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and Pell numbers. Congruence relations involving Fibonacci and Pell numbers follow as corol-
laries.
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1 Introduction

Recall [1, 4] that the Fibonacci polynomials Fn(x) are defined by the recur-
rence relation

Fn(x) =


0, for n = 0,

1, for n = 1,

x · Fn−1(x) + Fn−2(x), for n > 2,

(1.1)

having the generating function

∞∑
n=0

Fn(x) · tn =
t

1− x · t− t2
. (1.2)

On the other hand, the nth Fibonacci polynomial is explicitly given by the
Binet-type formula

Fn(x) =
α(x)n − β(x)n

α(x)− β(x)
, (1.3)

where

α(x) =
x+
√
x2 + 4

2
and β(x) =

x−
√
x2 + 4

2
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are the solutions of

t2 − x · t− 1 = 0.

Several properties of these polynomials were derived in [2, 3].

The Fibonacci numbers Fn are recovered by evaluating these polynomials
at x = 1, i.e.,

Fn = Fn(1).

On the other hand, the Pell numbers Pn are recovered by evaluating Fibonacci
polynomials at x = 2, i.e.,

Pn = Fn(2).

For large values of n and nonnegative values of x, the α(x)n term dominates
the expression (1.3). So the Fibonacci numbers are approximately proportional
to powers of the golden ratio (1 +

√
5)/2, analogous to the growth rate of Pell

numbers as powers of the silver ratio 1 +
√

2.

Although the Fibonacci and Pell numbers are known from ancient times,
they continue to intrigue the mathematical world with their beauty and ap-
plicability. These offer opportunities for exploration, conjecture, and problem-
solving techniques, connecting various areas of mathematics. As we can see in
[6, Chapter 17], the Fibonacci and Pell numbers coexist in perfect harmony,
and share a number of charming properties. In this paper, motivated by these
results, we use the method of generating functions to prove new connections
between Fibonacci and Pell numbers.

Theorem 1.1. For n > 0,

F3n = 2Pn + 2
n−1∑
k=1

F3kPn−k.

Theorem 1.2. For n > 0,

a) F6n = 4P2n + 6

n−1∑
k=1

F6kP2n−2k;

b) F6n+3 = 2P2n+1 + 3
n∑
k=1

F6kP2n+1−2k.

Theorem 1.3. For n > 0,

a) F12n = 12P4n + 24

n−1∑
k=1

F12kP4n−4k;
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b) 6F12n+3 + F12n = 12P4n+1 + 24
n∑
k=1

F12kP4n+1−4k;

c) 4F12n+3 + F12n = 4P4n+2 + 8
n∑
k=1

F12kP4n+2−4k;

d) 30F12n+3 + 7F12n = 12P4n+3 + 24
n∑
k=1

F12kP4n+3−4k.

Seven congruence identities involving Fibonacci and Pell numbers can be
easily obtained as consequences of these theorems.

Corollary 1.1. For n > 0,

a) F3n − 2Pn ≡ 0 (mod 4);

b) F6n − 4P2n ≡ 0 (mod 96);

c) F6n+3 − 2P2n+1 ≡ 0 (mod 24);

d) F12n − 12P4n ≡ 0 (mod 41472);

e) 6F12n+3 + F12n − 12P4n+1 ≡ 0 (mod 3456);

f) 4F12n+3 + F12n − 4P4n+2 ≡ 0 (mod 2304);

g) 30F12n+3 + 7F12n − 12P4n+3 ≡ 0 (mod 3456).

2 Proofs of theorems

Firstly we consider the multisection formula published by Simpson (see [5,
Ch. 16], [7], [8, Ch. 4, S. 4.3] and [9]) as early as 1759:

∑
k>0

ar+knt
r+kn =

1

n

n−1∑
k=0

z−krf(zkt), 0 6 r < n, (2.1)

where z = e
2πi
n is the nth root of 1 and

f(t) = a0 + a1t+ a2t
2 + · · ·+ ant

n + · · ·

is a finite or infinite series. Applying this formula to (1.1) with x replaced by 1,
we obtain

∞∑
n=0

F3nt
n =

2t

1− 4t− t2
.
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By this relation, we deduce the generating function for F6n,

∞∑
n=0

F6nt
n =

8t

1− 18t+ t2
.

Similarly, the generating function for F12n, namely

∞∑
n=0

F12nt
n =

144t

1− 322t+ t2
,

follows as a bisection of the generating function for F6n.

Proof of Theorem 1.1. We consider the sequences {an}n>0 and {bn}n>0 defined
by:

an =

{
1, if n = 0,

F3n, if n > 0,

bn =

{
1, if n = 0,

(−1)n+1 · 2 · Pn, if n > 0.

The generating functions of these sequences are given by:

∞∑
n=0

ant
n = 1 +

2t

1− 4t− t2
, (2.2)

∞∑
n=0

bnt
n = 1 +

2t

1 + 2t− t2
. (2.3)

So considering the identity(
1− 2t

1 + 4t− t2

)(
1 +

2t

1 + 2t− t2

)
= 1,

we deduce that ( ∞∑
n=0

(−1)nant
n

)( ∞∑
n=0

bnt
n

)
= 1.

Theorem 1.1 follows easily equating coefficients of tn in this relation. QED

Proof of Theorem 1.2. The proof follows from the following identity(
1 +

12t2

1− 18t2 + t4

)(
1 +

2t

1 + 2t− t2

)
= 1 +

2t

1− 4t− t2
. (2.4)
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By (2.2), we deduce that the sequence {cn}n>0 defined by

cn =

1, if n = 0,
3

2
F6n, if n > 0

(2.5)

has the generating function given by

∞∑
n=0

cnt
n = 1 +

12t

1− 18t+ t2
.

Thus we deduce that( ∞∑
n=0

cnt
2n

)( ∞∑
n=0

bnt
n

)
=
∞∑
n=0

ant
n.

Equating the coefficients of tn in this relation, we obtain

bn/2c∑
k=0

ckbn−2k = an

and Theorem 1.2 follows easily considering the case n even

−2P2n +
3

2
F6n − 3

n−1∑
k=1

F6kP2n−2k = F6n

and the case n odd

2P2n+1 + 3
n∑
k=1

F6kP2n+1−2k = F6n+3.

QED

Proof of Theorem 1.3. The proof follows from the following identity(
1 +

288t4

1− 322t4 + t8

)(
1 +

2t

1 + 2t− t2

)
=

(
1− 12t2

1 + 18t2 + t4

)(
1 +

2t

1− 4t− t2

)
. (2.6)

The sequence {dn}n>0 defined by

dn =

{
1, if n = 0,

2F12n, if n > 0
(2.7)
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has the generating function given by

∞∑
n=0

dnt
n = 1 +

288t

1− 322t+ t2
.

Thus we deduce that( ∞∑
n=0

dnt
4n

)( ∞∑
n=0

bnt
n

)
=

( ∞∑
n=0

(−1)ncnt
2n

)( ∞∑
n=0

ant
n

)
Equating the coefficients of tn in this relation, we obtain

bn/4c∑
k=0

dkbn−4k =

bn/2c∑
k=0

(−1)kckan−2k. (2.8)

By this relation, with n replaced by 4n, we derive the following identity

12P4n + 24

n−1∑
k=1

F12kP4n−4k =
9

4

2n−1∑
k=1

(−1)k−1F6kF12n−6k.

Having the identity

8t

1 + 18t+ t2
· 8t

1− 18t+ t2
=

64t2

1− 322t2 + t4
,

we deduce that( ∞∑
n=0

(−1)n−1F6nt
n

)( ∞∑
n=0

F6nt
n

)
=

4

9

∞∑
n=0

F12nt
2n.

Equating the coefficients of t2n gives the relation

2n∑
k=0

(−1)k−1F6kF12n−6k =
4

9
F12n

and the first identity of theorem is proved.
Replacing n by 4n+ 1 in (2.8), we obtain

2P4n+1 + 4

n∑
k=1

F12kP4n+1−4k = F12n+3 +
3

2

2n∑
k=1

(−1)kF6kF12n+3−6k.

Considering the identity

8t

1 + 18t+ t2
· 2t

1− 18t+ t2
=

16

144
· 144t2

1− 322t2 + t4
,
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we give ( ∞∑
n=0

(−1)n−1F6nt
n

)( ∞∑
n=0

F6n+3t
n

)
=

16

144

∞∑
n=0

F12nt
2n.

So we obtain
2n∑
k=0

(−1)k−1F6kF12n+3−6k =
16

144
F12n

and the second identity follows easily.
The next two identities can be easily derived invoking the first two identities

and the recurrence relation (1.1) with x replaced by 2. QED

3 Proof of Corollary 1.1

First we remark that the nth Pell number is even if and only if n is even.
The first congruence identity of this corollary follows easily from Theorem 1.1,
considering that

F3n ≡ 0 (mod 2).

This congruence is immediate from the generating function of F3n.
From the generating function of F6n, it is clear that

F6n ≡ 0 (mod 8).

So, using Theorem 1.2 we derive the next two congruence identities of Corollary
1.1.

By (1.2), we derive the generating function for P2n, that is

∞∑
n=0

P2nt
n =

2t

1− 6t+ t2
.

This allows us to obtain the generating function for P4n, namely

∞∑
n=0

P4nt
n =

12t

1− 34t+ t2
.

Considering the generating functions for F12n and P4n, we obtain

F12n ≡ 0 (mod 144), and P4n ≡ 0 (mod 12),

respectively. Thus the last four congruences of Corollary 1.1 follows from The-
orem 1.3.
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4 Concluding remarks

In this paper, we derive a number of non-obvious Fibonacci-Pell congru-
ences by multi-sectioning generating functions. In this context, we discovered
the identity (2.6) with which we built the proof of Theorem 1.3. This curious
identity can be considered a consequence of the two triple product identities:

1− 322t4 + t8 = (1 + 18t2 + t4)(1 + 4t− t2)(1− 4t− t2) (4.1)

and

1− 34t4 + t8 = (1 + 6t2 + t4)(1 + 2t− t2)(1− 2t− t2). (4.2)

They imply that both sides of the identity (2.6) equal

1− 2t− t2

1− 4t− t2
· 1 + 6t2 + t4

1 + 18t2 + t4
.

The identities (4.1) and (4.2) are special cases of a more general triple product
identity:

1−
(
(a2 + 2)2− 2

)
t4 + t8 =

(
1 + (a2 + 2)t2 + t4

)(
1 + at− t2

)(
1− at− t2

)
. (4.3)

In this context, we remark another special case of (4.3):

1− L8n+4t
4 + t8 = (1 + L4n+2t

2 + t4)(1 + L2n+1t− t2)(1− L2n+1t− t2),

where

Ln = Fn−1 + Fn+1

denotes the nth Lucas number.

Apart from (4.3) there is another triple product identity:

1−
(
(a2 − 2)2 − 2

)
t4 + t8 =

(
1 + (a2 + 2)t2 + t4

)(
1 + at+ t2

)(
1− at+ t2

)
.

The following factorization involving Lucas numbers is a particular case of this
identity:

1− L8nt
4 + t8 = (1 + L4nt

2 + t4)(1 + L2nt+ t2)(1− L2nt+ t2).
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