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1 Introduction

In global coordinates (v,u,z,y) = (z1,22,23,24), Siklos metrics are de-

scribed as the family of Lorentzian metrics of the form
__3 2, 22 o
g= Al (2dzydwy + Hdas + dag + da) (1.1)

where H = H (x93, x3,4) is an arbitrary smooth function (see [24],[23]). These
metrics are of Petrov type N, and yield exact solutions to Einstein’s field equa-
tions with an Einstein-Maxwell source, with a cosmological constant A < O.
All of them admit a null non-twisting Killing field. For several subclasses of
(1.1), additional Killing vector fields appear. In particular, several homogeneous
subclasses of Siklos spacetimes exist [24]. These metrics have been intensively
studied. We may refer to [23],[20],[21],[9]-[11],[15] for several results about these
spacetimes.

A Ricci soliton is a pseudo-Riemannian manifold (M, g), together with some
smooth tangent vector field X and a real constant A, such that

Lxg+o0=M\g, (1.2)

with Lx and p respectively denoting the Lie derivative in the direction of X
and the Ricci tensor. The Ricci soliton is called either shrinking, steady or
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expanding, depending on whether A > 0, A =0 or A < 0. An Einstein manifold
(M, g), together with a Killing vector field X, yields a trivial solution to the
Ricci soliton equation. References [1]-[14],[22] provide several examples of study
of Ricci solitons in the framework of pseudo-Riemannian (and in particular,
Lorentzian) geometry.

In the general context of investigation of the Ricci soliton equation, metrics
with a higher degree of symmetry, and in particular homogeneous examples,
play a special role. It may be readily observed that if (M, g) and X satisfy the
Ricci soliton equation (1.2), then the same is true for the same real constant A
substituting X by X + Y, where Y denotes any Killing vector field on M. This
simple observation gives more freedom in the research for solutions of (1.2) in
presence of additional symmetries of (M, g).

Moreover, it is worth to emphasize the fact that homogeneous Riemannian
Ricci solitons (M = G/H, g) are necessarily algebraic ([18],[19]) and so, deter-
mined by suitable derivations of the Lie algebra g of the transitive Lie group
G. On the other hand, algebraic Ricci solitons do not exhaust the homogeneous
solutions of (1.2) in pseudo-Riemannian settings (see for example [8],[14]).

With respect to a system of local coordinates, the Ricci soliton equation
translates into an overdetermined system of nonlinear second order PDEs, which
is in general very difficult to solve. With regard to homogeneous Siklos metrics,
we started investigating the solutions to the Ricci soliton equation (1.2) in [9],
solving it completely for a well known subclass. Further contributions to the
study of homogeneous Siklos metrics giving rise to Ricci solitons, were obtained
in [10] and [11]. The aim of this paper is to treat the remaining homogeneous
Siklos metrics, determining for them all solutions of (1.2).

We will also show that such solutions are higly nontrivial, because they are
not gradient Ricci solitons. A gradient Ricci soliton satisfies (1.2) for some vector
field X = grad,(f), where f is a smooth function. The existence of a gradient
Ricci soliton usually imposes some very strong restrictions on the geometry of
the manifold.

The paper is organized in the following way. In Section 2 we recall some
general information about the curvature of Siklos metrics and the classification
of the homogeneous examples. In Section 3 we shall determine when homoge-
neous Siklos metrics, not investigated in previous works, are Ricci solitons and
we prove that the solutions are not of gradient type. Calculations have been
checked using the software Maple 16 ©,
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2 On the geometry of Siklos metrics

We briefly report the essential information concerning the Levi-Civita con-
nection and curvature of Siklos metrics, as deduced in [23] and [9]. With respect
to the global coordinates (z1,z2,x3,24) used in (1.1), the Levi-Civita connec-
tion V of g is completely determined by the following possibly non-vanishing
components:

Vo,02 = -0,
Vo, 03 = — =01,
Vo,02 = 5(02H)01 + 5,-(2H — 2303 H) 03 — 5(04H)0s,
Vo,03 = %(83]{)81 - %82, (2.1)
Vo,01 = 5(04H )0,
Vo, 03 = —%53,
Voy01 = — 04,
Vo0 = Lo,
where 0; = 82 are coordinate vector fields. We already observed in [9] that

Siklos metrics do not admit any parallel vector field. In particular, they are not
locally reducible.

The Riemann-Christoffel curvature tensor R(X,Y)Z = [Vx,Vy] Z—Vx y|Z
of g is completely determined by the following possibly non-vanishing compo-
nents:

R =3 R = 3
1212 Axg ) 1323 Ax% )
3 3(2H—23(9sH)+a3(02,H)
Risos = 15, Roso3 = ( Aol ),
e 7s (2.2)
R _ 3(0%,H) R _ 3(2H—a3(0sH)+a3(03,H))
2324 = 55 AeZ 2424 = 2hed ,
R3yzq = — 3
A:r:g ’

where Rjji = g(0;, R(O,0;)0;). In terms of its components with respect to
{0.}, the Ricci tensor of g is determined by the matrix

0 —3x3? 0 0
o2 6H-2w3(03H)+a3 (03, H+03,H)
0= 3‘T3 21’% 0 L 0 (23)
0 0 —3z5 0

0 0 0  —3a3°
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and the Ricci operator Ric, which is defined by o(X,Y) = g(Ric(X),Y), is
determined by

A —iAx3{2(03H) — w3 (93, H + 04, H)} 0 0
0 A 0 0
Ric = (2.4)
0 A
0 0 0 A

The scalar curvature of a Siklos metric is 7 = 4A. Einstein and locally confor-
mally flat Siklos metrics are characterized in the following propositions.

Proposition 1 ([24],[23],[9]). For an arbitrary Siklos metric g, as described
in (1.1), the following conditions are equivalent:

(i) ¢ is Einstein. More precisely, o = Ag;
(ii) g is Ricci-parallel (that is, Vo = 0);
(iii) the defining function H = H (2, x3,x4) satisfies the PDE

2
;(agH) — 0%, H — 03, H = 0. (2.5)
3

Proposition 2 ([10]). A Siklos metric g, as described in (1.1), is locally
conformally flat if and only if the defining function H = H(x9, x3,x4) satisfies
the system of PDEs

02.H — 03, H = 0,
wll — % (2.6
634H — 0,

that is, when H is explicitly given by
1
H(ajg, xs3, $4) = 5 T(:L’g) (.CC% + IL’Z) + L(.CCQ) xr3 + M(xz) T4 + N(l’g), (27)

where T', L, M, N are arbitrary smooth functions.

As we already recalled in the Introduction, Siklos [24] completely classified
metrics of the form (1.1) admitting some additional vector fields. Homogeneous
Siklos metrics correspond to cases admitting at least four linearly independent
Killing vector fields. They form five subclasses I),...,V), and also include as
a special case the homogeneous Siklos metrics isometric to the anti-de Sitter
spacetime, which, being Einstein, are trivial cases for the actual investigation.

For each of subclasses I),...,V), we report below the special form of the
defining function H, using the notation adopted in this paper for the global
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coordinates and the gravitational constant. Following [24], A(z;) will denote an
arbitrary smooth function of variables x;, while we shall use A, (x;) to denote
a homogeneous function of degree « of the specified variables.

I) H=A_5(x3,24).
IT) H = A(x3).
1) H = A(xg)3.
IV) H = x%ﬁ_Q A(xga:g).
V) H = +af5.
Ricci solitons have already been completely determined in previous works for

cases from II) to V). In fact, the main result of [9] classified Ricci solitons in
the class V).

Theorem 1 ([9]). All homogeneous Siklos metrics defined by H = +z§, are
solutions to the Ricci soliton equation. These Ricci solitons are not gradient.

Moreover, the following result holds.

Theorem 2 ([11]). Let g denote an arbitrary Siklos metric of the form (1.1)
with defining function H = F(x2, x3)+G(z2, x4), for arbitrary smooth functions
F and G. Then, g is a Ricci soliton if and only if H takes one of the following
forms:

3A—6a+vV9IAN2+12A0+3602
(1) H(xo,z3,24) = P(a2)x, 2A

3A—6a—v/9A2+12Aa+3602
+Q(x2)x4 2A

+3 T(w2) (23 + ) + M (w2) 24
o (241 (w2) + M (22) Ag(2)),

where P,Q,T, M, Ay are some arbitrary smooth functions, o # 0 is a real con-
stant and A, satisfies

QAZ(I'Q) — T($2)A4($2) + OéM(iL‘Q) = 0. (28)
(i1) H(xo,z3,34) = %S(x2)a3 + 3T (22) (23 +23)

+20659) (241 (9) + M (2) Aa(2)
+M (x3) x4 + N(z2),

where S, T, M, N, A1 are some arbitrary smooth functions and A4 satisfies equa-
tion (2.8) with ao = 0.
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As proved in [11, Proposition 3.2], with the obvious exception of the trivial
FEinstein cases, the above Ricci solitons are not gradient.

We may observe that homogeneous Siklos metrics within the classes IT), III)
and IV) are defined by a function H which is a special case of H = F(z2,x3) +
G(x2,x4). Therefore, comparing the results of Theorem 2 with the defining
function H of cases II)-IV), we get the following (see also [11, Section 4]).

Corollary 1. A) A homogeneous Siklos metric in class II), i.e., defined by

H = A(z3), is a solution to the Ricci soliton equation if and only if H is of the
form either

3A—6a+v9IA2+12Aa+3602 3A—6a—\/9A2+12Aa+36a2 1
(1) H=A(xz3) = Pz, 2A + Qg 28 +2C,

where P, Q,C and « # 0 are real constants; or

1
(i) H = A(z3) = 3 Sa3 + %1H(IE3) + N,

where S, C, N are real constants.

B) Homogeneous Siklos metrics in class I11), i.e., defined by H =
A(xq)x3, are not solutions to the Ricci soliton equation (except in the trivial
case A =0).

C) A homogeneous Siklos metric in class IV), i.e., defined by H =
x%ﬁ —2 A(xg x3), is a solution to the Ricci soliton equation if and only if 8 = 0
and H is of the form either

3A—6a+v9A2+12Aa+3602
A

. -2
(i) H(x2,x3,24) = Pxy x4
9 3A—6a—v9A2+12Aa+36a2 1 9
_ . _
+Qzy "2y + 307,
where P, @, C are real constants and o = —%A; or

g 1, - C _ _
(1i) H(xg,x3,24) = 3 Say2ah + Xx221n(x3) + Nzy 2,

where S, C, N are some real constants.

In the next section we shall consider the remaining case I), so achieving the
complete classification of homogeneous Siklos metrics which are Ricci solitons.

3 Ricci soliton Siklos metrics

We again refer to the system of global coordinates (z1, z2, x3, z4) used in (1.1)
to describe the whole class of Siklos metrics. Let X = X;0; be an arbitrary
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vector field, where X; = X;(z1,22,23,24), ¢ = 1,...,4, are smooth func-
tions. The Lie derivative Lxg is completely determined by the components
(Lx9)ij = (Lx9)(05,0;),i < j =1,...,4, and can be calculated starting from
(2.1) (see also [9]). Explicitly, we have:

(Lxg)i1 = — 525 1 Xo,
3
(Lxghe = —A%g {2301 X1 + 23H01 X2 + 1302 X2 — 2X3},
(Lxg)13 = —A%% {03 X5 + 01 X3},
(Lxg)a = _A%g {04Xo + 01 X4},
(£X9)22 = _Aixg {2.%'382)(1 + 2309 H Xo 4+ 2x03H 09 X9 — 2H X3

+1303H X3+ 1304 H X4}, (3.1)
(L£x9)23 = _A%g {03 X1 + H 03X2 4+ 02 X3},
(L£xg)2a = —A%g {04X1 + H 04 X5 + 02X4},
(Lxg)33 = _A%g {2305 X3 — X3},
(Lxg)34 = —A%g {04 X5 + 03 X4},
\ (Lxg)aa = —Aixg {7304 X4 — X3}.

Using the components of L£xg and the ones of the metric tensor g and the Ricci
tensor o, the Ricci soliton equation (1.2) is expressed by the following system
of ten PDEs for the components X; of vector field X:
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01X2 =0,

2301 X1 + x3HO Xo + 2300 X9 —2X3+ (A — Nz =0,
03 X2 + 01.X3 =0,

04 X9 + 01 X4 =0,

122300, X1 + 6x309H Xo + 1223 H 0, X9 — 12H X3 + 62303 H X3
+6x304H X4 — 2/\.7}%83[{ + Ax§(8§3H + 824H) + 6(A — )\).’I}3H =0, (32)

83X, + H 93X + 9 X3 = 0,
04 X1+ H 04X+ 05X4 =0,
22393 X5 — 2X3 + (A — A)z3 = 0,
04 X3+ 03Xy =0,

20304 X4 —2X3+ (A — N)z3 = 0.

One then proceeds integrating equations in (3.2) one by one, starting from the
simpler ones. As already observed in [11], it is possible to integrate all but two
equations (namely, the fifth and the seventh) in the above system (3.2) in full
generality, without any restriction on the defining function H, obtaining that
necessarily A = A < 0 (whence, a Ricci soliton is necessarily expanding) and
the general form of the components X;, in order to satisfy all equations in (3.2)
but the fifth and the seventh, is given by:

(X1 = —2byx? + 21 (2B3(w2) — AY(z2) — Dh(x2)) + 2124C(2)
—12320,CY (2) — 2a3BY(x2) — 20 [ (23H ) dzg + G1(22, 24),

Xy = bo(a3 + 23) + 14C2(22) + As(x2) + Da(z2),

X3 = —2byzrix3 + x304Ch(22) + 23B3(x2),

Xy = —2byriz4 — 21Co(12) — %az%C’é(ch) + %xiC’é(xg)

+x4Bs(x2) + As(x2),

(3.3)

where G1, As, Cy, Do, By, A4 are arbitrary smooth functions and by is a real
constant.

We shall now specialize our study to the remaining homogeneous case I).

Thus, we assume that H = A_o(x3,x4), that is, H is a homogeneous function
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of degree —2 of variables x3, z4. Explicitly, we have
H = ka3 + kowg gt + kaxg 2, (3.4)

for some real constants ki, k2, k3. We substitute from (3.3) and (3.4) into the
seventh equation of (3.2) and differentiate it three times by x3, obtaining

20§,($2)$3$i — bo(kowy + 4kszs) = 0,

which must hold for all values of x3, x4. Therefore, the above equation necessarily
yields C(z2) = wugxy + vo for some real constants ug, vy, and either by = 0,
or ks = ks = 0. We checked both possibilities: it turns out that assuming
ko = k3 = 0 we also necessarily get by = 0 from the remaining equations, and
conversely. We report below the details for the more general case for the defining
function H, that is, we assume here by = 0 without restrictions on H, the other
case (setting ko = k3 = 0) leads exactly to the same result.

Substituting C(z2) = ugxa + v2 and be = 0, the seventh equation of (3.2) is
now equivalent to the following equation, written down as a polynomial in the
variable x3:

(34G1(x2, 74)23 + By(w2)x3 + Al(29)23 + ksuowa + kg’()g)l’%
+ko (u2x2x4 + v2x4)x3 + k1 (uzngci + 1)21‘2) =0.

The above equation must hold for all values of x3. So, it yields either k1 = ko = 0,
or ug = vy = 0. Straigthforward calculations show that the first case eventually
leads to the trivial solution H = 0. Thus, we continue with the case us = vo = 0,
whence the above equation reduces to

04G1(w2, x4) + x4 B3(x2) + Ay(22) =0,

whose general integral is given by

1
Gi(z2,24) = _§$42LB§(332) — 24 Al (22) + A1 (12), (3.5)

for an arbitrary smooth function A;. We are now left with the fifth equation
of (3.2), which we write down as a polynomial equation in the variable z, of
the form

Aiz% (AIQI(:BQ) + Dé’(acg) — 23%(3?2)).%’1 + R(.leg, xs3, .TU4> =0,

for some suitable smooth function R independent of 1. As the above equation
must hold for all values of 21, from the vanishing of the coefficient of z;, namely,

2B3(x9) — Ay (x2) — By (x2) =0,
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by integration we get
1 1
Bs (z9) = §A/2(562) + 5Dé($2) + us, (3.6)

where u3 is a real constant. The fifth equation of (3.2) now reduces to the re-
maining condition R(z9,x3,2z4) = 0, which we simplify taking into account of
(3.6) and rewrite as a polynomial in the variable x3, with coefficients indepen-
dent of x3. Explicitly, we have:

iy ((AY (22) + DY (22))f — 6k ) 4 — 503

+ 37 (A48 (w2) + Dy (w2))a} + 447 (o)}

—4A/1 (1‘2)333 + 8U3]€3$4 + 4]63144(1‘2))33%

(3.7)

+AL;E(12U3:54 — 2Awq + 3A4(22)) w3 + B (12u5 — 5A) = 0,

for all values of 3, so that all coefficients must vanish. In particular, setting
equal to zero the coefficients of 3 and x4 in (3.7), we get ko = 0 and

(A% (w2) + DY (w2))xy — 6Aks = 0,

which must vanish for all values of x4, so that k3 = 0 and A%’ + DY’ = 0, whence,

1
Dg(xg) = —Az(xz) + 57“2.1‘% + soxa + 19,

for some real constants rs, s9, t2. Observe that now necessarily k1 # 0, otherwise
H = 0 and we get a trivial solution corresponding to the anti-de Sitter space.
Hence, again by (3.7), since k;(12uz — 5A) = 0, we necessarily get uz = SA.
Finally, (3.7) now reduces to

—Aj(z2)z4 + Aj(22) = 0,
for all values of x4, and by integration we get
Ar(x2) = a1, Ay(x2) = agxo + by,

for some real constants aq, a4, by4.

All equations of system (3.2) are now satisfied. We get the explicit descrip-
tion of the components X; of vector field X with respect to {0;}, simply substi-
tuting all the previous formulas into (3.3). Explicitly, we find

_ 5 1 2 2
X1 = 6[\%’1 — ZT’Q(.CI}3 + $4) — a4x4 + a1,
Xo =
X3 =

7“233% + Soxg + 1o,

NI—= NI

(rowa + s2)as + L5 Aws,

X4 = agxo + %(7“2.%'2 + s9)xq + %Aau + by.
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In order to check the above conclusions, we computed (£ Xg)ij and Ag;; — 0ij
for all indices 4,j = 1,...,4. Using (1.1), (2.3), (3.1), (3.4) and (3.8) we obtain

(Lxg)az = kw3t = Agas — 092,
(Lx9)ij =0 = Agij — 0ij in the other cases,

so that equation (1.2) holds with A = A. It is easy to check from Propositions 1
and 2 that, as k1 # 0, these examples are neither Einstein nor conformally flat.

We shall now prove that the ones described above are not gradient Ricci
solitons. In fact, suppose that this Ricci soliton is gradient. Then, there exists
some smooth function f = f(x1, g, x3,74), such that X = grad,(f).

We use (1.1) to determine the inverse matrix ¢g=! = (¢%/) of the matrix
describing the metric tensor ¢ in coordinates (x1,x2,x3,x4). We then use it to
compute grad,(f) = Zij g”%@i. We obtain that X = X;0; = grad,(f), where
X, are given by (3.8), if and only if f is a solution of the following system of 4
PDEs:

%Aklﬁlf - %Axgagf = %Axl - %7“2(1‘% + x?l) — aqx4 + a1,
—3A2301 f = Lroxd + spwy + o,
—éAl’%@gf = %(7‘21‘2 + 82).%'3 -+ %Axg,

—%Ax%&;f = a4x9 + %(7’2.7:2 + s2)x4 + %A$4 + by.

(3.9)

Integrating the last equation in (3.9) we get

f= _A%g (3A23 4 2(rowa + s2)2} 4 3(aswa + ba)as) + p(a1, 22, x3),  (3.10)
for some smooth function p. We substitute from (3.10) into the second equation
of (3.9) and integrate. We find

3.%'1

_Wx% ((7“21‘2 + 282)1‘2 + 2t2) + q(xQ, xg),

p($1> €2, l‘3) =

where ¢ is a smooth function. Next, we substitute the above expressions into
the third equation of (3.9). Writing it as a polynomial equation in the variable
x4, we have

(6r9wg + 659 + 5A)23 + 24(asxe + by)xy
+(4Ax§83q(x2, .1‘3) + 12%1.2?2(7"21‘2 + 282) + 24tox
—|—63:§(r2x2 + s9) + 5Ax§) =0,

for all values of x4 and xo, whence, ro = 0, s = —%A, as = by = 0 and the
remaining equation reads

A:cgag,q(a:g, 1'3) — b5Ax129 4 6tz = 0,
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for all values of x1. But this contradicts A # 0. Therefore, no gradient Ricci
solitons occur in this case. The above results lead to the following.

Theorem 3. Let g be a Siklos metric, as described by (1.1), having a defin-
ing function of the form H = A_s(x3,x4), that is, as explicitly given in (3.4).
Then, ¢ is a (nontrivial) Ricci soliton if and only if ko = k3 = 0. In this case,
equation (1.2) holds with A = A < 0 and X = X;0; described by (3.8). This
Ricci soliton is not gradient.

We summarize the complete classification of homogeneous Siklos metrics
which are Ricci solitons in the following Table I. For each class of homogeneous
Siklos spacetimes, we list the type, the defining function H and the cases where
H gives rise to solutions to the Ricci soliton equation. The checkmark “v”” means
that for such defining function H, all homogeneous Siklos metrics are Ricci
solitons, while “NO” means that homogeneous Siklos metrics corresponding to
such H are never Ricci solitons, except in the trivial case where H = 0.

Type | Defining H Ricci soliton cases
k k: k. _ _
I) ;;1%—’_133;4—’—% ko =k3=0
3A—6a+V9A2+12Aa+3602
Pz, A
3A—6a—V/9A2+12A 043602 1
2A 1
or
$ 523 + S In(xs) + N
I11) A(xg)z3 NO
3A—6a+v9A2+12Aa+3602
Pm52m3 24
3A—6a—V9A2+12Aa+3602
+Qﬂs;2x3 s + éC’:cf

V) azgﬁ_z A(l’?,l'g)
or

L 825%23 + oy In(xs) + Nay 2

V) +a§ v

Table I: Homogeneous Ricci soliton Siklos metrics

As reported in the above Table I, very different behaviours occur for the
different classes of homogeneous Siklos spacetimes in reference to the Ricci soli-
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ton equation (1.2). In some cases, all metrics in the considered subclass are
Ricci solitons. On the other hand, in some other classes there are some specific
solutions to the Ricci soliton equation, while in other cases no Ricci solitons
occur. Observe that the Ricci soliton equation, applied to a four-dimensional
Lorentzian metric, is itself a special case of Einstein’s field equations. Thus,
Siklos spacetimes satisfying the Ricci soliton equation provide solutions to Ein-
stein’s field equations in more than one sense.

Finally, we mention that Ricci solitons also highlight the existence of spe-
cial kinds of symmetries. In fact, a smooth vector field X appearing in the
Ricci soliton equation (1.2) is an infinitesimal harmonic transformation, that is,
satisfies tr(LxV) = 0. (Infinitesimal harmonic transformations are also known
as 1-harmonic vector fields, because this harmonicity property is equivalent to
the vanishing of the linear part of the tension field of the local one-parameter
group of infinitesimal point transformations.) We shall investigate in detail the
symmetries of homogeneous Siklos metrics in future work.
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