining n-cliques) using at most n colours. One
can then extend this colouring to a proper n-colouring of all the vertices of G,
as explained above. In Section [3| we discuss a very natural reformulation of the
EFL Conjecture, suggested in [I], in terms of clique-decompositions and edge-
colourings. We end this note by suggesting Problem 1 which although we believe
is captivating in itself, we think it can shed some further light on an eventual
complete solution of the EFL Conjecture.

Although most of our terminology is standard, we refer the reader to [2] for
further definitions and notation not explicitly stated.

2 Main result

For i and j in {1,...,n} and ¢ < j, if the defining n-cliques Q; and Q;
have a shared vertex, then this shared vertex is denoted by the ordered pair
(7,7). Let G, be the unique graph in EFL,, having (g) shared vertices, and let
V, C V(Gn) be the set of shared vertices of Gy, that is, [V,| = (). In this
case every shared vertex belongs to exactly two defining n-cliques. We remark
that in what follows the complete residue system used when taking operations
modulo ¢ is {1,...,t}. We first consider the case when n is an even integer.

Lemma 1. Letn > 2 be an even integer. The functionc:V,, — {1,..,n—1},
such that
.o _ Ji+j (modn—1) ifj<n,
e((i. ) = { 2i (modn—1) ifj=mn,

is a proper (n — 1)-colouring of the vertices in V.

Proof. Let (i,7) and (k,¢) be two adjacent vertices. It suffices to show that
c((i,j)) # c((k,@)). For contradiction, we suppose that c((i,j)) = c((k,é)). We
first note that exactly one of ¢ and j has to be equal to exactly one of k and /.
There are five cases that need to be considered.

Case 1.7 =k and either j </ <norf <j<n.
Notwithstanding whether j < £/ < norf < j <n,wehavei+j = k+{=1i+/{
(mod n — 1), implying that j = ¢ (mod n — 1), a contradiction. m

Case 2. j = ¢ < n and either i < k or k < i.
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Notwithstanding whether ¢ < k or k < i, we have i+ j =k + {4 =k +j
(mod n — 1), implying that ¢ = k (mod n — 1), a contradiction. m

Case 3. Either j =k or ¢ = /.

Without loss of generality, let j = k. Then, ¢ < { < n and j < n. Assuming
first that £ < n, we get that i+j = k+/¢ = j+¢ (mod n—1), implying that i = j
(mod n — 1), a contradiction. Thus, ¢ = n, and i + j = 2k = 25 (mod n — 1),
implying that ¢ = j (mod n — 1), a contradiction once again. m

Case 4. j = ¢ =n and either i < k or k < 1.
Notwithstanding whether ¢ < k or k < i, we have 2i = 2k (mod n — 1), and
since n is even, this implies that ¢ = & (mod n — 1), a contradiction. m

Case 5. i =k and either j <f=norf < j=n.
Without loss of generality, let j < £ = n. Then, i+j = 2k = 2i (mod n—1),
implying that j =i (mod n — 1), a contradiction. m

Hence c is a proper (n — 1)-colouring of the shared vertices of G,,. QED

Since every defining n-clique of G, contains n — 1 shared vertices, it can be
easily seen that the proper (n — 1)-vertex-colouring given in Lemma (1| can be
extended to a proper n-vertex-colouring of G,,, by assigning a unique new colour
to all the vertices in V(G,,) — V,, implying that x(G,) = n.

Example 1. Here, we use the colouring explained in Lemma [1| to obtain
a proper 9-colouring of the shared vertices of Gyg. Note that addition is taken
modulo 9.

Colours
1 2 3 4 5 6 7 8 9
(L9 (6) (1,2)  (13) (14 (15 (1,6) (17 (1,8
28 (29 39 49 (23 (24 (25 (26) (2,7
37 B8 48 (B8 (59 (69 (34 (35 (3,6
46) (47 G767 (68 (7.8 (79 (89  (45)
(5,10) (1,10) (6,10) (2,10) (7,10) (3,10) (8,10) (4,10) (9,10)

Table 1: A proper 9-colouring of the shared vertices in Gig

Colour 10 is then given to the vertices in V/(Gi9) — Vio.

Note that if we remove the shared vertices marked bold, the above table
reduces to a proper 9-colouring of the shared vertices of Gg. In fact, let n > 3
be an odd integer. The above idea can be used for a proper n-colouring of the
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shared vertices of G,,. More precisely, by the algorithm given in Lemma [I} we
know that the colouring

.o _ | i+7) (modn) ifj<n+1,
c((l’j)):{ ]21 (mod n) if§:n+1,

provides a proper n-colouring of the shared vertices of G,,+1, since n+1 is even.
Restricting the above colouring to those shared vertices (i,7) for which j < n,
we get that c((i,j)) = i+ j (mod n) is a proper n-colouring of the shared
vertices of G,,. As before, this gives a proper n-colouring of the vertices in G,,
implying that x(G,) = n. The next proposition follows immediately from the
above arguments.

Proposition 1. If n is even, then

c((i,))

i+j (modn-—1) ifj<n
2i (modn—1) ifj=mn,

is a proper (n — 1)-colouring of the shared vertices of G,,. Otherwise, if n is odd,
c((i,j)) =i+ j (mod n) is a proper n-colouring of the shared vertices of Gy,.
QED
Now, let G € EFL,, for some integer n, such that every shared vertex belongs
to exactly two defining n-cliques. Let V be the set of all the shared vertices of G.
Then, V C Vp,, and so |V| < (). Consider the case when |V| < (). The colouring
¢ given in Proposition [1] is also a proper colouring of the shared vertices of G
using at most n colours, since every shared vertex of G corresponds to a shared
vertex of G,. Hence, the algorithm described in Proposition [1| can be used to
provide a proper colouring of the shared vertices of G using at most n colours.
As before, this can then be extended to a proper n-colouring of all the vertices
of G. We can thus summarise the above results in the following theorem.

Theorem 1. Let G € EFL, such that every shared vertex of G belongs to
exactly two defining n-cliques of G.

(i) If n is even, then
. _ Jit+j (modn—1) ifj<n
e((.9) = { 2i (modn-—1) ifj=n.
is a proper (n — 1)-colouring of the shared vertices of G.

(ii) If n is odd, then c¢((i,5)) =i+ j (mod n) is a proper n-colouring of the
shared vertices of G.

(i) x(9) = n.
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3 Clique-decompositions and edge-colourings

We would like to end this note by recalling that, as also indicated above in
Section [I}, the EFL Conjecture can be restated in a very simple and intuitive way
in terms of clique-decompositions and edge-colourings of the complete graph.
As far as we know this re-statement of the EFL Conjecture was first suggested
in [1]. Let H be a simple graph on n vertices. A clique-decomposition of H
is a collection D = { Dy,..., Dy} of subgraphs of H, such that each D; is a
clique, and each edge of H belongs to exactly one clique from D. We denote a
clique-decomposition D of a graph H as (H, D). A n-colouring of (H,D) is an
assignment of n colours to the elements of D such that if V/(D;)NV(D;) # 0, for
some i # j, then the colours of D; and D; are distinct. One can easily visualise
this as an edge-colouring (not necessarily proper) of H in which the edges in
each D; are monochromatic, and if for some i # j, V(D;) N V(D;) # 0, then
the edges of D; have a different colour than the edges of D;.

Let G € EFL,, (not necessarily with every shared vertex belonging to exactly
two defining n-cliques), and let H be the graph on n vertices, say vy, ..., vy,
with edge-set {v;v; | V(Qi) NV (Q;) # 0, for i # j }. We consider the following
clique-decomposition of H. Let { uq,...,ux } be the set of shared vertices of G,
and, for every t € {1,...,k}, let Z; be the set of indices of all the defining
n-cliques containing u;. Furthermore, for each t € {1,...,k}, we let D, be the
subgraph of H induced by the vertices {v; | i € Z; }. Consequently, the set
D ={D,...,Dy} is a clique-decomposition of H. If there exists a n-colouring
of (H, D), then there exists a vertex colouring of the shared vertices of G using
n colours, implying that x(G) = n.

In general, one can deduce that every graph in EFL,, gives rise to a simple
graph on n vertices with a clique-decomposition, and by a similar argument,
every simple graph on n vertices with a clique-decomposition corresponds to
some graph in EFL,,. The case considered in Section [2] corresponds to the case
when every clique in D is a 2-clique. Moreover, as in the previous section, if one
can show that for every possible clique-decomposition D of K,,, (K, D) admits
a n-colouring, then the EFL Conjecture would be true. Although a proof of the
conjecture for all sufficiently large values of n was recently announced [7], we
still believe that such a problem deserves to be studied further and solved for
the other instances as well, as this could give insights into related areas such as
clique-decompositions and edge-colourings of graphs, which have been already
studied such as in [3, @]. In this sense, we suggest the following problem which
we think could be a possible way forward.

Problem 1Let D be a clique-decomposition of K,,, such that every clique in
D is either a 2-clique or a r-clique, for some fixed r € {3,...,n—1}. Determine
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whether (K, D) has a n-colouring, and, if in the affirmative, whether an efficient
algorithm to find such a n-colouring exists.
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